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Abstract. Starting from an initial solution, continuation methods efficiently produce a sequence
of points on a manifold typically defined as the solution set of an under-constrained system of
equations. They have a wide range of applications ranging from curve plotting to polynomial root-
finding by homotopy. However, classical methods cannot guarantee that the returned points all
belong to the same connected component of the manifold, i.e., they may jump from one component
to another. Trying to overcome this issue has given birth to several sophisticated heuristics on the
one hand, and to guaranteed methods based on rigorous computations on the other hand.

In this paper we introduce a new rigorous predictor-corrector continuation method based on
interval computations. Its novelty lies in the fact it uses parallelotopes as defined in [10] to enclose
consecutive portions of the followed manifold. Though computationally more expensive than regular
interval computations, the fact their orientation can be automatically adapted to the local topology
of the followed curve makes parallelotopes a very suitable tool for a certified continuation method,
as shown by reported experimental results.

1. Introduction. Continuation methods [23] allow exploring step by step a so-
lution manifold, usually defined as the solution set of an under-constrained system
of equations F(z) = 0 with F : R™ — R™ and m < n. This paper focuses on sys-
tems where n — m = 1, whose solution manifolds are curves, and proposes a robust
single-parameter continuation method. It has a wide range of applications, e.g. poly-
nomial root finding via homotopy [2], nonlinear eigenvalue problems [3], bi-objective
optimization [17, 33], robot path planning [24], etc. The most simple and effective
continuation method is the predictor corrector algorithm. It includes the simple embe-
ding method and several of its improvements such as the parameter switching [28, 29]
and the pseudo-arclength method, that have the definite advantage over the simple
embedding method that they naturally track folds [5]. They are all however subject to
jumping between disconnected components without any prompt. For a given system,
there exist some theoretical upper bounds on the step size that enforce the connec-
tivity of the continuation, e.g. Theorem 5.2.1 in [23], but they are impractical. While
this may be acceptable in some contexts since solutions are anyway computed, such
jumps contradict the essence of continuation. Furthermore, connectivity is mandatory
in some applications, e.g. robot command synthesis where such jumps would result
in a non-feasible command path, or in homotopy methods where such jumps would
prevent computing all the solutions of the original system.

Several methods have been proposed to certify the connectivity between contin-
uation steps. Smale’s a-theory [34] has been used in [2] to derive some maximal
step size that certifies the connectivity of a predictor corrector continuation in a ho-
motopy method for computing roots of square polynomial systems in the fields of
complex numbers (it is implemented in the software Macaulay2 [15]). A simplified
Kantorovich theorem argument has been proposed and used in [6] in order to derive
a maximal step size that certifies the connectivity of a general predictor corrector
continuation. It is mainly devoted to quadratic systems of low dimension: While this
maximal step size has a simple expression for quadratic systems, it requires heavy
formal manipulations for non quadratic systems. In addition, this maximal step size
decreases quadratically with the dimension of the problem, restricting it to low di-
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(a) Using box domains (b) Using parallelotope domains

Fic. 1. Curve enclosure with certified connectivity (the initial approzimate solution used for
the certified continuation is depicted by a point).

mensional systems®. No overall algorithm or implementation certifying the complete
curve connectivity is proposed in [6]. Note that Smale’s a-theory and Kantorovich
theorem are known to be closely related [30]. In the more general context of multi-
parameter continuation, the reach of a manifold? is used in [4] in order to build an
isotopic triangulation of the manifold. Although this theoretical framework is not ex-
actly a continuation method, it is close in spirit and it adds connectivity certification
to the multi-parameter continuation method proposed in [16]. No implementation
of [4] is available.

