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Abstract

This paper describes a nonlinear programming based robust design
methodology for controllers and prefilters of a predefined structure for the
linear time invariant systems involved in the quantitative feedback theory
(QFT). This controller and prefilter synthesis problem is formulated as a
single optimization problem with a given performance optimization objec-
tive and constraints enforcing stability and various specifications usually
enforced in the QFT. The focus is set on providing constraints expres-
sion that can be used in standard nonlinear programming solvers. The
nonlinear solver then computes in a single step controller and prefilter
design parameters that satisfy the prescribed constraints and maximizes
the performance optimization objective. The effectiveness of the proposed
approach is demonstrated through a variety of difficult design cases like
resonant plants, open loop unstable plants and plants with variation in
the time delay.

Keywords Quantitative Feedback Theory, Controller and prefilter synthesis, non-
linear programming

1 Introduction

Most of the real world systems are uncertain because of external disturbances and
measurements noise. Due to this uncertainty, there are always mismatches between

2E-mail: harsh.purohit@sc.iitb.ac.in
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Figure 1: Two degrees-of-freedom structure in QFT.

mathematical models and actual real systems. Robust control design techniques are
well-suited for this kind of uncertain systems. Because of its usefulness, the automa-
tion of robust controllers and prefilters design is of key concern in the control commu-
nity [11]. Quantitative feedback theory (QFT), introduced by Isaac Horowitz, is one
such frequency domain technique which uses Nichols charts in order to achieve a de-
sired robust design over a specified region of uncertainty in the plant parameters [22].
It uses a two-degrees-of-freedom structure as shown in Figure 1. The main objective
of QFT is to find the controller and prefilter transfer functions which guarantee the
system performance specifications over the range of plant uncertainties and over the
range of design frequencies.

QFT design technique uses phase information in the design process and it is highly
transparent to see design trade-offs at each design frequency. QFT consists of design
steps like bound generation and controller and prefilter synthesis using loop-shaping
methods. The automation of loop-shaping is of great interest because even for a skillful
person it becomes very tedious and time consuming for complex systems.

Automatic loop-shaping technique can be classified into two main categories:

(i) Based on optimization algorithm such as convex, non-convex optimization (see,
e.g., [36, 10, 33]).

(ii) Based on constraint satisfaction approach which gives dense set of controllers
from which the desired solution can be chosen (see, e.g., [38, 28, 31]).

Initially, Horowitz and Gera [15] have described a semi-automatic loop-shaping
process which contains an iterative approach and adds an element to the transfer
function to force the open loop transfer function to satisfy the Nichols chart specifi-
cation. Thompson and Nwokah [34], proposed a constrained, nonlinear programming
approach that starts from an assumed initial QFT controller. Zolotas and Halikias [40]
have proposed an automatic loop-shaping method for Proportional Integral Derivative
(PID) controllers based on searching over a dense set of controllers. This technique
is efficient for two parameters controller and a small number of bounds. Yaniv and
Naurka [38] propose a method based on non-iterative optimization for two parameters
controllers.

Nataraj et. al [30] reformulated the problem as the parametric optimization of
a fixed structure controller for single-input single-output (SISO) systems. A numer-
ical constraint satisfaction problem based approach for automated synthesis of fixed
structure integer-order QFT controller for SISO system has been proposed in [27].
Cervera et al. [5] proposed optimization based algorithm for the design of robust con-
troller using CRONE (Commande Robuste d’Ordre Non Entier) structure. Recently,
several researchers have attempted to automate the prefilter synthesis step for SISO
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system [28]. Nataraj and Tharewal [29] formulated the problem as the parametric
optimization of a fixed structure integer order prefilter using global optimization.

In all approaches from the QFT literature, the controller and prefilter synthesis
problems are addressed sequentially in two steps: (i) The controller synthesis problem;
(ii) The prefilter synthesis problem. The second step problem may be infeasible, i.e.
there may be no prefilter corresponding to the controller computed in the first step.
Backtracking on the first step to choose another controller is not only tedious and time
consuming, but it also requires manual intervention of the designer, making the whole
process partially automated only. Motivated by these limitations, we propose a novel
approach to design controller and prefilter simultaneously, in a single step, as a con-
strained nonlinear robust optimization problem. The proposed approach should allow
a fully automated (simultaneous) synthesis of a robust controller and an associated
prefilter, which optimizes a given performance objective.

We also propose solutions to overcome two other obstacles for a complete automa-
tion of the process: First, the stability of the system is not explicitly encoded in the
QFT constraints, stability being usually enforced manually by the designer during
the classical loop-shaping process; Second, the usual QFT bound constraints are not
expressions that can be handled by numerical optimizers.

The paper is organized as follows. In Section 2, robust control problem is discussed
and existing solving strategies are described. Section 3 present the new 1-step approach
we propose to solve the problem, and discusses its merits. Results and simulation are
demonstrated in Section 4. Conclusion of the work are drawn in Section 5.

Notations. Intervals and interval vectors (cartesian product of intervals), also
called boxes, are denoted by boldface symbols.

2 QFT formulation of the robust control prob-
lem

In this section, we recall the definition of the QFT problem, consisting of designing
a controller and a prefilter for an uncertain linear time invariant system coming from
the linearization of a nonlinear system. We also recall the classical resolution of this
design problem.

