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—— Abstract

Reset Petri nets are a particular class of Petri nets where a transition firing can remove all tokens
from a place without having to check if this place actually holds tokens or not. In this paper
we look at partial order semantics of such nets. In particular, we propose a notion of pomset
bisimulation for comparing concurrent behaviours of reset Petri nets. Building on this pomset
bisimulation we then propose a generalization of the standard finite complete prefixes of unfolding
to the class of safe reset Petri nets.
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1 Introduction

Petri nets are a well suited formalism for specifying, modeling, and analyzing systems with
conflicts, synchronization and concurrency. Many interesting properties of such systems
(reachability, boundedness, liveness, deadlock,. ..) are decidable for Petri nets. Over time,
many extensions of Petri nets have been proposed in order to capture specific, possibly
quite complex, behaviors in a more direct manner. These extensions offer more compact
representations and/or increase expressive power. One can notice, in particular a range of
extensions adding new kinds of arcs to Petri nets: read arcs and inhibitor arcs [?, ?] (allowing
to read variables values without modifying them), and reset arcs [?] (allowing to modify
variables values independently of their previous value).

While reset arcs increase the expressiveness of Petri nets, they compromise analysis
techniques. Some properties become undecidable in general, such as boundedness [?] and
reachability [?]. Some remain decidable but require to extend analysis techniques as this
is the case for coverability [?]. For bounded reset Petri nets however, more properties are
decidable, because full state spaces can be computed. This is in particular the case of
reachability.

Reachability analysis based on full state-space computation (i.e. using state graphs)
is however restricted due to combinatorial explosion. To face this problem, partial order
techniques have been proposed, and, in particular, Petri nets unfolding [?]. It keeps the
intrinsic parallelism and prevents the combinatorial interleaving of independent events. Petri
nets unfolding has gained the interest of researchers in verification [?], diagnosis [?], and
planning [?]. While the unfolding of a Petri net can be infinite, there exist algorithms
for constructing finite prefixes of it, sufficient for reachability analysis [?, ?]. Unfolding
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techniques have also been developed for extensions of Petri nets, and in particular Petri nets
with read arcs [?].

If reachability analysis is known to be feasible on bounded reset Petri nets, as far as we
know no technique for computing finite prefixes of unfolding exists yet. This is the aim of
this paper to propose one. For that, we characterise the concurrent behaviour of reset Petri
nets by defining a notion of pomset bisimulation. This has been inspired by several works on
pomset behaviour of concurrent systems [?, 7, ?]. From this characterization we can then
express what should be an unfolding preserving the concurrent behaviour of a reset Petri net.

This paper is organized as follows: We first give basic definitions and notations for
(safe) reset Petri nets. Then, in Section ??, we propose the definition of a notion of pomset
bisimulation for reset Petri nets. In Section 7?7 we show that, in general, there is no Petri
net without resets which is pomset bisimilar to a given reset Petri net. Finally, in Section 7?7
— building on the results of Section ??7 — we propose a finite complete prefix construction for
reset Petri nets where the prefix is itself a reset Petri net.

2 Reset Petri nets

2.1 Basic definitions

» Definition 1 (structure). A reset Petri net structure is a tuple (P, T, F, R) where P and
T are disjoint sets of places and transitions, F C (P x T)U (T x P) is a set of arcs, and
R C P x T is a set of reset arcs.

An element z € PUT is called a node and has a preset *x={y€ PUT : (y,z) € F}
and a postset ©®* ={y € PUT : (x,y) € F}. If, moreover, z is a transition, it has a set of
resets x ={y € P : (y,z) € R}.

For two nodes x,y € PUT, we say that: z is a causal predecessor of y, noted z < y, if
there exists a sequence of nodes x ...z, with n > 2 so that Vi € [1..n — 1], (z;,2;11) € F,
1 =ux,and x, =y. If x <y or y < x we say that = and y are in causal relation. The nodes
x and y are in conflict, noted x#ty, if there exists two sequences of nodes x ...z, with n > 2
and Vi € [1.n—1], (z;,2;41) € F,and y; ...y, withm > 2 and Vi € [1.m—1], (v, yi+1) € F,
so that x1 = y; is a place, x2 # Y2, T, = x, and Y, = y.

A marking is a set M C P of places. It enables a transition t € T if Vp € *t,p € M. In
this case, ¢ can be fired from M, leading to the new marking M’ = (M \ (*t U %)) Ut®. The
fact that M enables ¢ and that firing ¢ leads to M’ is denoted by Mt)M'.