Interval analysis (see [26] and Section 2) allows certifying the existence of solu-
tions to systems of equations through the verification of the hypothesis of existence
theorems, e.g. the Brouwer fixed point theorem, the Poincaré-Miranda theorem, or
the interval Newton existence test. A continuation method with certified connectiv-
ity based on interval analysis was investigated in [21], where an embedding method
coupled with a strategy of parameter switching was proposed to build a sequence
of boxes that encloses the solution path. At each step, a heuristic inflation process
allows a parametric version of the interval Newton test to prove the existence of a
path along one chosen direction, see the left-hand side graphic of Figure 1(a): Full
line boxes certify that the path goes from their bottom side to their top side, while
dashed line boxes certify that the path goes from their left side to their right side. The
algorithm proposed in [21] involves several technical hypotheses to be verified making
this algorithm difficult to implement and tune: Indeed, the authors of the present
paper could not implement successfully the algorithm proposed in [21], so Figure 1(a)
actually shows the results of the hybridization of [21] with techniques proposed here.

The main drawback of [21] is intrinsic to the usage of boxes, which do not accu-

1This maximal step size is proportional to the inverse of the entrywise sum of the absolute value
of the system’s Hessian, which decreases quadratically with the dimension for non sparse systems
leading to dramatically small step size.

2The reach of a manifold has been introduced in [7] and characterizes the size of a neighborhood
of the manifold within which any point has a unique projection on the manifold. Roughly speaking,
the manifold has a simple behavior within this neighborhood.
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rately capture the shape of the manifold. This key issue was tackled in [10] where
parallelotopes are used instead of boxes. This allows applying a parametric interval
Newton test in an auxiliary basis that better fits the manifold orientation. In [10],
parallelotope computations were used in a branch and prune framework that globally
explores a manifold, entailing a computational complexity exponential in the number
of variables as is the case of any global search in nonlinear problems. Continuation
potentially allows drastically reducing this complexity by instead following locally the
manifold, leading to a polynomial time complexity for fixed manifold dimension.

Computations with parallelotopes are used in Section 3 to define a continuation
algorithm with certified existence and connectivity: The continuation step consists
of an intervalization of the predictor corrector process, where a parametric interval
Newton operator is used to build a parallelotope that contains one unique portion
of the curve. Continuation steps are interleaved with several checks that ensure the
connectivity and the absence of backtrack, while tracking the presence of a loop and
certifying it when the curve is actually periodic. The result of this process is illustrated
in Figure 1(b). Even on this simple example, parallelotopes show a better adaptation
to the curve, which will become a key advantage for harder problems. The simplicity
of this algorithm is a strong advantage for its implementation and for studying its
properties (its correctness, its termination and its asymptotic convergence are inves-
tigated in Subsection 3.2). Experimental results presented in Section 4 show a drastic
efficiency improvement with respect to an interval embedding method with parame-
ter switching close to the one proposed in [21], and demonstrate that the proposed
method is quite competitive with respect to the Macaulay2 [15] implementation of [2]
when applied to homotopy continuation for complex polynomial root finding.

2. Interval Analysis. Interval analysis (IA) is a modern branch of numerical
analysis born in the 60’s [25]. It replaces computations with real numbers by computa-
tions with intervals of real numbers, providing a framework for handling uncertainties
and verified computations (see [26, 19] and [20] for a survey).

2.1. Basic Definitions and Operators. An interval is a closed connected sub-
set of R. Intervals are denoted by boldface symbols, e.g. & C R. When no confusion
is possible, lower and upper bounds of an interval  are denoted by x € R and T € R,

with z < T, ie. @ = [2,7] = {xr € R: z < 2 < T}. Furthermore, a real number
2 will be identified with the degenerated interval [z, z]. Interval vectors, also called
boxes, are equivalently defined as vectors of intervals @ = (x1,...,x,) € IR", with

x; € IR, or as intervals of vectors @ = [z,Z] € IR", with z,Z € R™. Similarly, inter-
val matrices are equivalently defined as matrices of intervals or intervals of matrices:
A = (aij)i1<isni<j<m = [4, A] € IR™™,