2.1 The robust control problem

In any engineering system, often called plant, it is of fundamental importance that
control systems be designed so that stability is preserved in the face of various classes
of uncertainties. An uncertain linear time-invariant plant is given by Pλ(s), where
λ = (λ1, . . . , λp) is a vector of uncertain plant parameters, real scalars whose values
vary over a parameter box λ. This gives rise to a parametric uncertain plant family

P = {Pλ(s) : λ ∈ λ} . (1)

Consider the two-degrees-of-freedom feedback system configuration as shown in
Figure 1 where Gx(s) and Fy(s) are the controller and prefilter transfer functions,
respectively parameterized by a vector x = (x1, . . . , xn) and a vector y = (y1, . . . , ym)
of design parameters whose definitions depend on the chosen structures. For the sake of
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clarity sensor dynamics H have been considered to be unitary. The pure error feedback
open-loop and closed-loop transfer functions are defined without the prefilter:

Lx,λ(s) = Gx(s)Pλ(s), (2)

Tx,λ(s) =
Lx,λ(s)

1 + Lx,λ(s)
. (3)

The QFT approach to the robust control problem is to compute design parameters
values x ∈ Rn and y ∈ Rm that satisfy some constraints gi(x, y) ≤ 0 related to stability
and performance, and that optimize some given performance objective function c(x, y).
Therefore, it actually has the form of a nonlinear program

min c(x, y)
s.t. gi(x, y) ≤ 0

x ∈ x
y ∈ y

, (4)

where x and y are initial domains for the design parameters. In practice, we may not
be able to find the minimizer of (4), but feasible values for x and y with good criterion
evaluation could be sufficient. The constraints are expressed in terms of frequency
response of the system1 and include:

• The robust stability margin (RSM) constraint: For a given margin ωs,

∀ω ∈ [0,∞], ∀λ ∈ λ, |Tx,λ(jω)| ≤ ωs. (5)

• The robust performance tracking (RPT) constraints: For given tracking bounds
A(ω) ≤ B(ω),

∀ω ∈ ω, ∀λ ∈ λ, A(ω) ≤ |Fy(jω)| |Tx,λ(jω)|, (6)

∀ω ∈ ω, ∀λ ∈ λ, |Fy(jω)| |Tx,λ(jω)| ≤ B(ω), (7)

where a bounded design frequency domain ω = [0, ωh] is usually provided, which
depends on the system.

An alternative performance tracking constraint was shown to fit the QFT frame-
work in [12], which can also be included in the framework proposed in the present
paper. In the same manner, other constraints like input/output disturbance rejection,
noise rejection, control effort and model matching [7] can also be included in the de-
sign process. Though we don’t address them explicitly in this paper, these additional
constraints fit the approach we propose.

The stability of the closed-loop system is usually enforced for an arbitrary nominal
plant (in the uncertain plant family) using the Nyquist stability criterion, and main-
tained during the controller2 loop shaping process. Finding a prefilter and a controller
that satisfy these constraints and optimize the objective function is referred to as the
QFT problem in the rest of this paper.

All these constraints are actually universally quantified real constraints on the
design parameters x and y, and have therefore the form g(x, y) ≤ 0. E.g., (5)–(7) are

1Since systems of interest are stable, the transfer function Laplace transform converges for
s = jw.

2Only stable prefilter structures are considered, hence the prefilter is not involved in the
stability enforcement.
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respectively equivalent to gRSM(x) ≤ 0, and gRPTL(x, y) ≤ 0 and gRPTU(x, y) ≤ 0,
with

gRSM(x) = max
ω∈ω,λ∈λ

|Tx,λ(jω)| − ωs (8)

gRPTL(x, y) = max
ω∈ω,λ∈λ

A(ω)− |Fy(jω)| |Tx,λ(jω)| (9)

gRPTU(x, y) = max
ω∈ω,λ∈λ

|Fy(jω)| |Tx,λ(jω)| −B(ω). (10)

Such a non-convex nonlinear problem with universally quantified constraints hav-
ing non-concave parametric dependences is difficult to solve. In fact, to the best of
our knowledge, there currently exist no method for solving such problems. In the
QFT framework, it is traditionally approximated by first splitting the problem into
two subproblems involving respectively only x and only y, and eliminating the quanti-
fiers by sampling the uncertainties. Both processes are described in the following two
subsections.

2.2 Two-steps resolution

The two-steps resolution of the problem consists in first finding controller design pa-
rameters which satisfy the robust stability margin constraint, and second finding pre-
filter design parameters which satisfy the robust performance tracking constraint to-
gether with the controller design chosen in the first step. In such decoupled problem,
the second step may have no solution corresponding to the controller parameters com-
puted in the first step, i.e. the second step problem may be infeasible, which entails
backtracking on the first step to choose another controller setting. In order to increase
the chances to have a feasible second step problem, a necessary condition for the ro-
bust performance tracking constraints is usually used in the first step. Considering
two arbitrary uncertainties λ1 and λ2, the robust performance tracking constraints en-
tail the following new constraint, which we call the robust performance tracking ratio
(RPTR) constraint in the rest of the paper:

∀ω ∈ ω, ∀λ1 ∈ λ, ∀λ2 ∈ λ,
|Tx,λ1(jω)|
|Tx,λ2(jω)| ≤

B(ω)

A(ω)
. (11)

This is again a universally quantified real constraint acting on the controller design
parameters x only, whose equivalent expression is gRPTR(x) ≤ 0 with

gRPTR(x) = max
ω∈ω,λ1∈λ,λ2∈λ

|Tx,λ1(jω)|
|Tx,λ2(jω)| −

B(ω)

A(ω)
. (12)

Now formally, the two-steps approach consists in solving first

x∗ = argmin c1(x)
s.t. gRSM(x) ≤ 0 ∧ gRPTR(x) ≤ 0

x ∈ x
, (13)

and then
y∗ = argmin c2(y)

s.t. gRPTL(x∗, y) ≤ 0 ∧ gRPTU(x∗, y) ≤ 0
y ∈ y

, (14)

where the criteria c1(x) and c2(y) must be defined to correspond to the global objective
criterion c(x, y) in (4).
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Figure 2: Nichols chart with bound constraints for Example 1

Again in practice, x∗ and y∗ may not be minimizers, but instead feasible vectors
with good criteria evaluations. Note that since gRPTR(x) ≤ 0 is only necessary for
∃y, gRPTL(x, y)∧ gRPTU(x, y), Problem (14) may be infeasible while the original prob-
lem (4) could actually be feasible (this issue of the two-steps approach is well known,
see e.g., [1]). This is illustrated by the following example.

