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Abstract. In this paper, we define Time Petri Nets with Inhibitor Hy-
perarcs (IHTPN) as an extension of T-time Petri nets where time is
associated with transitions. In this model, we consider stopwatches as-
sociated with transitions which can be reset, stopped and started by
using classical arcs and branch inhibitor hyperarcs introduced by Jan-
icki and Koutny [1]. We give a formal semantics for IHTPNs in terms
of Timed Transition Systems and we position IHTPNs with regard to
other classes of Petri nets. We provide a method for computing the state
space of IHTPNs. We first propose an exact computation using a gen-
eral polyhedron representation of time constraints, then we propose an
overapproximation of the polyhedra to allow a more efficient compact
abstract representations of the state space based on DBM (Difference
Bound Matrix).
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1 Introduction

The theory of Time Petri Nets provides a general framework to specify the
behavior of reactive and real-time systems. In such applications, it is necessary
to model the durations of actions in the form of a time interval and it is sometimes
necessary to memorize the progress status of an action when this one is suspended
then resumed.

In this class of models, some extensions of time Petri nets have been proposed
to model the preemptive scheduling of tasks. Okawa and Yoneda [2] propose
an approach with time Petri nets consisting of defining groups of transitions
together with rates (speeds) of execution. Roux and Déplanche [3] propose an
extension for time Petri nets (scheduling-TPN) that consists of mapping into the
Petri net model the way the different schedulers of the system activate or suspend
the tasks. For a fixed priority scheduling policy, scheduling-TPN introduce two
new attributes associated to each place that respectively represent allocation
(processor or resource) and priority (of the modeled task). [4] propose a similar



model: Preemptive Time Petri Net (preemptive-TPN). The two new attributes
are associated to transitions instead of places.

However all these models are dedicated to the scheduling problem while stop-
ping then resuming an action is a more general consideration. For example
scheduling-TPN and preemptive-TPN are unable to model a circular priority
relation which can definitively block the time flow of some transitions while no
concurrent transition runs (i.e. the required resources are free). These ”timed
deadlock” are real and concrete problems in industrial applications, it may thus
be necessary to have a model able to express them in order to detect them.

We propose to define a general T-timed extension of Petri nets with the
concept of stopwatch. In this model, stopwatches are associated with transi-
tions which can be reset, stopped and started by using classical arcs and branch
inhibitor hyperarcs introduced by Janicki and Koutny [1].

We will first discuss timed extensions of Petri nets and then the concept of
branch inhibitor hyperarc.

Time Petri nets

The two main timed extensions of Petri Nets are Time Petri Nets (TPN) [5]
and Timed Petri Nets [6]. While a transition can be fired within a given interval
for TPN, in Timed Petri Nets, temporisation represents the minimal duration
firing of transitions (or exact duration firing with an ”as soon as possible” firing
rule). There are also numerous way of representing time. It could be relative to
places, transitions, arcs or tokens. The classes of Timed Petri Nets (time rela-
tive to place, transition...) are included in the corresponding classes of Time
Petri Nets [7] TPN are mainly divided in P-TPN [8], A-TPN [9, 10] and T-TPN
[11] where a time interval is relative respectively to places, arcs and transitions.
Finally, Time Stream Petri Nets [12] were introduced to model multimedia ap-
plications. Since our objective is to use inhibitor arcs to stop the stopwatches
associated with the transitions, we will use the T-TPN model.

It is shown in [13] that Petri nets with inhibitor arcs can be described by
T-time Petri nets. Time-transitions are then used to model inhibitions. T-TPN
do not make it possible to model at once a coherent flow of time and inhibitions.

Priorities, inhibitor arcs and branch inhibitor hyperarcs

A priority net introduced by [14] is a marked net with a binary priority relation
on transitions. The priority relation is assumed to be irreflexive and antisym-
metric. Moreover, priority is specified only for transitions which are in a local
conflict. Petri Nets with inhibitor arcs were introduced by Agerwala [15]. The
standard execution rule for inhibitor arcs says that an inhibitor arc between a
condition (place) p and an event (transition) ¢ means that ¢ can only be fired if
p is unmarked. Several papers aimed at modeling priorities with inhibitor arcs.
This can be achieved by using labeled nets [14] where a transition with a lower
priority is replaced by a set of transitions with the same label, or by using ”in-
visible transitions” [16]. [1] show with a counterexample that it is impossible to



have a strong (not only isomorphic, but even identical reachability graphs) trans-
lation from priority nets to ordinary inhibitor nets. To cope with this problem
[1] introduced branch inhibitor hyperarcs. A branch inhibitor hyperarc between
places p1,...,pr and a transition ¢ means that t is not firable if all the places
p1,...,pr are marked. However, in their example, ordinary inhibitor arcs could
be used by adding a single place to the net. Branch inhibitor hyperarcs do not
increase the expressivity of the model compared to simple inhibitor arcs but
nonetheless greatly improve the convenience of the modeling.