» Definition 2 (reset Petri net). A reset Petri net is a tuple (P,T,F,R, M) where
(P,T,F,R) is a reset Petri net structure and M is a marking called the initial mark-
ng.

Figure ?7? (left) is a graphical representation of a reset Petri net. It has five places (p; to
ps, represented as circles) and three transitions (¢; to t3, represented as squares). Its set of
arcs contains seven elements ((p1,t1), (t1,p2), (p3,t2), (t2,p4), (P2,t3), (Pa,t3), and (t3,ps),
depicted by arrows) and there is one reset arc ((ps,t1), depicted as a line with a diamond at
its extremity).

A marking M is said to be reachable in a reset Petri net if there exists a sequence
M ... M, of markings so that: Vi € [1..n — 1],3t € T, M;[t) M ;11 (each marking enables a
transition that leads to the next marking in the sequence), M1 = M (the sequence starts
from the initial marking), and M,, = M (the sequence leads to M). The set of all markings
reachable in a reset Petri net N'g is denoted by [N g).

A reset Petri net with an empty set of reset arcs (R = ()) is simply called a Petri net.
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Figure 1 A reset Petri net (left) and one of its processes (right)

» Definition 3 (underlying Petri net). Given a reset Petri net N'g = (P, T, F, R, M), we
call its underlying Petri net the Petri net N = (P, T, F,0, My).

The above formalism is in fact a simplified version of the general formalism of reset Petri

nets: arcs have no multiplicity and markings are sets of places rather than multisets of places.

We use this formalism because it is sufficient for representing safe nets.

» Definition 4 (safe reset Petri net). A reset Petrinet (P,T, F, R, My) is said to be safe if for

any reachable marking M and any transition ¢t € T, if M enables ¢ then (¢*\ (*tU%))NM = (.

The reader familiar with Petri nets will however notice that our results generalize to larger
classes of nets, namely unbounded reset Petri nets for our pomset bisimulation definition
(Section ??), and bounded reset Petri nets for our finite complete prefix construction
(Section 77).

In the rest of the paper, unless the converse is specified, we consider reset Petri nets so
that the preset of each transition ¢ is non-empty: *t # (). Notice that this is not actually a
restriction to our model as one can simply equip any transition ¢ of a reset Petri net with a

place p; so that p; is in the initial marking and *p; = pf = {t} to enforce the above property.

2.2 Comparing reset Petri nets

One may need to express that two (reset) Petri nets have the same behaviour. This is useful
in particular for building minimal (or at least small, that is with few places and transitions)
representatives of a net; or for building simple (such as loop-free) representatives of a net. A
standard way to do so is to define a bisimulation between (reset) Petri nets, and state that
two nets have the same behaviour if they are bisimilar.

The behaviour of a net will be an observation of its transition firing, this observation
being defined thanks to a labelling of nets associating to each transition an observable label
or the special unobservable label ¢.

» Definition 5 (labelled reset Petri net). A labelled reset Petri net is a tuple (Mg, 3, \)
so that: Ngr = (P,T,F,R, M) is a reset Petri net, 3 is a set of transition labels, and
A: T — XU {e} is a labelling function.

In such a labelled net we extend the labelling function A\ to sequences of transitions
in the following way: given a sequence tj...t, (with n > 2) of transitions, A(t;...t,) =
At)A(t2. .. ty) if tg € X and A(t1...t,) = A(t2...t,) else (that is if t; = ¢€).

From that, one can define bisimulation as follows.

» Definition 6 (bisimulation). Let (Mg 1,31,\1) and (Ng2, X2, A2) be two labelled reset
Petri nets with N'g; = (P;, T, Fi, Ri, Mo ;). They are bisimilar if and only if there exists a
relation p C [N 1) x [N pg2) (called a bisimulation) so that:

1. (M071,M072) € p,
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2. if (M, M3) € p, then
a. for every transition ¢ € T4 so that M;[t)M1, there exists a sequence ¢ ...t, of
transitions from T's and a sequence My ... Ms , of markings of N'g 2 so that:
Mg[t1>M2’1[t2> A [tn>M27n,
Aa(ty ... ty) = Ai(t), and
(Ml,na MQ,n) €p
b. the other way arround (for every transition t € Ts...)

This notion of bisimulation however forgets an important part of the behaviours of (reset)
Petri nets. Indeed, some transition firings may be concurrent when transitions are not in
causal relation nor in conflict.

As an example, consider Figure ??. The nets N'g and N g2 are bisimilar (here we
identify transition names and transition labels) and, in none of them ¢; and t5 are in conflict.
However, in A R,1 the transitions ¢; and ¢, are not in causal relation while in N R,2 they are
in causal relation.