Example 1 Consider the standard QFT problem DC-motor [3, 28] defined by

P (s) =
kP a

s(s+ a)
, (15)

with uncertainty domains a ∈ [1, 10] and kP ∈ [1, 10], and frequency samples ω =
{0.1, 0.5, 1, 2, 15, 100}. Furthermore,

G(s) = kG

s
z1

+ 1

( s
p1

+ 1)( s
p2

+ 1)
(16)

F (s) =
1

( s
q1

+ 1)( s
q2

+ 1)
, (17)

with design domains kG ∈ [0.1, 100], z1 ∈ [0.1, 50], pi ∈ [0.1, 1000], qi ∈ [0, 100]. The
solution reported in in [28] is kG = 10.95, z1 = 2.1, p1 = 950, p2 = 982, q1 = 3.197,
q2 = 8.61. Optimizing c1(x) := kG, the controller of this solution can be improved to
kG = 8.00, z1 = 1.90, p1 = 555.65, p2 = 538.81 during the first step phase, which is
proved to satisfy the RSM and RPTR constraints, e.g. using complete global constraint
solver like IBEX [6, 35, 2] or Realpaver [16]3 (see Figure 2, which displays the bound
constraints for this controller and shows they are indeed satisfied). However, it can be
proved, using the same constraint solvers, that Problem (14) has no prefilter solution
satisfying the RPT constraints for this controller.

3Once the design variables x are fixed to some values x∗, verifying a universally quantified
constraint ∀ω ∈ ω,∀λ ∈ λ, g(ω, λ, x∗) ≤ 0 is equivalent to checking that g(ω, λ, x∗) > 0 has
no solution inside ω and λ, which can be verified using standard numerical constraint solvers.
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2.3 QFT bounds

The constraints gRSM(x) ≤ 0, gRPTL(x, y) ≤ 0, gRPTU(x, y) ≤ 0 and gRPTR(x) ≤
0 can hardly be used directly because of the universal quantifiers (or, equivalently,
maximum operators) they involve. The classical approach to overcome this difficulty
is to sample the universally quantified domains. First, frequency design samples ω̃ =
{ω1, . . . , ωq} ⊆ ω are chosen. Then for each frequency sample, plant uncertainties are
sampled leading to bound constraints.

QFT bounds express the robust stability margin constraints (5) and the robust per-
formance tracking ratio constraints (11) with respect to the magnitude g and phase
φ of the controller. Other constraints like input/output disturbance rejection, noise
rejection, control effort and model matching can also give rise to such bound con-
straints. The algorithm proposed in [7] relies on the quadratic nature of the original
constraints for fixed controller phase and uncertainties λ. E.g., the robust stability
margin constraint (5) has the following form:

g2p2λ

(
1− 1

ω2
s

)
+ 2gpλ cos(φ+ θλ) + 1 ≥ 0, (18)

where pλ (resp. θλ) is the plant magnitude (resp. phase) for uncertainty λ. This
constraint is quadratic with respect to g for fixed φ, pλ and θλ. Bound constraints
are sometimes equivalently expressed with respect to a nominal open loop magnitude
|L0| = gpλ0 and phase ∠L0 = φ+ θλ0 , for an arbitrary nominal parameter λ0 ∈ λ, in
which case (18) is replaced by

|L0|2
(
pλ
pλ0

)2(
1− 1

ω2
s

)
+ 2|L0|

pλ
pλ0

cos(∠L0 + θλ − θλ0) + 1 ≥ 0, (19)

which is also quadratic with respect to |L0| for fixed ∠L0, pλ and θλ. Similar con-
straints with quadratic form in g or |L0| can also be derived for the other constraints.

The algorithm in [7] computes explicitly the bounds for the magnitude of the con-
troller for fixed phase and uncertainties for each sample of plant uncertainties and
each sample of controller (or open-loop) phase, giving rise to a discretized approx-
imation of the boundary of the original constraint in the controller (or open-loop)
magnitude and phase plane. Improving the efficiency and accuracy of this algorithm
for the bound generation has been the topic of several papers (see, e.g., [26, 4, 37] for
efficiency improvements, and [23, 14] for an efficient analytical derivation of the bound
constraints).

Note here that this process involves discretizing both the plant uncertainties and
the controller phase. Furthermore, the sampled description of the constraint under
the form of a list of points describing the boundary of the constraint, although very
useful for a manual graphical solving process, is by nature difficult to use within
automatic numerical algorithms, which usually require constraints of the form g(x) ≤ 0
where g can be evaluated and differentiated. Nevertheless, QFT bounds have been
tackled directly using two kind of numerical algorithms: First, QFT bounds were
successfully used to contract a box by listing the points it contains in [33], within a
nonlinear branch and bound algorithm. However, this process limits the convergence
of the algorithm since such a discretized description cannot be differentiated, while
efficient optimization algorithms (local or global) require differentiating at least once
the constraints. Second, QFT bounds have been used directly using population based
optimization algorithms: [10, 9] use a simple constraint which is either 0 or 1 depending
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on the bound satisfaction, while [25] uses a more elaborated constraint which compute
a distance to the bound satisfaction.

3 A fully automated one-step nonlinear program-
ming approach

As emphasized in the previous section, splitting the resolution of the QFT problem
into two steps raises one important issue: The controller solution computed in the
first step may turn out to have no corresponding prefilter solution in the second step.
This is even more likely to happen when efficient numerical solvers are used, since
they will attempt to find the best objective value in the first step, regardless of the
consistency of the second step problem. Backtracking on the choice of the controller
to find out a controller for which a corresponding prefilter exists can turn out to be
difficult and time consuming. Therefore, we propose to use directly the RSM and
RPT constraints in a one-step solving process. The advantage is to tackle directly
the original problem, hence potentially finding optimal feasible solutions without any
backtrack. The difficulty is to manage a more complex problem, where controller and
prefilter design variables are involved simultaneously. Such a problem can hardly be
addressed using complete global optimization methods (such as branch and bound
methods), which are quite sensitive to the number of variables, but it should remain
tractable for local nonlinear solvers.