The interval hull of a set £ C R”, denoted by [JF, is the smallest box that
contains this set. E.g. O{xw € R? : 23+ 3 <1} = ([-1,1],[-1,1])”. The interval hull
of two sets E1 and Fs is denoted by E7 V Es, and is by definition the smallest box
that contains both Fy and Es. The center of an interval (or similarly of a box or of an
interval matrix) @ is mid(x) := 0.5(z + T), and its magnitude is |x| = max{|z|, |Z|}.
Unless stated explicitly, the midpoint is computed approximately using floating point
operations, although it is assumed that mid(x) € « holds (which is necessary for its
usual usage together with the interval Newton operator). The interior of an interval
(or box) x is denoted by int(x), its width by wid(x) = T—z (the width is a real in case
of intervals, a real vector in case of boxes, or a real matrix in case of interval matrices).
Throughout the paper, the infinite norm is used, so e.g. ||wide| = max; [T; — z,]|.
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Operations o € {4, x, —, =} are extended to intervals in the following way:

[z,Z] o[y, 7] :={zoy:z € z,T],y € [y,7]}. (2.1)

The division is defined for intervals [y, 7] that do not contain zero. Continuous unary
elementary functions like exp, In, sin, etc., are also extended to intervals similarly
for interval arguments contained in their domains: f(x) := {f(z) : « € =}, which is
an interval since f is continuous. All these elementary interval extensions form the
interval arithmetic (IA). As real numbers are identified to degenerated intervals, the
TA actually generalizes the real arithmetic, and mixed operations like 1+ [1,2] = [2, 3]
are interpreted using (2.1).

A real function can be extended to intervals replacing its elementary operations by
their interval counterparts. The fundamental theorem of interval analysis is that the
interval evaluation of a real function yields an enclosure of the range of this function
over the interval arguments. E.g. x+sin(x)y 2 {z+sin(z)y : ¢ € ¢,y € y}, or AB D
{AB: A€ A, B € B} where (AB)Z.j = > 1 @itbr;. When the expression evaluated
for interval arguments contains only one occurrence of each variable, the computed
enclosure of the range is optimal. E.g. AB =0{AB: A € A, B € B}. However, the
interval evaluation of expressions that contain several occurrences of some variable is
not optimal anymore in general. Nevertheless, under the mild hypothesis that the real
function is Lipschitz continuous inside the interval arguments, the overestimation of
interval evaluations decreases proportionally to the width of the interval arguments.
When interval arguments are small, the mean-value interval extensions usually gives
rise to better enclosure whose overestimation decreases quadratically with respect to
the width of the interval arguments. For a differentiable real function F' : R — R™,
the mean-value extension is defined as F(Z)+F'(x)(x—7) D {F(x) : € x}, where F
and F’ are the (usually natural) interval extensions of the function and its derivatives,
and 7 € x.

Solution Ezistence and Uniqueness Certification. Given a square system of equa-
tions F(z) = 0, i.e. F : R" — R" the Newton operator consists in solving ap-
proximately the linearized equation F(Zx) + F'(Zr)(xg+1 — Tx) = 0. Given a box
xp and Ty € xy (usually Zx = mid(xk)), the interval Newton operator consists in
enclosing the solutions to the interval linearization F(3x) + F'(xk)(zr+1 — Tx) 2 0,
giving rise to a new box xyy1. It has the following key properties: Every solution
contained inside xj;, also belongs to @iy (so if xk41 is empty then xy is proved to
contain no solution); Furthermore, if ) # x4, C int(xy) then xy is proved to contain
a unique solution (that also belongs to xp41). See e.g. [26] for more details. The
enclosure of the solutions to this interval linear system is usually performed using
either the Krawczyk operator (somehow an interval version of the Jacobi method) or
the interval Gauss-Seidel operator, leading respectively to the so-called Krawczyk and
Hansen-Sengupta interval operators:

K(F,z) := mid(z) — F(%) — (F'(z) — I)(x — mid(x)) (2.2)
H(F,z) = 2 — T'(F'(z),z — &, —F(%)) (2.3)
with I‘i(A, T, b) = ai (bz — Zaij:cj), (24)

" g

where & € x is usually chosen as its midpoint. We emphasize here that the interval
Gauss-Seidel operator usually includes an intersection with the previous domain of ,
which allows enclosing only those solutions that are inside the initial domain. It is
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not included here in order to allow the Hansen-Sengupta operator to inflate and shift
boxes as well as contracting them. The Krawczyk operator, has equivalent properties
although being proved to be slightly less efficient [26]. It may however be efficiently
implemented in softwares handling fast matrix computations (like e.g. INTLAB [32]).
In the rest of the paper, N(F, ) will denote either of these interval Newton operators.