9 @ 0o
8oy
O O QO On

Figure 2 Two bisimilar nets N'g,1 (left) and N' g2 (right)

P2

To avoid this loss of information, a standard approach is to define bisimulations based
on partially ordered sets of transitions rather than totally ordered sets of transitions (the
transition sequences used in the above definition). Such bisimulations are usually called
pomset bisimulations.

3 Pomset bisimulation for reset Petri nets

In this section we propose a definition of pomset bisimulation for reset Petri nets. It is based
on an ad hoc notion of processes.

3.1 Processes of reset Petri nets

A process is a representation of a set of executions of a Petri net. It is the concurrent
counterpart of paths in sequential discrete event systems (such as automata). We first recall
a standard notion of processes of Petri nets and then show how it can be extended to reset
Petri nets.

As a first step, we define occurrence nets which are basically Petri nets without loops.

» Definition 7 (occurrence net). An occurrence net is a (reset) Petri net (B, E, F©, R®, M©,)
so that, Vb € B, Vx € BUE: (1) |*b] <1, (2) « is not in causal relation with itself, (3) x
is not in conflict with itself, (4) {y € BUE : y < z} is finite, (5) b € M9 if and only if
*b = 0.

Places of an occurrence net are usually referred to as condition and transitions as events.
In an occurrence net, if two nodes x,y € B U E are so that x # y, are not in causal relation,
and are not in conflict, they are said to be concurrent. Moreover, in occurrence net, the
causal relation is a partial order.
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There is a price to pay for having reset arcs in occurrence nets. With no reset arcs,
checking if a set E of events together form a feasible execution (i.e. checking that the events
from FE can all be ordered so that they can be fired in this order starting from the initial
marking) is linear in the size of the occurrence net (it suffices to check that E is causally
closed and conflict free). With reset arcs the same task is NP-complete.

» Proposition 1. The problem of deciding if a set E of events of an occurrence net with resets
forms a feasible execution is NP-complete.

Proof. The problem is clearly in NP: In order to check that E is a feasible execution, it
suffices to guess a corresponding firing sequence (of length |E|).

For NP-hardness, we reduce the problem of graph 3-coloring to executability of an
occurrence net. Our construction is illustrated on Figure 7?7 from the graph composed of
two vertices v; and vy connected by an edge.

U1 v2

e — >0

Figure 3 Reduction from 3-coloring to executability of an occurrence net. Events ez and e 1)
reset the places of the sequence on the left, like e; and e(;, 2y, but these reset arcs are not represented.

The idea for the reduction is to build an occurrence net where each vertex v; of the
graph is represented by an event e;, all the e; being concurrent. Using additional events
a1 < by < as < by < az < bz < ay as bounds, one can ensure that, for every firing sequence
containing all the events of the constructed occurrence net, the e; fire in three separate slots:
between a; and b, between as and by or between az and bz. Indeed, if any e; fires outside
these slots, its resets arcs consume the token in the sequence at the bottom of Figure 77 and
prevents remaining events of the sequence from firing later.

These three slots represent the three colors of the coloring. Every feasible execution of
the occurrence net assigns every e; to a slot, like the color of the corresponding vertex.

It remains to represent the edges of the graph, i.e. for every edge (v;, v;), force e; and
e; to fire in distinct slots. This is done using two conditions (¢, j) and (j,4) and two events
eq,;) and egjq, with (i,7) € ef and ®eq ;) = {(i,j)} (and symmetrically (j,7) € e} and
*e(;,i) = 1(4,9)}). Moreover e(; ;) and e(; ;) have reset arcs to conditions in the sequence on
the left, enforcing them to occur outside of the three slots allowed for the e;. In an execution
where all these events fire, assume without loss of generality that e; fires before e;, then e(; ;)
must fire between e; and e; (while the token in (i, j) is present). This is only possible if e;
and e; fire in different time slots. <

The branching processes of a Petri net are then defined as particular occurrence nets
linked to the original net by homomorphisms.

» Definition 8 (homomorphism of nets). Let Ay and Ay be two Petri nets such that
N; = (P;,T;,F;,0,Mo;). A mapping h : Py UTy — Py UT5 is an homomorphisme
of nets from N7 to Ny if Vp1 € P1,Vps € Po,Vt € T1: (1) h(p1) € Pa, (2) h(t) € T,
(3) p2 € *h(t) & Fpy € *t,h(p)) = p2, (4) p2 € W(t)* & 3p| € t*h(p)) = p2, (5)
p2 € Mo < 3p) € Mo, h(p}) = p2.