The complete automation of the controller and prefilter synthesis also requires ad-
dressing two other issues of QFT problem solving: First, the robust stability of the
solution is not explicitly formalized in the problem, and is typically handled manually
when the problem is solved using the graphical loop-shaping approach, starting from a
stable nominal controller that is manually maintained during the loop shaping. With-
out any stability enforcing constraints, nonlinear solvers may return unstable solutions
which still satisfy stability margin and performance tracking constraints. This is tack-
led in Subsection 3.1. Second, QFT bounds are not well suited to nonlinear solvers,
since they are given under the form of a list of points describing the boundary of the
constraint. An alternative simple sampling strategy is described in Subsection 3.2.

3.1 Stability

In the usual QFT approach, the stability is usually enforced for an arbitrary nominal
plant using the Nyquist stability criterion, and maintained during the loop shaping
process. This raises two issues: First, although some automated procedure to compute
the Nyquist stability criterion has been recently proposed in [13], it cannot be used
directly within a nonlinear solver. Second, enforcing stability only for one nominal
plant can turn out to be problematic in a fully automated solving process4 (see Exam-
ple 4). Therefore, we will instead use the Hurwitz stability criterion for the (sampled)
uncertain plant family. It can indeed be expressed using inequality constraints, which
can be handled by nonlinear solvers. This idea was already used in [19, 18] in the con-
text of robust constraint programming, and in [8] in the context of non-robust global

4The stability of interval polynomials (see, e.g., [21, 39]) can also be used to prove robust
stability, but considering an interval polynomial looses the dependence of its coefficients with
respect to structured uncertainties, and therefore may entail some over-design to enforce
stability.

8



optimization.
The same issue has been overcome in [25] by computing explicitly the poles and

enforcing the greatest real part to be negative. Such an iterative procedure cannot be
used directly in standard solvers for nonlinear programming.

3.1.1 σrelative stability through Hurwitz criterion

Hurwitz stability criterion [17] allows expressing the stability of the system in terms of
(strict) inequality constraints on the coefficients of the polynomials. These constraints
can be obtained formally, allowing to handle polynomials with parametric dependen-
cies, leading to constraints on the parameters expressing the stability of the system.
Here, we use the σ-relative stability, i.e., the real part of the roots of the polynomial
is less that −σ (with σ > 0), which allows enforcing a stronger stability and explor-
ing different trad-offs. Constraints for σ-relative stability are obtained applying the
Hurwitz stability criterion after having performed the change of variable z = s+ σ.

Example 2 Given the parametric polynomial fγ(s) = s3+γ2s
2+γ1s+γ0, the Hurwitz

stability constraints are:

γ2 > 0, (20)

−γ0 + γ1γ2 > 0, (21)

γ0 > 0. (22)

The Hurwitz σ-relative stability constraints are:

γ2 − 3σ > 0, (23)

−γ0 + γ1γ2 − 2γ1σ − 2γ2
2σ + 8γ2σ

2 − 8σ3 > 0, (24)

γ0 − γ1σ + γ2σ
2 − σ3 > 0. (25)

These latter constraints are more complex than the former, but they allow enforcing
different degrees of stability. It can be proved that the three constraints (20)–(22) entail
the three constraints (23)–(25) for σ ≥ 0, which is true in general since σ-relative
stability is stronger than stability.

Formally, given a polynomial fγ(s) whose coefficients depend on parameters γ, we
define the Hurwitz σ-relative stability constraints hσ,fγ ,i(γ) > 0, for i ∈ {0, . . . , deg fγ},
as follows: First, the highest degree coefficient of fγ has to be strictly positive. This
is usually the case for the polynomials met in the context of QFT, but we never-
theless enforce it for safety by hσ,fγ ,0(γ) > 0, where hσ,fγ ,0(γ) is the highest degree
coefficient of fγ (which is also the highest degree coefficient of fγ(s − σ)). The de-
gree of fγ is therefore well defined, and the remaining constraints hσ,fγ ,i(γ) > 0, for
i ∈ {1, . . . , deg fγ}, correspond to the constraints of the Hurwitz criterion applied to
fγ(s−σ). These constraints cannot be used within local or global solvers for nonlinear
programming, those latter handling only non strict inequalities. As usually done in
this situation, we enforce hσ,fγ ,i(γ) ≥ ε instead, with ε > 0 very small, e.g., ε = 10−5.

Assuming the prefilter is stable, we actually apply the Hurwitz σ-relative stability
constraints to the denominator Dx,λ of Tx,λ, i.e., its characteristic polynomial, which
contains two kinds of parameters: The design variables x of the controller, and the
uncertain plant parameters λ.
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Example 3 We consider the system of Example 1 but we limit its controller structure
to one pole and one zero for simplicity. The denominator of Tx,λ(jω) is

Dx,λ(jω) = akGkP p1z1 + (akGkP p1 + ap1z1)s+ az1s
2 + p1z1s

2 + z1s
3, (26)

where uncertain parameters are λ = (a, kP ) and design variables are x = (kG, z1, p1).
Then the four Hurwitz σ-relative stability constraints are:

hσ,fx,λ,0(x, λ) = z1 ≥ ε,
(27)

hσ,fx,λ,1(x, λ) = z1(a+ p1 − 3σ) ≥ ε,
(28)

hσ,fx,λ,2(x, λ) = z1(ap1(kGkP (a+ p1) + (a− kGkP + p1)z1)σ

− 2(akGkP p1 + (a2 + 3ap1 + p21)z1) + 8(a+ p1)z1σ2 − 8z1σ
3) ≥ ε,

(29)

hσ,fx,λ,3(x, λ) = akGkP p1z1 − ap1(kGkP + z1)σ + (a+ p1)z1σ
2 − z1σ3 ≥ ε.