The interval Newton operators can be extended to square parametric system of
equations F(z,a) = 0, i.e. F : R" x R? — R", simply by evaluating the function
and its derivatives over the whole parameters intervals. This gives rise to paramet-
ric interval Newton operators, e.g. the parametric Krawczyk operator K(F, x,a) =
mid(z) — F(Z,a) — (F.(z,a) — I)(x — mid(z)) or the parametric Hansen-Sengupta
operator H(F,z,a) = & — I'(F,(x,a),x — &, —F(Z,a)). Its properties are similar
to its non parametric version, but hold for all values of the parameters inside their
domain. In particular, H(F,x,a) C int(x) implies that & contains a unique solution
for each parameter value inside a.

Finally, note that every interval Newton operator generally requires a left pre-
conditioning in order to be efficient [26]. This is not detailed here since parallelotope
computations presented in the next subsection can advantageously replace such a
preconditioning process (they can actually be interpreted as a right preconditioning
process).

Rounded Computations. As real numbers are approximately represented by float-
ing point numbers [8], the IA cannot match the definition (2.1) exactly. In order to
preserve the inclusion property, the TA has to be implemented using an outward round-
ing. For example, [1,3]/[10,10] = [0.1,0.3] while both 0.1 and 0.3 cannot be exactly
represented with standard binary floating point numbers. Therefore, the computed
result will be [0.1V,0.32] where 0.1V (respectively 0.3%) is a floating point number
slightly smaller than 0.1 (respectively slightly bigger than 0.3). Of course, a good
implementation will return the greatest floating point number smaller than 0.1 and
the smallest floating point number greater than 0.3. Among other implementations of
TA, we can cite the C/C++ libraries PROFIL/BIAS [22] and Gaol [13], the Matlab
toolbox INTLAB [32] and Mathematica [35].

2.2. Manifold Certification Via Parallelotope Computation. A parallelo-
tope Z is the image of a box w through an affine map w — Cw + . It is therefore
defined by a triple (C, w, &) where C € R™*" w € IR" and ¢ € R", whose correspond-
ing parallelotope is & = {Cw + & € R" : w € w} (C, w and ¢ are respectively called
the characteristic matrix, box and vector of the parallelotope). The interval hull Oz
of the parallelotope & = (C, w, ) is easily computed as Cw + Z. The midpoint of a
parallelotope is mid(Z) := C' mid(w) + &. Testing whether two parallelotopes Z and
2’ intersect is thus a simple linear program. Alternatively, we will use the following
sufficient condition:

CH(Cw+7)-2)nw=0 = znz' =0. (2.5)

A certified enclosure of the inverse of C' has to be used in (2.5), e.g.

v

cleC™+ [—|C Y, ¢, (2.6)

—v
with v = ||[C71C' — I||es, C~'C — I being computed using interval arithmetic in
order to provide a rigorous upper bound on the norm, and where C~! designates an
approximate inverse of C' (see Theorem 4.1.11 in [26]). The sufficient condition (2.5)
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is quite accurate when Z' is very small with respect to &, which is the case in our
usage of the intersection test.