23:5
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» Definition 9 ((branching) processes of a Petri net). Let N = (P, T, F,(), M) be a Petri net,
O = (B,E,F°,),M®;) be an occurrence net, and h be an homomorphism of nets from O
to M. Then (O, h) is a branching process of N if Veq,es € E, (*e1 = ®ea A h(e1) = h(ez2)) =
e1 = ey. If, moreover, Vb € B, |b®| < 1, then (O, h) is a process of N.

Finally, a process of a reset Petri net is obtained by adding reset arcs to a process of the
underlying Petri net (leading to what we call below a potential process) and checking that
all its events can still be enabled and fired in some order.

» Definition 10 (potential processes of a reset Petri net). Let Ng = (P,T,F,R, M) be
a reset Petri net and N be its underlying Petri net, let O = (B, E, F©, R®, M®;) be an
occurrence net, and h be an homomorphism of nets from O to Ng. Then (O,h) is a
potential process of N'g if (1) (O',h) is a process of N with O' = (B, E, F°,0, M®,), (2)
Vb € B,Ve € E, (b,e) € RO if and only if (h(b),h(e)) € R.

» Definition 11 (processes of a reset Petri net). Let N = (P, T, F, R, My) be a reset Petri
net, O = (B, E,F° R° M%) be an occurrence net, and h be an homomorphism of nets
from O to N'g. Then (O, h) is a process of Ny if (1) (O, h) is a potential process of Ny,
and (2) if £ = {ey,...,e,} then IM1,..., M, C B so that M®[e;)Mles) ... [en) M.

Notice that processes of reset Petri nets and processes of Petri nets do not exactly have
the same properties. In particular, two properties are central in defining pomset bisimulation
for Petri nets and do not hold for reset Petri nets.

» Property 12. In any process of a Petri net with set of events FE, consider any se-
quence of events ejes ... e, (1) that contains all the events in E and (2) such that Vi, j €
[1.n] if e; < e; then ¢ < j. Necessarily, there exists markings Mi,..., M, so that
M00[61>M1 [62> . [6n>Mn

This property (which purpose is, intuitively, to express that processes are partially ordered
paths) is no longer true in processes of reset Petri nets. As an example, consider the reset
Petri net of Figure ?? (left). On the right of the same figure is one of its processes (on top is
the occurrence net and below is the homomorphism k). As not e3 < e, their should exist
markings M1, Mo so that M[e1)Mq[ea) Mo. However, Mo = {c1,c3} indeed enables ey, but
the marking M; such that Mole;) M is {c2}, which does not enable es.

» Property 13. In a process of a Petri net all the sequences of events ejes . . . e, verifying (1)
and (2) of Property ?? lead to the same marking (i.e. M,, is always the same), thus uniquely
defining a notion of maximal marking of a process.

This property defines what is the marking reached by a process. As a corollary of the
above property not holding for processes of reset Petri nets, there is no uniquely defined
notion of maximal marking in these processes. Back to the above example {co} is a maximal
marking (no event can be fired from it), but {ca, ¢4} is one as well (reached after firing eq
and then eg).

To somehow transpose the spirit of Properties ?? and ?? to processes of reset Petri nets,
we define below a notion of maximal markings in such processes.

» Definition 14 (maximal markings). Let P = (O,h) be a process with set of events
E = {e1,...,e,} and initial marking M%, of a reset Petri net. The set M,,q.(P) of
maximal markings of P contains exactly the markings M so that dMy,..., M, _1, and
3f : [1.n] = [1..n] verifying Moo[ef(1)>M1[ef(2)) co My lepny) M.

In other words, the maximal markings of a process are all the marking that are reachable
in it using all its events.
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3.2 Abstracting processes

We show how processes of labelled reset Petri nets can be abstracted as partially ordered
multisets (pomsets) of labels.

» Definition 15 (pomset abstraction of processes). Let (Mg, 3, A) be a labelled reset Petri
net and (O,h) be a process of N with O = (B, E,F°,R°, M®;). Define E' = {e €
E : X(h(e)) # €}. Define X : E/ — ¥ as the function so that Ve € E', N (e) = A(h(e)).
Define moreover < C E’ x E’ as the relation so that e; < es if and only if e; < es (e1 is a
causal predecessor of es in O). Then, (E’, < ,\) is the pomset abstraction of (O, h).

This abstraction (E, <, ) of a process is called its pomset abstraction because it can be
seen as a multiset of labels (several events may have the same associated label by \’) that
are partially ordered by the < relation.

In order to compare processes with respect to their pomset abstractions, we also define
the following equivalence relation.