Simultaneity and inhibitor arcs

There seems to be no general agreement on an exact definition of a simultaneous
step for nets with inhibitor arcs : can a net fire simultaneously two transitions
a and b even if the firing of the one (a) inhibits the other (b) ? Both semantics
can be found in the literature : models in which the simultaneous firing of {a, b}
is allowed is often called the ”a priori concurrent semantics” [17,1] and those
which disallow {a,b} the ”a posteriori concurrent semantics” [18]. Both types
are considered in [16, 19]. To be coherent with classical time Petri nets semantics,
we will consider in this article a model which does not allow the simultaneous
firing of two transitions.

Related works

Cassez and Larsen [20] prove that stopwatch automata (SWA) with unobservable
delays are as expressive as linear hybrid automata (LHA) in the sense that any
timed language accepted by a LHA is also acceptable by a SWA. The reachability
problem is undecidable for LHA and also undecidable for SWA. For time Petri
nets as for Petri nets with inhibitor arcs, (and a fortiori for time Petri nets with
inhibitor arcs (and hyperarcs)) boundedness of marking is undecidable [13,14],
and works on these models report undecidability results, or decidability under
the assumption that the Petri net is bounded (as for reachability decidability of
Time Petri Nets [21]). Boundedness and other results are obtained by computing
the state space.

For dense-time models such as time Petri nets or timed automata, the state
space is infinite because of the real-valued clocks; but it is possible to represent
the infinite state-space by a finite partitioning in the state class graph or the
region graph.

The mainstream approach to compute the state space of T-TPN is the state
class graph [13,11]. The nodes of the state class graph are sets of states (a state
class is a pair consisting of a marking and a firing constraint) of the TPN and
the edges are labeled with transitions names. If L is the language accepted by
the state class graph and L’ is the untimed language accepted by the TPN, then
L = L’. An alternative approach has been proposed by Yoneda [22] in the form of
an extension of equivalence classes which allows Computation Tree Logic (CTL)
model-checking. Lilius [23] refined this approach so that it becomes possible to
apply partial order reduction techniques that have been developed for untimed



systems. Berthomieu and Vernadat [24] propose an alternative construction of
the graph of atomic classes of Yoneda applicable to a larger class of nets. The
state class method is also improved in [25] to produce a timed automaton which is
timed bisimilar to the TPN, allowing TCTL model-checking. Lastly, Gardey and
Roux [26] propose to extend the zone based forward algorithm of timed automata
to the computation of the state space of time Petri nets. This algorithm differs
from the state class graph computation by using the future of a zone instead of
shifting the origin of time.

In all these approaches, temporal domains are expressed as a set of linear
inequations in the form of a Difference Bound Matrix (DBM). The form of
a DBM is not sufficient to express the temporal domain with the presence of
stopwatches. For stopwatch automata (SWA) Cassez and Larsen [20] propose an
approximate reachability algorithm obtained as a rather immediate extension of
the existing reachability algorithm for timed automata. This extension consists
of using DBM by the redefinition of the future of a zone (DBM). It yields an
overapproximation of the reachable state space. In the same way, in the context
of scheduling analysis, in [3,27,4] authors propose an overapproximation of the
state space by using DBM.

Our contribution

We propose to define a T-timed extension of Petri nets with the concept of
stopwatch. The stopwatches are associated with the transitions which can be
reset, stopped and started by using classical arcs and branch inhibitor hyperarcs
introduced by Janicki and Koutny [1].

We give in section 2 the formal semantics of this model in the form of a timed
transition system. We give in section 3 the main properties concerning this model
(relation with other classes of Petri nets, decidability of boundedness and reach-
ability problems...). We propose in section 4 an exact state space computation
(based on the state class graph method) and also a more efficient computation
method (at the cost of an overapproximation) that uses compact abstract repre-
sentations of the state space based on DBM (Difference Bound Matrix). Finally
in section 5, we show how to check timed reachability properties on this model
by using the classical notion of observer.

2 Time Petri nets with branch Inhibitor Hyperarcs

2.1 Informal presentation

We now present our T-time extension of branch inhibitor nets. We first recall,
on examples, the models on which this extension is based i.e. branch inhibitor
nets with a posteriori semantics and time Petri nets.