Parallelotopes are used in [10] in conjunction with interval analysis in order to
enclose and certify p-manifolds defined by a system F'(z) = 0 of m equations and n
unknowns with m < n. The cornerstone of this approach is to apply usual interval
analysis techniques dedicated to boxes within the auxiliary space of the parallelotope,
where the original system of equations becomes G(w) = 0 with G(w) = F(Cw + %)
(whose derivative is G'(w) = F'(Cw+Z)C). Inside this auxiliary basis, the last n—m
components of w are identified to parameters (w is split into w = (u,v) with « € R™
and v € R"™™), and the aim is to build parallelotopes = (C, (u,v), ) that contain
a solution for each parameters values in their domain, i.e. satisfying

Yo € v, Ju € u, G(u,v) =0. (2.7)

This property expresses that the manifold crosses the whole parallelotope along the
parameter subspace. In order to certify Property (2.7), [10] applies a parametric
interval Newton operator to the auxiliary system G(u,v) = 0: The interval Newton
for parallelotopes takes as input a system of equations and a parallelotope, and outputs
a new domain for the non parametric auxiliary variables u. It can be instantiated
using the Krawczyk or the Hansen-Sengupta interval operators:

K(F,z) := mid(u) —b— (A, — I)(u — mid(u)) (2.8)
H(F,z) := mid(u) + I'(A,, v — mid(u), —b), (2.9)

where = (C, (u,v),Z), Ay 2 {G],(w) : w € w}, A, 2 {G) (midu,v) : v € v} (note
that A, € IR™™ and A, € IR™*("~™)) and b = G(mid(w)) + A, (v — midv). In
the rest of the paper, N(F,Z) will denote either of these interval operators. Since
G(mid(u),v) € b holds for all v € v, the properties of the parametric interval Newton
hold for the auxiliary system G(w) = 0. In particular, every solution contained in the
initial parallelotope has to belong to the computed parallelotope (C, (N(F, Z),v), &),
and N(F,z) C u implies (2.7), with uniqueness in addition to the existence statement.

The partial derivatives enclosures A4, and A, can be computed in several ways.
The most obvious is to evaluate the derivatives of I’ over the interval hull of the
parallelotopes: A, = F'(Cw + )C,, and A, = F'(C(midu,v) + #)C,, where C =
(Cu|Cy). However, this does not take full benefit of parallelotopes. When formal
simplifications can be performed, e.g. for polynomial systems, the expression G(w) =
F(Cw+ %) can be formally simplified before performing an automatic differentiation
to obtain A, and A,. When F' is twice differentiable, a third option is to use a mean-
value evaluation of the derivatives of G. This sensibly improves the evaluation over
the hull of the parallelotope, but requires evaluating second order derivatives which
can turn out to be too expensive for large systems.

EXAMPLE 1. Consider F(x) = 2% + 23+ 2122 — 3, whose solution set is a ellipse,
and the parallelotope (C, (u,v), ) with T = (1.,1.), u = [-0.9,0.9], v = [0,1] and

(2.10)

= 0.16666  0.70710
-~ \0.16666 —0.70710/ "

The solution set and the parallelotope are depicted in full line in Figure 2(a). The sys-
tem expressed in the auziliary parallelotope basis is G(w) = 0 with G(w) = F(Cw+1%),
where w = (u,v) € R%. The auziliary system solution set, which is now approzimately
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Fic. 2. Application of the interval Krawczyk operator for parallelotopes in Example 1

aligned with the vertical azxis corresponding to the parameter v, and the box (u,v) are
depicted in full line in Figure 2(b).
The explicit expression of G(w) is

(cr1u+crav+c1)? 4 (ca1u+coov+co)* + (criu+crav+ 1) (coru+cogv+co) —3. (2.11)

Using automatic differentiation with this expression gives rise to the following en-
closure of G'(w): (Ay, Ay) = ([0.496,1.504], [-1.637,2.637]), which is equivalent to
evaluating F'(x) on the interval hull of the parallelotope using automatic differentia-
tion. The Krawczyk operator used with this expression returns u' = [—1.897,1.647],
which is not included inside u hence failing to certify the curve within the parallelo-
tope. The parallelotope (C, (u',v),Z) is depicted in dotted line in Figure 2.