» Definition 16 (pomset equivalence). Let (E, < , ) and (E’,<’,\') be the pomset abstrac-
tions of two processes P and P’. These processes are pomset equivalent, noted P = P’ if and
only if there exists a bijection f : E — E’ so that Vej,ea € E: (1) Mep) = N (f(e1)), and (2)
e1 < eg if and only if f(e1) <’f(e2).

Intuitively, two processes are pomset equivalent if their pomset abstractions define the
same pomset: the same multisets of labels with the same partial orderings.
Finally, we also need to be able to abstract processes as sequences of labels.

» Definition 17 (linear abstraction of processes). Let (N g, 3, A) be a labelled reset Petri net,
let P = (O, h) be a process of N'g with O = (B, E, F©, R®, M), and let M be a reachable
marking in O. Define X' : E — ¥ as the function so that Ve € E, X' (e) = A(h(e)). The linear
abstraction of P with respect to M is the set lin(M,P) so that a sequence of labels w is in
lin(M,P) if and only if in O there exist markings M,..., M, _1 and events ey, ..., e, so
that M©gle))M1es) ... My,_1[e,)M and N(e; ...e,) = w.

3.3 Pomset bisimulation

We now define a notion of pomset bisimulation between reset Petri nets. Intuitively, two reset
Petri nets are pomset bisimilar if there exists a relation between their reachable markings so
that the markings that can be reached by pomset equivalent processes from two markings in
relation are themselves in relation. This is formalized by the below definition.

» Definition 18 (pomset bisimulation). Let (Mg 1, %1, A1) and (N g 2, X2, A2) be two labelled
reset Petri nets with N'g; = (P;, T, Fi, Ri, Mo ;). They are pomset bisimilar if and only if
there exists a relation p C [N'r,1) X [Ng2) (called a pomset bisimulation) so that:
1. (Mo1,Mop2) € p,
2. if (M1, M3) € p, then
a. for every process Pq of (P1,T1, F'1, Ry, M1) there exists a process Py of (Pa, T2, F2, Ro,
M) so that P; = Py and
VM) € Mopaz(P1), IMY € M 4. (P2) so that (MY, M}) € p,
VM) € Mpmaz(P1),YMYy € M 00 (P2), (MY, MY) € p = lin(My,P1) = lin(M}, Ps).

b. the other way arround (for every process Ps...)

FSTTCS 2017
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Notice that, in the above definition, taking the processes P; and P bisimilar (using
the standard bisimulation relation for Petri nets) rather than comparing lin(M/,P1) and
lin(M4,P2) would lead to an equivalent definition.

Remark that pomset bisimulation implies bisimulation, as expressed by the following
proposition. The converse is obviously not true (this is, for example, a consequence of
Lemma ?? below).

» Proposition 2. Let (NMpg.1,%1, A1) and (N'g2, X2, A2) be two pomset bisimilar labelled reset
Petri nets, then (Ng,1,%1, A1) and (N g2, X2, A2) are bisimilar.

Proof. It suffices to notice that Definition 77 can be obtained from Definition ?? by restricting
the processes considered, taking only those with exactly one transition whose label is different
from €. <

4 Reset arcs removal and pomset bisimulation

From now on, we consider that (reset) Petri nets are finite, i.e. their sets of places and
transitions are finite.

In this section, we prove that it is, in general, not possible to build a safe labelled Petri
net (while this is out of the scope of this paper, the reader familiar with Petri nets will notice
in the below proofs that this is event the case for bounded labelled Petri net) without reset
arcs which is pomset bisimilar to a given safe labelled reset Petri net. For that, we exhibit a
particular pattern — Figure 7?7 (left) — and show that a reset Petri net including this pattern
cannot be pomset bisimilar to a Petri net without reset arcs.

®P2 @PQ Po .*'\ @Pz
I} P \v e

pr v (
P1 Q‘ p1 Q@a p1 Q‘
v v t -
@
Nr NRostr Nrog

Figure 4 A remarkable pattern A g and its structural transformation N g st (left), and a labelled
reset Petri net Mo, including the pattern A'g (right). Transition labels are given on transitions.

As a first intuition of this fact, let us consider the following structural transformation
that removes reset arcs from a reset Petri net.