Two examples of branch inhibitor nets are presented in figure 1. The first
net (a) has two inhibitor arcs (i.e. two simple hyperarcs) and the second (b) has
one hyperarc. The net (a) imposes the firing of transitions ¢; and ¢y before the



firing of the transition t3 whereas the net (b) imposes only the firing of one of
the transitions ¢; or ¢t before the firing of t3. Let us recall, that with a posteriori
semantics, one can fire only one transition at the same time. Reachability graphs
are given in figure 2.

P P, Py Py
P3 PS
t1 to t1 ta
ts t3
(b)

(a)

Fig. 1. Two branch inhibitor nets

{P1, P2, Ps} {P1, P2, P5}

Fig. 2. Reachability graph of branch inhibitor nets of fig.1

{P1, P, Ps}

{P17P2}

{P1}

Pl@ Paf 9]32 {P1, Ps}
t1 [5, 6] t2 [3,4]

0
(a) (b)

Fig. 3. A time Petri net and its state class graph

If we remove the inhibitor arcs and add time to the underlying structure
of those Petri nets, we obtain the time Petri net in figure 3a. t1, to and t3 are
enabled at the same time but as the earliest firing time of ¢; (5 time units) is
strictly higher than the latest firing time of the other transitions we obtain the
reachability graph (computed with the state class graph) in figure 3b.
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P3 PS
t1 [5,6] t2 [3,4] t1 [5,6] ta [3,4]
t3 [2,3] t3 [2,3]
(a) (b)
Fig. 4. Two IHTPN Py, P2, Pa}
(P, Py, Py} ig. 4. Two
t2
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t3
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Fig. 5. Reachability graph of IHTPN of fig.4

Now let us add the branch inhibitor arcs of figure 1 to the TPN in figure 3. We
obtain two T-time Petri nets with inhibitor hyperarcs in 4. In the two examples
(a and b), the inhibitor hyperarcs prohibit the firing of ¢5 first and temporisations
impose the firing of to before that of ¢1. Let us detail the example (fig.4b): the
initial marking of the net is { Py, P>, P3}. We consider 3 stopwatches {z1, z2, x5}
associated to respectively {¢1,%2,t3}. A stopwatch x represents the time elapsed
since the associated transition ¢ was last enabled (by the marking) and during
which ¢ is not inhibited. A stopwatch x is stopped, which is denoted by & = 0,
when the associated transition ¢ is inhibited. A stopwatch z is reset when the
associated transition ¢ is newly enabled (and inhibited or not).

Since P; and P, are marked, 3 is inhibited and 1 = 1,25 = 1,23 = 0. Time
elapses for 1 and z9, and t3 becomes firable. After the firing of ¢35, t3 is not
inhibited anymore and #; = 1,25 = 1. We have then z; € [3,4] and z3 = 0
because time did not pass for ¢t3 which was inhibited. ¢; can fire in the interval
[1, 3] and ¢5 must still wait between 2 and 3 time units. Reachability graphs are
given in figure 5.

2.2 Formal semantics

Definition 1 (Time Petri net with Inhibitor Hyperarcs). A Time Petri
nets with Inhibitor Hyperarcs is a n-tuple
T=(PT,%), ()% a8, My,I), where

— P ={p1,p2,...,Pm} is a non-empty finite set of places,
— T ={ty,ta,...,tn} is a non-empty finite set of transitions,
— *(.) € (NP)T s the backward incidence function,



— (.)* € (NP)T s the forward incidence function,
— My € NP s the initial marking of the net,
—a € (@QNT and B € (QF U{occ})T are functions giving for each transition
respectively its earliest and latest firing times (o < f3),
— I is a finite set of branch inhibitor hyperarcs:
e cach hyperarc in I is a pair (Q,t) wheret € T is a transition and Q € NF
is the backward inhibition valuation of the hyperarc !
o we note I(t) the number of inhibitor hyperarcs of the transition t € T,
o Leti < I(t) the i*" inhibitor hyperarc of the transition t € T such that
3Q; € N¥ (Q;,t) € I. We note °t' = Q.

In the example presented in figure 4b : I(t3) = 1,%} = [1,1,0] that represents
{P1, P2}.

A marking M of the net is an element of N* such that Vp € P, M(p) is the
number of tokens in the place p.

A transition t is said to be enabled by the marking M if M > %, (i.e. if
the number of tokens in M in each input place of t is greater or equal to the
valuation on the arc between this place and the transition). We denote it by
t € enabled(M).

A transition t is said to be inhibited by the marking M if there are tokens in
all the places of one of its inhibitor hyperarcs: 3i < I(t), %" < M. We denote it
by t € inhibited(M).

A transition t is said to be firable when it has been enabled and not inhibited
for at least a(t) time units.