(30)

3.1.2 Robust Hurwitz σrelative stability constraints

Enforcing only the stability of one nominal plant, as usually done in the QFT approach,
may fail to entail the robust stability for all plant uncertainties because of potential
pole/zero cancellation occurring for some uncertainties, as shown by the following
example5.

Example 4 Consider the uncertain open loop system

Lλ(s) =
s+ λ

s2 − λs− 2λ
, (31)

with λ ∈ [−1, 1], whose closed-loop transfer function is

Tλ(s) =
Lλ(s)

1 + Lλ(s)
=

s+ λ

(s− λ)(s+ 1)
. (32)

This system is stable for λ0 = −1, and satisfies robust stability margin constraints,
with, e.g., ωs = 1, since |Tλ(jω)| = 1√

1+ω2
≤ 1 for all ω ∈ [0,+∞], independently of

the uncertainty. However, the system is unstable for λ > 0. This is due to a pole/zero
cancellation happening for λ = 0, which prevents |T (jω)| from becoming large enough
to violate the stability margin constraint at the actual parameter value where the system
goes from stable to unstable.

We adopt the following strategy to overcome this issue: We actually enforce the
Hurwitz σ-relative stability constraints robustly for all parameters uncertainties:

∀i ∈ {0, . . . , degDx,λ}, ∀λ ∈ λ, hσ,Dx,λ,i(x, λ) ≤ 0, (33)

for a given σ > 0. We call this constraint the robust Hurwitz σ-relative stability
(RHS).

5This example seems to contradict Theorem 3.2 in [20].
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3.2 Parameter sampling

The QFT bounds cannot be used efficiently in solvers dedicated to nonlinear program-
ming, which require evaluating constraints of the form g(x) ≤ 0 or h(x) = 0 and their
first order derivatives. Furthermore, additional constraints like the RHS constraints
cannot be translated to QFT bounds.

As a consequence, we adopt a different discretization approach: We simply select
r plant samples λ̃ = {λ1, . . . , λr} ⊆ λ and q frequency samples ω̃ = {ω1, . . . , ωq} ⊆ ω,
and enforce the constraints at each sample. This gives rise to qr standard differentiable
nonlinear constraints for each robust constraint

∀ω ∈ ω̃,∀λ ∈ λ̃, |Tx,λ(jω)| ≤ ωs (34)

∀ω ∈ ω̃,∀λ ∈ λ̃, A(ω) ≤ |Fy(jω)| |Tx,λ(jω)| (35)

∀ω ∈ ω̃,∀λ ∈ λ̃, |Fy(jω)| |Tx,λ(jω)| ≤ B(ω), (36)

and (1+degDx,λ)r standard nonlinear differentiable constraints for the RHS constraint

∀i ∈ {0, . . . , degDx,λ},∀λ ∈ λ̃, hσ,Dx,λ,i(x, λ) ≥ ε. (37)

These constraints enjoy explicit expressions, which allows using them within non-
linear solvers (automatic differentiation can be used to evaluate their derivatives).
The main drawback of this discretization approach is the number of generated con-
straints, which increases exponentially with respect to the number p of parameters
λ: if each parameter is sampled s times, sp constraints are generated. This draw-
back can be compensated by using more elaborate sampling strategies, e.g. in the
case of linear dependences with respect to parameters, by sampling only the vertices
of the parameter uncertainty box domain as proposed in [37] in the context of QFT
bounds generation (the computational complexity of QFT bounds generation is also
very sensitive to the number of uncertain parameters).

4 Preliminary experiments

We have proposed a novel approach to automate controller and prefilter design in sin-
gle step within the QFT framework. This approach solves the optimization problem
for controller and prefilter parameters that minimize a given objective function. The
controller and prefilter are designed with constraints on the output (tracking specifica-
tion) as well as on the robust stability margin. For these experiments, the performance
objective function is chosen as a weighted sum of the gains of the controller at each
design frequency:

c(x) =

q∑
i=1

ci|Gx(jωi)| (38)

where ωi are the frequency samples, the weights satisfying ci ≥ 0. The numerical values
chosen for the experiments are 1 for the least and the greatest frequency samples, and
zero for the other ones.

In this section, we take three different PID (Propotional-Integral-Derivative) con-
trollers and prefilters synthesis problems. These examples are: (i) Well-known DC
motor example [40, 30]; (ii) Lower and upper magnetic levitation system [31]; (iii)
First order time delay system [32]. The nonlinear local solver FMINCON [24] has
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been used. Such solvers require an initial value of variable and perform a local search.
A random multi-start strategy is usually used. However, so that experiments can be
reproducible, we used instead a prefilter/controller prefilter taken from the literature
for each studied system as an initial starting vector. The choice of σ for the Hurwitz
σ-relative stability impacts the solution: Larger σ leads to more stable solutions, but
our preliminary experiments have shown stronger oscillating solution as well. This
should be more investigated, but the experiments presented below use σ = 0, i.e., the
simple Hurwitz stability.

The matlab code for encoding models and using FMINCON can be downloaded
at www.goldsztejn.com/src/QFT_1step.zip.