» Definition 19 (Structural transformation). Let (Mg, X, A) be a labelled reset Petri net
such that Ng = (P,T,F, R, M), its structural transformation is the labelled Petri net
(NR,stra Ylstrs /\str) where NR,str = (Pstr7 Tstry Fstr, ®7 MO,stT) so that:

Py, =PUPwithP={p : pec PA3teT,(pt) €R},
Tsr=TUT with T ={t : t€ T A% +#0},
Far=FU{(p.t) : PEPA(t,p) € FYU{(t.p) : PE PA(p,t) € F}
U{(p,T) : T€TA(p,t) € FYU{(E,p) : T€TA(t,p) € F}
u{@t) : pe PNteTA(t,p) € F}YU{(t,p) : PE PAtETA (p,t) € F}
u{(p,t), (®1),(t,p),#,p) : pE PADEPANteTALETA(p,t) € R},
Mor = MoU{p€P : p¢ Mo},

and moreover, Yy, = 3, Vt € T, Mgt (t) = A(t), and V£ € T, Agsrr (£) = A(2).
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In the above definition, the reset Petri net Mg and the petri net N R,str are bisimilar but
not always pomset bisimilar. This can be remarked on the example of Figure ?7. Applying
this translation to the reset Petri net A on the left gives the Petri net N/ R,str ON the middle.
As we can see, this translation added a causality relation between the transition labelled
by t1 and each of the two transitions labelled by ¢53. From the initial marking of N g s, for
any process whose pomset abstraction includes both ¢; and t3, these two labels are causally
ordered. While, from the initial marking of A'p there is a process which pomset abstraction
includes both t; and ¢3 but does not order them. We now generalize this result.

Let us consider the labelled reset Petri Net Ay, of Figure 7?7 (right). It uses the pattern
N'r of Figure 7?7 in which ¢; and t3 can be fired in different order infinitely often. In this
net, the transitions with labels ¢t; and t3 are not in causal relation.

» Proposition 3. There is no finite safe labelled Petri net (i.e. without reset arc) which is
pomset bisimilar to the labelled reset Petri net N, .

Proof. We simply remark that any finite safe labelled Petri net with no reset arcs which
is bisimilar to Ny, has a causal relation between two transitions labelled by ¢; and 3
respectively (Lemma ?7?). From that, by Proposition ??, we get that any such labelled Petri
net A which would be pomset bisimilar to Ny,, would have a process from its initial marking
whose pomset abstraction is such that some occurrence of ¢; and some occurrence of t3 are
ordered, while this is never the case in the processes of Ny,. This prevents N from being
pomset bisimilar to Ny, and thus leads to a contradiction, proving the proposition. |

» Lemma 20. Any safe labelled Petri net with no reset arcs which is bisimilar to Ny, has a
causal relation between two transitions labelled by t1 and t3 respectively.

Proof. The sketch of the proof is that the firing of ¢35 prevents the firing of ¢5; then t3 and ¢,
are in conflict and share an input place which has to be marked again after the firing of ¢;.
This place generates a causality between ¢; and t3. We now give the details of the proof.

Assume there exists a safe labelled Petri net Ny = (N, X0, Ag) bisimilar to the labelled
reset Petri net Ny, without any transitions ¢ < ¢’ so that Ag(t) = t1 and A\o(¥') = ¢s.

Let us consider in Np,, a marking M g such that p; and ps are marked. Both t2 and ¢3
are fireable (in Ny, we identify transitions with their labelling as this is not ambiguous).

By definition of the bisimulation, in Ny there exists a marking M bisimilar to M g and from
which two sequences 7" and £*t/, with A\o(7*t") = Ag(t") = t2 and Ag(e*t') = Ao (¥') = t3,
are fireable in the orders given by the sequences. Note that the set of transitions in &*
and the set of transitions in 7% are not necessarily disjoint. Without loss of generality, we
take M, 7%, and t" so that the sequence 7*t" can be fired infinitely often, that is, so that
there exists a sequence of firing of transitions from the initial marking of Ny in which the
subsequence 7*t” appears infinitely many times (this is possible due to the finiteness of the
set of transitions of Ny and the fact that o can be fired infinitely often in Ny,,).

When t' occurs from M, the firing of ¢’ becomes impossible. Otherwise a sequence of
transitions w so that \o(w) = t3ta would be possible in Ny, which contradicts bisimilarity
with Ny, where firing to immediately after ¢3 (i.e. with no firing of ¢ in the meantime) is
not possible.

From that, one can deduce that from M the two sequences 7*t" and £*t' necessarily have
a direct conflict: there are a transition 7 in 7*¢” and a transition &g in £*t’ whose presets
share at least one place. We call p} such a place both in *7 and in ®c;. We have pj < t”
(recall that \o(t"”) = t2) and pj < ¢’ (recall that A\o(t') = t3).