A transition tj is said to be newly enabled by the firing of the transition t;
from the marking M, and we denote it by 1 enabled(ty, M,t;), if the transition
is enabled by the new marking M — *; + ¢;* but was not by M — *;, where M
is the marking of the net before the firing of ¢;. Formally,

1 enabled(tr, M, t;) = (*tr < M — *%; +t;°)
/\((tk = ti) V ('tk > M — 'tl))

By extension, we will denote by 1 enabled(M,t;) the set of transitions newly
enabled by firing the transition ¢; from the marking M.

Let us consider the IHTPNs in figure 6. Let us assume that the initial marking
is M(P) =1, M(Pinn) =1 and ¢, is firable. ¢ is enabled by the marking M and
by the marking M’ = M — *; + t1°® but not by M — %;. Transitions ¢; and ts
are newly enabled by the firing of ¢;. The only difference for the example 6b is
that the transition to is newly enabled by the firing of ¢; but remains inhibited.

Let us now assume the initial marking is M (P) = 2, M(P;,,) = 1 and t; is
firable. t5 is enabled by the marking M and by the marking M’ = M — %1 +t,°
and by M — %;. t; is newly enabled by the firing of ¢; but not ¢5: t2 remains
enabled. The only difference for the example 6b is that the transition t; remains
enabled and inhibited.

L If valuations are equal to zero or one, then @Q can be represented by a set of places
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t1 [, B1] t1 [, B1]

t2 (a2, Ba] ta (a2, Ba]

(a) (b)

Fig. 6. Example of newly enabled transitions

We define the semantics of time Petri nets with Inhibitor Hyperarcs as Timed
Transition Systems (TTS) [28]. In this model, two kinds of transitions may
occur: continuous transitions when time passes and discrete transitions when a
transition of the net fires.

A wvaluation is a mapping v € (RT)T such that Vt € T,v(t) is the time
elapsed since t was last enabled and during which ¢ remained not inhibited.
(v(t) represents the value of the stopwatch associated to t). Note that v(t) is
meaningful only if ¢ is an enabled transition. 0 is the null valuation such that
vk, 0, = 0.

Definition 2 (Semantics of a IHTPN). The semantics of a time Petri net
with Inhibitor Hyperarcs T is defined as a TTS St = (Q, g0, —) such that
— Q — NP % (R+)T
— qo = (Mo,0)
— =€ QX (TUR) X Q is the transition relation including a continuous transition
relation and a discrete transition relation.
e The continuous transition relation is defined ¥d € R™ by :

(M,v) -2 (M, V') iff Vt; € T,
V(L) = v(t;) if t; € enabled(M) and t; € inhibited(M)
' v(t;) + d otherwise,

o The discrete transition relation is defined Vt; € T by :

(M, v) = (M) iff
t; € enabled(M) and t; & inhibited(M),
M =M —*%; +1t;°,
alt;) <wv(t;) < B(t),
, [0 if T enabled(ty, M,t;),
Vi € T, 0/ (t) = {u(tk) otherwise

Note that for transitions which are not enabled, the continuous transition
relation of the semantics lets the valuations evolve. They could as well have
been stopped.

Note also that, as for untimed Petri nets, branch inhibitor hyperarcs do
not increase the expressivity of the model compared to simple inhibitor arcs.



Figure 7 shows an example of how to translate a branch inhibitor hyperarc into
simple inhibitor arcs for a safe IHTPN. The general case, for not necessarily
bounded IHTPNs, is a bit more complicated and involves explicitly splitting
transitions into a discrete and a continuous transitions and adding transitions
not to be considered in the reachability graph. Still we are able to define a timed
bisimulation between the IHTPN and its translation with simple inhibitor arcs.
So, while they do not increase the expressivity of the model, branch inhibitor
hyperarcs do allow a more convenient modeling.

Pinnivit
t1 [6, 8] t2 [8,9] t1 [6, 8] ta [8,9]
P, P> P P
P3 PS 2
ts [3,4] ta [2,3] ts [3,4] ts [2,3]
ts [7,9] ts [7,9]
(a) (b)

Fig. 7. Two bisimilar safe IHTPN

As for TPN, the behavior of a IHTPN can be defined by timed firing se-
quences which are sequences of pairs (¢, d) where ¢ is a transition of the ITHTPN
and d € RT. Then a sequence w = (t1,d1)(t2,ds) - - - (tn, dy) indicates that t; is
fired after dy time units, then ¢, is fired after dy time units and so on, so that
transition ¢; is fired at absolute time >, _; dx. A marking M is reachable in a
IHTPN iff there is a timed firing sequence w leading from the initial marking
My to M. It is common for TPN to define the untimed sequence from the timed
one: if w = (t1,d1)(t2,d2) - - - (tn, dp) then Untimed(w) = t1ty - - - tp.

We can now extend the usual notion of accepted language for IHTPN.