4.1 DC motor

The uncertain plant transfer function for DC motor systems is given as

P1(s) =
ka

s(s+ a)

where the uncertainties introduced in the parameters k and a are as follows:

λk = [1, 10], λa = [1, 10],

Samples from these plant uncertainty intervals are chosen as follows:

λ̃k = {λk1 , . . . , λkr} = {1, 3.25, 5.5, 7.75, 10} ⊆ λk

λ̃a = {λa1 , . . . , λar} = {1, 3.25, 5.5, 7.75, 10} ⊆ λa
The design frequency set is selected as

ω̃ = {ω1, . . . , ωq} = {0.5, 1, 2, 3, 5, 10, 30, 60} ⊆ ω

The close-loop specification of this system yields the following constraints:

• Robust stability margins(RSM):∣∣∣∣ Pλ(jω)GX(jω)

1 + P (jω)G(jω)

∣∣∣∣ ≤ 1.2, ∀ω ∈ ω̃, λ ∈ λ̃

• Robust tracking specification(RPT):

|A(jω)| ≤
∣∣∣∣FY (jω)

Pλ(jω)GX(jω)

1 + Pλ(jω)GX(jω)

∣∣∣∣ ≤ |B(jω)|, ∀ω ∈ ω̃, λ ∈ λ̃

where, the tracking specification uses the bounding closed-loop transfer func-
tions:

A(s) =
120

s3 + 17s2 + 82s+ 120
,

and

B(s) =
0.6585(s+ 30)

s2 + 4s+ 19.752
.

12
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An ideal form of PID controller and prefilter structure are selected for the design:

GX(s) = Kp

(
1 +

1

Tis
+ Tds

)
FY (s) =

1(
s
pf1

+ 1
)(

s
pf2

+ 1
) ,

where X = {Kp, Td, Ti} is the vector of controller design parameters and Y =
{pf1, pf2} is the vector of prefilter design parameters. Initial domains of these param-
eters are considered as Kp = [0, 100], Td = [0, 100], Ti = [0, 100], pf1 = [0, 100], pf2 =
[0, 100]. In addition to this, we have chosen existing controller [40] as an initial guess
of Kp0 = 12.6, Td0 = 0.31, Ti0 = 2.83, pf10 = 3.7, pf20 = 8.

The proposed single step approach produces the following optimum PID controller
and prefilter using the local optimization solver FMINCON [24].

Kp = 9.22, Td = 0.41, Ti = 12.21, pf1 = 2.89, pf2 = 10.95

The Nichols chart of the nominal loop transfer function with the computed con-
troller is shown in Figure 3 (a). It shows that the designed controller respects all the
bounds at all design frequencies. Figure 3 (b) shows the comparison of the controller
obtained here with the controllers proposed in the literature. It is clear from the figure
that the proposed controller is less conservative in term of magnitude compared to the
previously reported controllers, C1 from [40], and C2 from [30].
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Figure 3: (a) Nichols chart of nominal loop transfer function with designed con-
troller for DC motor system and nominal loop transfer function (b) Comparison
of bode plot of controller transfer functions between the previously proposed
controllers C1 [40] and C2 [30], and the controller C3 designed using the pro-
posed one step approach.
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Figure 4: (a) Bode plot of close loop transfer functions for different plants from
plant set (b) Time domain validation with step response for different plants
from plant set

Frequency domain validation and time domain validation for different uncertain
plants from plant set of DC-motor are shown in Figure 4(a) and (b) respectively.
One can see on Figure 4(a) that the tracking performance bounds are satisfied at all
prescribed frequency samples for all considered uncertain plant samples. On the other
hand, it also appears the tracking upper-bound is not respected by some uncertain
plant samples in the frequency interval [11, 29] which contains no frequency sample.
Since the bound is not too much exceeded and most of the uncertain plant samples
satisfy it, we consider that the solution is still acceptable6.

We further analyze the limits of the uncertain parameter sampling approach we
propose to handle robustness (see Section 3.2). Figure 5(a) and Table 5(b) show
the graph and comparison of total number of samples versus time taken for solving
the overall optimization problem, which is clearly related to the number of generated
constraints since they must all be evaluated at each iteration of the local optimizer we
employ. The nature of this graph is clearly quadratic in the number of samples, and
exponential in the number of parameters. The solution evaluated above corresponds
to the first line in Table 5(b), illustrating that the one-step approach still finds very
good solutions in reasonable time.

6This issue is common to all techniques that use frequency samples. In case the response
between samples would not be judged satisfying, it would be possible to add a few frequency
samples to the specification and solve again the model. Selecting the right frequency samples
to add is made easy by reading the graphic. Here, we would typically add 20.0 to the samples
in ω̃.
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Figure 5: Number of samples vs solving time in seconds

4.2 Lower and upper magnetic levitation systems

The uncertain plant transfer function for lower and upper magnetic levitation (Maglev)
systems are given as follows [31]:

Lower maglev plant:

P2(s) =
k

s2 + a
,

where the uncertainties introduced in the parameters k and a are as follows:

λk = [811, 944], λa = [382, 478.5]

Samples from these plant uncertainty intervals are chosen as follows:

λ̃k = {λk1, . . . , λkr} = {811, 877.5, 944} ⊆ λk

λ̃a = {λa1, . . . , λar} = {382., 430.25, 478.5} ⊆ λa
Upper maglev plant:

P3(s) =
k

s2 − a ,

where the uncertainties introduced in the parameters k and a are as follows:

λk = [1021, 1106], λa = [382, 478.5]

Samples from these plant uncertainty interval are chosen as follows:

λ̃k = {λk1, . . . , λkr} = {1021, 1063.5, 1106} ⊆ λk

λ̃a = {λa1, . . . , λar} = {382, 430.25, 478.5} ⊆ λa
In both cases, the design frequency set is selected as

ω̃ = {ω1, . . . , ωq} = {0.1, 1, 1.5, 2, 2.5, 3, 3.66, 5.5, 10, 20, 30} ⊆ ω

The closed-loop specification selected for the design of controller and prefilter is as
follows:
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• Robust stability margins(RSM):∣∣∣∣ Pλ(jω)GX(jω)

1 + P (jω)G(jω)

∣∣∣∣ ≤ 1.2, ∀ω ∈ ω̃, λ ∈ λ̃

• Robust tracking specification(RPT):

|A(jω)| ≤
∣∣∣∣FY (jω)

Pλ(jω)GX(jω)

1 + Pλ(jω)GX(jω)

∣∣∣∣ ≤ |B(jω)|, ∀ω ∈ ω̃, λ ∈ λ̃

where, the tracking specification uses the bounding closed-loop transfer func-
tions:

A(s) =
916.3

s3 + 39.76s2 + 354.9s+ 916.3
,

and

B(s) =
1.722s+ 68.89

s2 + 16.6s+ 68.89
.