Notice that it can exist a set Sp, of such places p], because |*7 N ®ecg| > 1. Since t5 and
t3 can occur infinitely often in Ny, , and since the number of places in Ny is finite, one could
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have chosen ¢’ and thus g so that all the places in Sp, is marked infinitely often in some
infinite sequence of transitions firing in Ny in which 7*¢" appears infinitely often and which
reaches M infinitely often (recall that we chose t” to have such a sequence). Assume that we
chose p} in such a Sp,.

As a last step before concluding our proof, we show that ¢t < p}. Assume this is not the
case. Remark that firing 7%¢” removes, at some point in the sequence of firings, p| from the
marking, by firing 7. However, p) is marked infinitely often in some infinite sequence w of
transitions firing in Ny in which 7*¢” appears infinitely often and which reaches M infinitely
often. If " < pj is false, it means that, at some point in w, p} is marked thanks to a transition
that is not a causal successor of ¢ (i.e. t” is not a causal predecessor of this transition),
all the places in the preset of this transition must neither be causal successors of t”. By
induction, one can find an infinite subsequence of w of transitions firing which infinitely often
marks p} while it is already marked. This is in contradiction with the assumption that Ny is
safe (for the reader familiar with Petri nets, this would work exactly the same for bounded
Petri nets in a more general setting). Thus, ¢’ < p}.

We have shown that ¢ < p} and p}] < t'. Moreover, by definition of bisimilarity we know
that there exists ¢ in Ny so that ¢ < ¢ and \g(¢) = t; (because t; < t2 in Ny,,). Hence, by
transitivity, we get ¢ < ¢’ with \o(t) = t1 and Ag(t') = ¢3, which concludes the proof. <

5 Finite and complete prefixes of unfolding of reset Petri nets

The unfolding of a Petri net is a particular branching process (generally infinite) representing
all its reachable markings and ways to reach them. It also preserves concurrency. The
unfolding of a net can be defined as the union of all its branching processes [?] or equivalently
its largest branching process (with respect to inclusion). In the context of reset Petri nets,
no notion of unfolding has been defined yet. Accordingly to our notion of processes for reset
Petri nets and because of Proposition 7?7 below we propose Definition ?7. In it and the rest
of the paper, nets and labelled nets are identified (each transition is labelled by itself) and
labellings of branching processes are induced by homomorphisms (as for pomset abstraction).

» Definition 21 (Unfolding of a reset Petri net). Let N'r be a safe reset Petri net and N be
its underlying Petri net. Let I/ be the unfolding of /. The unfolding of N'g is U g, obtained
by adding reset arcs to U according to (2) in Definition ?7.

» Proposition 4. Any safe (labelled) reset Petri net N'gr and its unfolding U r are pomset
bisimilar.

Proof. This comes directly from a result in [?]. It is stated in this paper that, if two Petri
nets have the same unfolding (up to isomorphism), then they are pomset bisimilar (the notion
of pomset bisimulation used is similar to our notion of pomset bisimulation when there are
no resets in a net). Clearly, a Petri net N and its unfolding ¢/ have the same unfolding, U
itself. Thus, A and I/ are pomset bisimilar.

Moreover, from Definition ?7, one gets that the processes of N'g are a subset of the
processes of A (to which reset arcs are added). Similarly, the processes of U are a subset of
the processes of U (to which reset arcs are added). Because A and U are pomset bisimilar,
they have the same processes (up to pomset abstraction). Thus, A'g and U r have the same
processes (up to pomset abstraction) as well.

Finally, by definition of pomset bisimulation, in A/ and U two processes taken from
markings in bisimulation and with the same pomset abstraction, must also reach markings
in bisimulation. Because the addition of reset arcs mimics the resets arcs of N'g in Ug (i.e.
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adding reset arcs to the processes of A or to the processes of I is done exactly in the same
way) and because their processes are the same, we get the same property about bisimulation
between markings in Mg and Uz than in N and U. <

Petri nets unfolding is however unpractical for studying Petri nets behaviour as it is
generally an infinite object. In practice, finite complete prefixes of it are preferred [?, ?].

» Definition 22 (finite complete prefix, reachable marking preservation). A finite complete
prefiz of the unfolding of a safe Petri net A is a finite branching processes (O, h) of N
verifying the following property of reachable marking preservation: a marking M is reachable

in NV if and only if there exists a reachable marking M’ in O so that M = {h(b) : be M'}.

In this Section, we propose an algorithm for construction of finite complete prefixes for
safe reset Petri nets. For that, we assume the existence of a black-box algorithm for building
finite complete prefixes of safe Petri nets (without reset arcs). Notice that such algorithms
indeed do exist [?, ?].