Definition 3 (Accepted language). The language accepted by a IHTPN is
the set of all its timed firing sequences.

Definition 4 (Untimed language). The untimed language accepted by a IHTPN
is the set of all its untimed firing sequences.

3 Properties

3.1 Relation between some classes of Petri Nets and THTPN
In this section, we will consider the following classes of Petri nets:

— PN: the class of classical Petri Nets,
— priority-PN: the class of Petri nets with priority as defined in [14],



— bih-PN': the class of Petri Nets with branch inhibitor hyperars as defined in
i

— TPN: the class of T-Time Petri Nets as defined in [5],

— scheduling-TPN': the class of scheduling extended time Petri nets as defined
in [3],

— preemptive-TPN: the class of preemptive time Petri nets as defined in [4],

— IHTPN: the class of Time Petri Nets with inhibitor Hyperarcs.

We propose here a short classification of these models. A more complete
study will be able to sharpen this classification wrt timed bisimulation and timed

language acceptance?.

Property 1 (Relation between TPN and IHTPN). Any TPN can be described
by an THTPN: a TPN is an IHTPN without inhibitor hyperarcs. However,
it is easy to find a THTPN which accepts the language Vn € [0,1],Vm >
0, (t1,n)(t2,m)(t3,1 — n), while a TPN which accepts it does not exist. Con-
sequently, TPN is a strict subclass of THTPN.

Property 2 (Relation between PN and IHTPN). Any PN can be described by a
TPN [13], therefore by an IHTPN. PN is a strict subclass of IHTPN.

Property 3 (Relation between bih-PN and IHTPN). Any PN with branch in-
hibitor hyperarcs can be described by an IHTPN. It is sufficient to take an
IHTPN with the same discrete structure but in which all the firing intervals
have a null earliest firing time or an infinite latest firing time. As PN with
branch inhibitor hyperarcs is not a timed model, the reciprocal is not true in
terms of timed language acceptance. Consequently, bih-PN is a strict subclass
of IHTPN.

Property 4 (Relation between priority-PN and IHTPN). Any priority net can be
described by a Petri net with inhibitor hyperarcs [1], therefore, by transitivity,
by an IHTPN. priority-PN is a strict subclass of THTPN.

Property 5 (Relation between scheduling-TPN or preemptive-TPN and IHTPN).
It is easy to show that any scheduling-TPN [3,27] and any preemptive-TPN [4]
can be described by an IHTPN with an inhibitor hyperarc for each priority re-
lation per resource. However, the reciprocal is not true: indeed, with scheduling-
TPN and preemptive-TPN, it is not possible to model a circular priority rela-
tion which can definitively block the time flow of transitions while no concurrent
transition runs (i.e. the required resources are free). Consequently, if there is an
enabled transition for which time is blocked, that means that there is another
one for which time is not blocked. As long as there is an enabled transition,
then there will be in the future the firing of a transition. Conversely, IHTPN
can model a circular relation of inhibition involving a definitive blocking of the
time flow of enabled transition (see fig.8). Consequently, scheduling-TPN and
preemptive-TPN are strict subclasses of ITHTPN.

A consequence of the previous property is that IHTPNs are also adapted to
the modeling of the real-time tasks scheduling.

2 updated in 2005



Ty [2,7] Ty [3,6] Ts [3,4]

Fig. 8. IHTPN with deadlock

3.2 Boundedness and reachability

Property 6 (Reachability and boundedness of marking problems are undecidable
for IHTPN). Reachability and boundedness of marking problems are undecid-
able for TPN and for PN with inhibitor hyperarcs. TPNs and PNs with inhibitor
hyperarcs are particular cases of [HTPNs. Consequently, reachability and bound-
edness of marking problems are undecidable for THTPNs.

Remark 1. The set of reachable markings of an THTPN is a subset of the set of
reachable markings of the underlying PN. Moreover the set of reachable markings
of an IHTPN is also a subset of the set of reachable markings of the underly-
ing PN with inhibitor hyperarcs. However, the set of reachable markings of an
IHTPN is not a subset of the set of reachable markings of the underlying TPN.
See examples and reachability graph fig.1,2,3.4,5.

Property 7 (Sufficient and decidable condition of IHTPN marking boundedness).
A not necessary but sufficient and decidable condition of IHTPN marking bound-
edness is: the underlying PN is bounded.

Property 8 (Sufficient and undecidable condition of IHTPN marking bounded-
ness). A not necessary but sufficient and undecidable condition of IHTPN mark-
ing boundedness is: the underlying PN with inhibitor hyperarcs is bounded.

Definition 5 (k-boundedness). A Petri Net is k-bounded iff for any place p
of the net, no marking M such that M (p) > k is reachable.