An ideal form of PID controller and prefilter structure are selected for the design.

GX(s) = Kp

(
1 +

1

Tis
+ Tds

)
FY (s) =

1(
s2

ω2
n

+ 2ζs
ωn

+ 1
) .

where {Kp, Td, Ti, ωn, ζ} is the vector of controller and prefilter design parameters.
Initial domains of these parameters are considered as Kp = [0, 100], Td = [0, 100], Ti =
[0, 100], ωn = [0, 100], ζ = [0, 1]. In addition to this, we have chosen existing con-
troller [31] as an initial guess of Kp0 = 1.16, Td0 = 0.05, Ti0 = 0.25, ωn0 = 7.6, ζ0 = 0.81
for lower Maglev system and Kp0 = 4.98, Td0 = 0.04, Ti0 = 0.57, ωn0 = 4.85, ζ0 = 0.84
for upper Maglev system.

The proposed single step approach produces the optimum PID controller and pre-
filter using local optimization solver FMINCON [24].

The parameters of PID controller and prefilter for the lower Maglev system are

Kp = 0.2085, Td = 0.1757, Ti = 0.0760, wn = 7.7990, ζ = 0.5087

The parameters of PID controller and prefilter for the upper Maglev system are

Kp = 2.956, Td = 0.0604, Ti = 0.4195, wn = 5.0075, ζ = 0.9950
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Figure 6: Lower Maglev Plant: (a) Nichols chart of nominal loop transfer func-
tion with designed controller for lower magnetic system and nominal loop trans-
fer function (b) Comparison of bode plot of controller transfer function with
existing controller C1 [31] and controller C2 designed by proposed one step
approach
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Figure 7: Upper Maglev plant: (a)Nichols chart of nominal loop transfer func-
tion with designed controller (b) Comparison of bode plot of nominal loop trans-
fer function with existing controller and controller designed by proposed one step
approach

The Nichols chart of the nominal loop transmission function with the computed
controller is shown in Figures 6(a) and 7(a). It shows that the designed controller
respects all the bounds at all design frequencies. Figures 6(b) and 7(b) show the com-
parison with existing controllers from [31] and the controller obtained using the single
step approach. It is clear from the figure that the gains of the obtained controllers are
less than that of the existing controllers at different design frequencies.
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Figure 8: Lower Maglev Plant: (a) Bode plot of close loop transfer functions for
different plants from plant set (b) Time domain validation for different plants
from plant set
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Figure 9: Upper Maglev plant: (a) Bode plot of close loop transfer functions for
different plants from plant set (b) Time domain validation for different plants
from plant set

Frequency domain validations and time domain validations for different uncertain
plants from plant sets of lower and upper magnetic levitation plants are shown in
Figure 8 and in Figure 9 respectively.

4.3 Time Delay System

In real life, many processes are modeled as time delay systems. The synthesis of
controllers for such systems is really a difficult task. An automated synthesis for PID
controllers using proposed method is presented in this section.

First order plant with time delay model is represented as follows [32]:

P4(s) =
k

s+ a
e−tds,
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By taking the Pade approximation for the delay term, this system can also be
represented as:

P4(s) =
k(1− tds

2
)

(s+ a)(1 + tds
2

)
, (39)

where the uncertainties introduced in the parameters k , a and td are as follows:

λk = [1, 3], λa = [1, 2], λtd = [0.08, 0.12]

Here, nominal value for time delay is 0.1 and we consider ±20% uncertainties in
the nominal time delay value.

Samples from these plant uncertainty intervals are chosen as follows:

λ̃k = {λk1, . . . , λkr} = {1 2 3} ⊆ λk

λ̃a = {λa1, . . . , λar} = {1 1.5 2} ⊆ λa
λ̃td = {λtd1 , . . . , λtdr} = {0.08 0.1 0.12} ⊆ λtd

The design frequency set is selected as

ω̃ = {ω1, . . . , ωq} = {0.1, 0.2, 0.5, 1, 2, 5, 8, 10, 50} ⊆ ω

The closed-loop specification selected for the design of controller and prefilter is as
follows:

• Robust stability margins:∣∣∣∣ Pλ(jω)GX(jω)

1 + Pλ(jω)GX(jω)

∣∣∣∣ ≤ 1.2, ∀ω ∈ ω̃, λ ∈ λ̃

• Robust tracking specification:

|A(jω)| ≤
∣∣∣∣FY (jω)

Pλ(jω)GX(jω)

1 + Pλ(jω)GX(jω)

∣∣∣∣ ≤ |B(jω)|, ∀ω ∈ ω̃, λ ∈ λ̃

where, the tracking specification uses the bounding closed-loop transfer func-
tions:

A(s) =
9

s3 + 7s2 + 15s+ 9
,

and

B(s) =
4

s2 + 3.3s+ 4
.

An ideal form of PID controller and prefilter structure and initial domains are
considered as in section 4.1. We have chosen existing controller [32] as an initial guess
of Kp0 = 2.58, Td0 = 0.05, Ti0 = 0.92, pf1 = 1.40, pf2 = 2.90.

The proposed single step approach produces the optimum PID controller and pre-
filter using local optimization solver FMINCON [24]:

Kp = 1.88, Td = 0.05, Ti = 0.72, pf1 = 2.13, pf2 = 2.13
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Figure 10: (a) Nichols chart of nominal loop transfer function with designed
controller for first order time delay system (b) Comparison of bode plot of
controller transfer functions with PID controller from the literature (C1) and
PI controller designed by proposed one step approach (C2).