Because of Proposition 7?7, we know that such finite prefixes should have reset arcs to
preserve pomset behaviour. We first remark that directly adding reset arcs to finite complete
prefixes of underlying nets would not work.

» Proposition 5. Let U be the unfolding of the underlying Petri Net A of a safe reset Petri
net N'g, let F be one of its finite and complete prefixes. Let F’ be the object obtained by
adding reset arcs to F according to (2) in Definition ??. The reachable marking preservation
is in general not verified by F’ (with respect to N'g).

Proof. Let us consider the reset Petri net ' of Figure 77 (left).
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2 2
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Q ) bals) O><Q ba(rs)

¥ ¥
(ts) (ta) \ (ts)

b5(pa bo(pe) w50) () O tate)

F F!

Figure 5 A reset Petri net N'r (left), a finite complete prefix F of its underlying Petri net
(middle), and the same prefix after addition of reset arcs F' (right).

Applying the prefix construction procedure of [?] or [?] on the unfolding ¢/ of its underlying
Petri net leads to the finite prefix F of Figure ?? (middle). The object F’ obtained by adding
reset arcs to F is represented in Figure 7?7 (right). It does not verify the reachable marking
preservation property. Indeed, in A g, the sequence of transition firings t1t3totsts allows to
reach the marking {pg}, while in F’ no sequence of transition firings permits to reach the
marking {bg} (which is the only one which could correspond to {ps}). <

In the above proof, we have shown that some reachable markings of Nz were not
represented in F'. This suggests that this prefix is not big enough. We however know an
object that contains, for sure, every reachable marking of A'g along with a way to reach
each of them: its structural transformation N'g o, (Definition ??). We thus propose to
compute finite prefixes of reset Petri nets from their structural transformations: in the below
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algorithm, Fg, is used to determine the deepness of the prefix (i.e. the length of the longest
chain of causally ordered transitions).

» Algorithm 1 (Finite and complete prefix construction for reset Petri nets). Let A be a safe
reset Petri net, (step 1) compute the structural translation N g s of N'g, (step 2) compute
a finite complete prefix Fgy of N'g str, (step 3) compute a finite prefix F of ¢ (the unfolding
of the underlying net N\') that simulates Fg, (a labelled net N5 simulates a labelled net Ny
if they verify Definition ?? except for condition 2.b.), (step 4) compute Fr by adding reset
arcs from Mg to F according to (2) in Definition ??. The output of the algorithm is Fg.

Applying this algorithm to the net of Figure ?? (right) — using the algorithm from [?] at
step 2 — leads to the reset Petri net of Figure 77.
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Figure 6 A finite complete prefix of the unfolding of the safe reset Petri net Ao, of Figure ?7?.

Notice that the computation of Fg, — step 1 and 2 — can be done in exponential time
and space with respect to the size of N'g. The computation of F from Fgy,- (step 3) is linear
in the size of F. And, the addition of reset arcs (step 4) is at most quadratic in the size of F.

We conclude this Section by showing that Algorithm ?7? actually builds finite complete
prefixes of reset Petri nets.

» Proposition 6. The object F obtained by Algorithm ?? from a safe reset Petri net N is
a finite and complete prefix of the unfolding of A'g.

Proof. Notice that if N'g is safe, then N g g, is safe as well. Thus Fy, is finite by definition
of finite complete prefixes of Petri nets (without reset arcs). Fgy, is finite and has no node in
causal relation with itself (i.e. no cycle), hence any net bisimilar with it is also finite, this is
in particular the case of F. Adding reset arcs to a finite object does not break its finiteness,
so F g is finite.

Moreover, Fgt, is complete by definition of finite complete prefixes of Petri nets (without
reset arcs). As F simulates F g, it must also be complete (it can only do more). The reset
arcs addition removes semantically to F only the unexpected sequences (i.e. the sequence
which are possible in F but not in Fg,.). Therefore, Fr is complete. |

6 Conclusion

Our contribution in this paper is three-folded. First, we proposed a notion of pomset
bisimulation for reset Petri nets. This notion is, in particular, inspired from a similar notion
that has been defined for Petri nets (without reset arcs) in [?]. Second, we have shown
that it is not possible to remove reset arcs from safe reset Petri nets while preserving their
behaviours with respect to this pomset bisimulation. And, third, we proposed a notion
of finite complete prefixes of unfolding of safe reset Petri nets that allows for reachability
analysis while preserving pomset behaviour. As a consequence of the two other contributions,
these finite complete prefixes do have reset arcs.