Property 9 (k-boundedness problems for IHTPN). For classical TPN and for PN
with inhibitor hyperarcs, k-boundedness is decidable because any k-bounded
Petri Net has a finite set of reachable marking and for TPN, if the limits of
the static firing intervals are rational numbers, it is possible to represent the
infinite state space by a finite partitioning. However, for stopwatch automata,
for instance, that finite partioning does not exist in the general case. While
IHTPN is a model with stopwatches, it is not proved yet that IHTPNs belong to
the same class as stopwatch automata. This means that k-boundedness is still
an open problem for IHTPN.

The consequence of this section is that as the boundedness of marking prob-
lem is undecidable for IHTPN, we can try to compute the state space or to



analyse an IHTPN but there is no guarantee for computation termination. In
the next section, we will therefore propose a semi-algorithm for THTPN state
space computation.

4 State Space of IHTPN

In order to analyse a time Petri net, the computation of its reachable state space
is required. However, the reachable state space of a time Petri net is obviously
infinite, so a method has been proposed to partition it into a finite set of infinite
state classes [11]. This method is briefly explained in the next subsection. The
following paragraphs then describe its extension in order to compute the state
space of THTPN.

4.1 State class graph of a Time Petri Net

Given a bounded time Petri net, Berthomieu and Diaz have proposed a method
for computing the state space as a finite set of state classes [11]. Basically a
state class contains all the states of the net between the firing of two consecutive
transitions.

Definition 6 (State class). A state class C, of a time Petri net, is a pair
(M, D) where M is a marking of the net and D a set of inequations called the
firing domain.

The inequations in D are of two types [11]

a; < a; < G (Vi such that t; is enabled),
—Yij L x5 — Tk < Yk, YV, k such that
J #k and (t;,t) € enabled(M)?

x; is the firing time of the enabled transition t; relatively to the time when
the class was entered in.

Because of their particular form, the firing domains may be encoded using
DBMs [29], which allow the use of efficient algorithms for the computation of
classes.

Given a class C = (M, D) and a firable transition ¢y, computing the suc-
cessor class C' = (M’', D') obtained by firing ¢; consists of computing the new
marking as usual and the new domain. This involves variable substitutions and
eliminations and intersections, modeling the time that elapses, and computation
of the canonical form of the DBM allowing efficient checks for equality. The over-
all complexity is O(n?®) with n being the number of transitions enabled by M
[30]. Computation of the state space of the TPN consists merely of the classical
building of the reachability graph of state classes. That is to say, that starting
from the initial state class, all the successors obtained by firing firable transi-
tions are computed iteratively until all the produced successors have already
been generated.



Example Figure 9 shows an example of a TPN and its state class graph. The
domains of the first two classes have been detailed, as well as the markings for
each class. Notice that the sets of inequations of the domains fit in a DBM. This
form is however insufficient to represent temporal domains with stopwatches.

0<6 <4
{P1, Ps} {5<93<6
P 9]33 t —6<601—-0;< -1
3<0,<4
t [0, 4]==t5 [5, 6] {P27P3}{1§93§6
—3<0;—-0635<3

P,

t2 [3,4]

Fig.9. A TPN and its state class graph

4.2 Exact state space computation of IHTPN using polyhedra

In the method previously presented, temporal domains are expressed as sets of
linear inequations in the form of Difference Bound Matrices (DBM). The form
of a DBM is not sufficient to express the temporal domain with the presence of
stopwatches. Some changes are proposed to allow its construction.

Precisely, the variable substitution in the firing domain is now only done for
enabled transitions that are not inhibited.

While we still define a state class of a IHTPN as a marking and a domain,
the general form of the domain is not preserved. The new general form is that
of a polyhedron with constraints involving up to n variables, with n being the
number of transitions enabled by the marking of the class:

a; < 0; < B;,Vt; € enabled(M),
ai by + -+ ai, i, <Yy
Y(tiy, ..., ti,) € enabled(M)™
and with (a;y,...,a;,) € Z".

Algorithm of computation We will now show the algorithm for computing
the successor classes of a given class and then define the state class graph for
IHTPN. But first, we need a new definition for the firability of a transition from
a class:

Definition 7 (firability). Let C = (M, D) be a state class of a IHTPN. A

transition t; is said to be firable from C iff there exists a solution (05, ...,0%_1)
of D, such that Vj € [0,n — 1] — {i}, s.t. t; is not inhibited , 0} < 07.