The nominal loop transmission function with the obtained controller is shown
in Figure 10. It shows that the designed controller respects all the bounds at all
design frequencies. It is interesting to notice that the proposed approach automatically
removes one of the redundant design parameter and produces an optimum PI controller
instead of a PID. Figure 10 (b) shows the comparison with existing controller [32],
illustrating the much better gain of the obtained controller at all frequencies.

(a)

0 5 10 15
−0.2

0

0.2

0.4

0.6

0.8

1

1.2

Step Response

Time (seconds)

A
m

p
lit

u
d

e

Tu

Tl

(b)

Figure 11: (a) Bode plot of close loop transfer functions for different plants from
plant set (b) Time domain validation for different plants from plant set

The performance of the controller and prefilter obtained are verified in frequency
domain as well as in time domain. Frequency domain verification is shown in Fig-
ure 11(a) Time domain simulation result of the different plants from plant set are
shown in Figure 11(b).
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4.4 Flight control system

Here, we have considered another QFT benchmark example to test the quality of the
new methodology. The uncertain transfer function for flight control problem is given
as follows [25]

P5(s) =
k(1 + s

z
)

s(1 + s
p
)(1 + 2ζs

ωn
+ s2

ω2
n

)

where the uncertainties introduced in the parameters k , a and td are as follows:

λk = [0.2, 2], λz = [0.5, 0.75], λp = [1, 10], λωn = [5, 6],λζ = [0.8, 0.9]

Samples from these plant uncertainty intervals are chosen as follows:

λ̃k = {λk1 , . . . , λkr} = {0.2, 1, 2} ⊆ λk, λ̃z = {λz1 , . . . , λzr} = {0.5, 0.6, 0.75} ⊆ λz

λ̃p = {λp1 , . . . , λpr} = {1, 5, 10} ⊆ λp, λ̃ωn = {λωn1
, . . . , λωnr } = {5, 5.5, 6} ⊆ λa

λ̃ζ = {λζ1 , . . . , λζr} = {0.8, 0.85, 0.9} ⊆ λζ
The design frequency vector is selected as

ω̃ = {ω1, . . . , ωq} ={0.01, 0.02, 0.05, 0.1, 0.2, 0.5, 1 2, 3, 4,

5, 7, 8, 9, 10, 20, 30, 40, 50, 80, 100, 300} ⊆ ω

The closed-loop specification selected for the design of controller and prefilter is as
follows:

• Robust stability margins:∣∣∣∣ Pλ(jω)GX(jω)

1 + Pλ(jω)GX(jω)

∣∣∣∣ ≤ 6 dB, ∀ω ∈ ω̃, λ ∈ λ̃

• Robust tracking specification:

|A(jω)| ≤
∣∣∣∣FY (jω)

Pλ(jω)GX(jω)

1 + Pλ(jω)GX(jω)

∣∣∣∣ ≤ |B(jω)|, ∀ω ∈ ω̃, λ ∈ λ̃

where, the tracking specification uses the bounding closed-loop transfer func-
tions:

A(jω) =
(1 + jω

0.35
)

(1 + jω
3

)(1 + jω
0.5

)
,

and

B(jω) =
1

(1 + jω)(1 + jω)(1 + jω
2

)
.

In this example, we have considered general pole-zero structure for controller and
prefilter as

GX(s) =
b4s

4 + b3s
3 + b2s

2 + b1s+ b0
s4 + a3s3 + a2s2 + a1s+ a0

FY (s) =
1

(1 + pf1)

where {b4, b3, b2, b1, b0, a3, a2, a1, a0, pf1} is the vector of controller and prefilter design
parameters. Initial domains of all these parameters are considered as [0, 1e8]. We
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have chosen existing controller [25] as an initial guess of b4 = 62.77, b3 = 1099.79, b2 =
6911.4970, b1 = 18772.59, b0 = 18354.41, a3 = 117.07, a2 = 3378.96, a1 = 7009.13, a0 =
2861.76, pf1 = 3.5 for flight control system.

The proposed single step approach produces the controller and prefilter using local
optimization solver FMINCON [24]:

b4 = 28.93, b3 = 1129.58, b2 = 5134.47, b1 = 13824.02, b0 = 3691.50,

a3 = 54.31, a2 = 3016.39, a1 = 4414.70, a0 = 804.14 pf1 = 3.04
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Figure 12: (a) Time domain validation for different plants from plant set with
existing controller [25] (b) Time domain validation for different plants from
plant set with proposed one step approach

The performance of obtained controller in time domain is presented in Figure 12
The comparison with existing controller clearly shows that proposed controller and
prefilter pair provides better robustness to parameter uncertainties.

5 Conclusion

A new simple and automated method is presented for designing robust optimal con-
troller and prefilter for uncertain systems. It satisfies all robust design specification
for stability as well as tracking at all design frequencies. Unlike all QFT approaches
until now, the proposed method combines the controller synthesis and the prefilter
synthesis into a single step. This eliminates the need to backtrack to the controller
synthesis step when there is no prefilter for the controller chosen in the first step. This
removes the trial-and-error component of the classical loop-shaping approaches, which
is usually involved in controller and prefilter synthesis steps. We claim our approach
opens the way towards less conservative design then previous approaches.

Stability criteria which can be encoded as numerical constraints are also proposed
in order to allow using standard nonlinear solvers for a fully automated synthesis. A
new objective function helps to find better controllers with lower gain at each design
frequencies. The proposed method has been successfully applied to solve a variety of
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test cases, including, the benchmark DC-motor plant, a resonant plant, an open loop
unstable plant and a plant with variation in the time delay.

This research was supported by the Indo-French CEFIPRA project under DST
(number 4502-1).
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