Successors of a class Given a class C' = (M, D) and a firable transition ¢y, the
class C" = (M’, D’) obtained from C' by the firing of ¢; is given by

— M':M—ﬂff-f—tf'
— D’ is computed along the following steps, and noted next(D,ty)
1. variable substitutions for all enabled transitions that are not inhibited
tjl Hj = ef +93,
2. intersection with the set of positive or null reals RT: Vi, 6, > 0,
3. elimination (using for instance the Fourier-Motzkin method [31]) of all
variables relative to transitions disabled by the firing of ¢,
4. addition of inequations relative to newly enabled transitions

Vi, €1 enabled(M, tys), a(ty) < 6y, < B(tx).

State class graph Knowing how to compute the successors of a class, the state
space computation is basically a depth-first or breadth-first graph generation.
For an IHTPN 7, let A(7T) = (C, Cp, —) be the transition system such that:

— C=NP xRT,
— Cy = (My, Dy), where My is the initial marking and Dy = {a(t;) < 6; <
B(t:)| t; € enabled(My)},
— —€ C x T x C is the transition relation defined by :
M =M —*+1t°,
(M, D) -5 (M',D') iff { tis firable from (M, D),
D’ = next(D,t),

Then we can write the state class graph as the quotient of A(7") by a ”suit-
able” equivalence relation. This ”suitable” relation may be equality as in def-
inition 9, in which case the state class graph has the same untimed language
as its IHTPN. Or it can be inclusion as in definition 10, and then the untimed
language is lost but we still have the set of reachable markings.

Given a set of inequations D, we note [D] the set of solutions of D. With
this notation, we can now define equality and inclusion of classes:

Definition 8 (Equality of state classes). Two classes C1 = (M1, D1) and
Cy = (M3, D) are equal if My = My and [D1] = [D2].

Definition 9 (Inclusion of state classes). The state class C = (My, Dy) is
included in the state class Co = (Ma, Da) if M1 = My and [D1] C [D2].

t1 [1,2] to [3,5] ts [4,6] ta [3,5]

Fig. 10. A time Petri net with inhibitor hyperarcs



Example Figure 10 shows an example of a simple IHTPN. Its initial class is
C = (M, D) with M = {p1, p2,p3,ps} and

1<a <2,

3 <zp <5,

4 < w3 <6,

3 <y <5,

—4 <z —x9 < —1,

D= —5§.T1—.T3§ 2, (1)

—4 <z —x4 < -1,

-3 <@y —x3 <1,

—2<xp — x4 <2,

71§SE37$4§3

t1, to, t3 and t4 are enabled but t4 is inhibited, hence:

i =1,
T2 =1,
s =1, @
3'54 = 07

t1 is clearly firable. Let us compute the domain of the class obtained by
firing ¢;. The first step is the variable substitution x; « 2 + 1 for all enabled
transitions that are not inhibited but ¢;. The domain becomes

1<z <2,
3§$1+1’l2§5,

4 <z + x4 <6,

3<a) <5,

—4 <z —x —ah < -1,
—5< 1w —x —ah < -2
—4 <z —x4 < -1,
—3<m +ay—x -5 <1,
—2<m +axh—x4 <2,
—1<z+ah—24<3

3

The next step is the elimination of the variable z;. We use the Fourier-
Motzkin method. For that, we rewrite the inequations as follows:

1§$1, $1§2,
3—ah <ua, 21 <5—ab,
4—zf <, x1 <6 — xf,
—4 4+ x4, <11 T1 < =14 @4,

24wy —ah <xq, 11 <2+ 34 — T,
—1+ay—ay <ap, 01 <3+ x4 — 2%,
3§IE4§5,

—3<zh—a4 <1
A< —al <1,

-5 < —zf <=2

Y




The Fourier-Motzkin method then consists of writing that the system has
solutions if and only if the lower bounds of x; are less or equal to the upper
bounds. The obtained system is then equivalent to the initial one. After a few
simplifications we obtain

2 <uzf <5,
3< 2y <5,
—3<uah—af <1,
0<uzh—u4<1,
1<al—ax4 <2,
4<zh+mxy4 <9,

5 <azh + x4 <10,
0<uzh+xzy—a5<6,
2<ab+ay—ahb <8

D/

I
—

(@)
~

What we can see here is that eight inequations, given on the last four lines,
are generated, which cannot be expressed with a DBM. Furthermore, we can
easily see that those new inequations may give even more complex inequations
(i.e. involving more variables) when firing another transition from the obtained
class. However, in this example, those extra eight inequations are redundant with
the ”simple” inequations: for instance, using ”simple” inequations x5 < 4 and
xy <5 we find again x5, + 2}, < 9. Formally, this means that:

1<al <4,

2 <ah <5,

3§1‘4§55

—3<uzh—ah <1, (6)
0<ah—x4 <1,

1SZC{3—ZE4§2

D] =

This redundancy occurs for many classes in the general case (but unfortu-
nately not always) so it makes sense to ignore the non-DBM form inequations
for a faster computation of the state class graph. This may lead, of course, to
an overapproximation.

4.3 Overapproximation of the state space

Manipulating polyhedra in the general case involves a very important comput-
ing cost. In order to be able to keep our algorithms efficient for IHTPN, we ap-
proximate the polyhedron representing the firing domain to the smallest DBM
containing it. By doing this, we clearly add states in our classes that should not
be reachable and thus we do an overapproximation. This is illustrated by the
net in Figure 11.

After the firing sequence t4, t1, t5, the transition tg is not firable because
either t5 or t3 (depending on the firing time of t4) must be fired first. The class



t7 [10, 10]

te [4,4]

Fig.11. A time Petri Net with Inhibitor Hyperarcs

obtained is:

{p2,p3,p6},

0 <z <4,

0 <x3 <4,

4 < xg < 4,

—4 <@y —x3 < 4,
—4 <x9 — 26 <0,
—4<w3—x6 <0,
1 S T2 + X3 S 6

We can easily see that tg is indeed not firable, for this implies zo = x3 = z¢ =
4 and thus 29 + 23 = 8. But if we remove the x5 + 23 < 6 constraint in order to
keep a DBM form, tg becomes firable. So we have here an overapproximation.

However, for the verification of safety properties the overapproximation is
not a too big concern. Since we want to ensure that something "bad” never
happens, we only need to check a set of states which contains the actual state
space of the IHTPN. Of course, there is still a risk of being pessimistic.

5 Verification of timed reachability properties

A consequence of the state space computation is that using the classical ob-
server notion, we can verify varied timed reachability properties. An observer
consists of adding places and transitions, which model the property (discrete or
quantitative) to check, to the Petri net. Checking the property is transformed in
checking the reachability of a given marking of the observer. In [32], the authors
present generic TPN observers to model properties like absolute or relative time
between the firing of transitions, causality or simultaneity. It is then possible to
check properties on IHTPN with the same generic observers (thanks to property
1in 3).

Let us consider the net in figure 12. It represents a simple IHTPN and an
observer in dash lines. The observer allows to check the property: “2 successive
occurrences of ty always happen in less than 12 time units”. The property is
false iff a marking M such that M (FALSE) > 0 is reachable (i.e. iff a run such
that the place FALSE has a token exists).



t1 [1,3]

Ps
. PN

,-'FALSE

L ts[12,12]

Fig.12. Example of an IHTPN and an observer (dash lines)

Constructing the state space and looking for a run with a token in FALSE
allows to conclude that the property is false. Indeed, let us consider, for instance,
the run® s —>fo 51 —>?5 59 —>?1 53 _’?3 54 —>f2 S5 —»84 S6 —% S7 —>?S
S8 —é S9 —%4 510 —%S S11 —>t00 S12.

The transition ¢y is inhibited in s4 and sg ; no time elapse in s1, S92, S3, S5, 57
and s11. In this run, two successive occurrences of ¢ty happen in exactly 12 time
units. This run led to M(FALSE) =1 in $11, $12-

Generally there is no need to compute the whole state space: the computation

of the state space can be stopped at the first marking verifying a property.

6 Conclusion

In this paper, we have defined an extension of T-time Petri nets with inhibitor
hyperarcs (IHTPN). In this model, we can consider that stopwatches are asso-
ciated with transitions. A stopwatch can be reset, stopped and started by using
classical arcs and inhibitor hyperarcs. It allows the memorisation of the progress
status of an action that is stopped and resumed. We have also proposed a method
for the computation of the state space of an IHTPN. This includes an exact com-
putation using a general polyhedron representation of timing constraints, and
an overapproximation of the polyhedra to allow more efficient compact abstract
representations of the state space based on DBM (Difference Bound Matrix).
We have shown that Petri nets with inhibitor hyperarcs, time Petri nets,
preemptive-TPN and scheduling-TPN are all strict subclasses of IHTPN. As a
consequence, IHTPN can be used in the context of scheduling verification but
IHTPN are also able to express more general problems including circular relation

3 We note S —2 5’ to indicate a discrete step e preceded by a time flow of d time
units.



of inhibition involving a definitive blocking of the time flow of enabled transition.
It can thus be important to have a model able to express this kind of deadlocks
in order to detect them.

Finally, we have shown how to check complex timing properties on ITHTPN
by using observers.

Future works include the study of the model-checking of properties expressed
in temporal logics such as Timed Computation Tree Logic (TCTL). This can be
carried out when the state space is computable, and when it is not the case, it
can be done on the fly for some properties.

We also plan to tackle some of the problems that remain open such as the
decidability of k-boundedness for IHTPN.
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