Ezpanding (2.11), collecting together the occurrences of u and v, and differenti-
ating with respect to w gives rise to the new expression

(17,11 +[0.1667,0.166 Ju + [07,0%]v, [07,01] + [07, 0T u + [17, 1H]v), (2.12)

where [a™,a™] denotes the interval obtained using interval arithmetic to enclose round-
ing errors. Using automatic differentiation with this expression gives rise to the fol-
lowing enclosure of G'(w): (Ay, A,) = ([0.849,1.151], [-0.001, 1.001)), which is much
shaper that the evaluation over the interval hull of the parallelotope. The Krawczyk
operator used with this expression returns u” = [—0.761,0.511], which is now included
inside w hence certifying that a unique curve crosses the parallelotope. The parallelo-
tope (C, (u”,v), &) is depicted in dashed line in Figure 2. This system being quadratic,
its derivative is linear and the mean-value extension of the derivatives results to the
same enclosure as the formal simplification.

In order to contract, the interval Newton for parallelotopes requires that A, is
close to the identity and that A, is close to zero. To this end, the characteristic matrix
C proposed in [10] is chosen so that its first m columns are an approximation of a
generalized inverse of F’(Z) and the remaining n —m columns approximate the kernel
of F'(Z), where Z is close to the center of the parallelotope. Provided the parallelotope
is small enough so that the manifold remains relatively close to its tangent, this

7



Algorithm 1: Contract

Input: F:R" - R™; (C, (u,v),z) € R"*™ x IR" x R";
Parameters: k € N;

1.1 k<0

1.2 repeat

1.3 u =u

1.4 u + N(F, (C, (v/,v),2)) N

1.5 k—k+1

1.6 untile' =u or k>k

1.7 return (C, (u,v), I)

characteristic matrix fixes the orientation of the parallelotope similarly to the one
of the manifold. While the classical interval Newton operator for square systems of
equations is known to require a left-preconditioning for successfully contracting a box
and hence proving the existence of a solution, applying the interval Newton within
the auxiliary space of a parallelotope can be interpreted as a right-preconditioning.
This choice of the characteristic matrix can then be compared to the classical inverse
midpoint (left) preconditioning for interval Newton operators dedicated to square
systems of equations. This interval Newton for parallelotopes is used within the two
algorithms described below.

Algorithm 1 applies the interval Newton for parallelotopes inductively until some
fixed point is reach or a maximum of iterations is reached (by default & = 15). Tt
aims at reducing a parallelotope without loosing any solution to F'(z) = 0. Formally,
it satisfies

r€ZANF(x)=0 = =z € Contract(F,z), (2.13)

which is a direct consequence of the properties of the parametric interval Newton
operator.

It turns out to be also useful to inflate a box in such a way that the interval
Newton operator strictly contracts it. This is even critical in the context of certified
continuation where the certification has to be performed from a initial non-rigorous
guess. In the context of certification of manifolds using parallelotopes, inflating a
parallelotope consists in inflating its characteristic box u corresponding to the non-
parametric dimensions. To this end, Algorithm 2 implements a two stage inflation
process adapted from a box-inflation process proposed in [11, 18]: The main inflation
is performed by the interval Newton operator itself at Line 2.4, applying it without in-
tersecting the previous domain so as to allow shifting and inflating the box. When this
inflation process succeeds (informally the initial parallelotope has to be small enough
and close enough to a regular manifold), it often converges to a limit parallelotope
from the inside, which does not allow observing the strict contraction necessary to
certify the manifold. Therefore, a static (relative and absolute) inflation is performed
at Line 2.9, before applying the interval Newton operator, in order to allow the latter
to be strictly contracting (such a static inflation is similar to the e-inflation described
n [31]). A larger static inflation eases the interval Newton contraction, but also de-
teriorates the overall convergence of the inflation iteration. Although the behavior of
the process seems to be not very sensitive to reasonable changes of the static inflation
parameters § and x, experiments have shown that § = 1.1 (which is compatible with
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Algorithm 2: N-Inflate
Input: F: R" — R™; (C, (u,v),&) € R™*" x IR" x R™;
Parameters: ke N;meR (s.t. 0 < <1);0 €R (s.t. 1 <d); x € R (s.t.

0<x)

21 k,u<+0

2.2 repeat

2.3 k+—k+1

2.4 u' < N(f, (C, (u,v),%))

2.5 success < u' C int(u)

2.6 if —success then

2.7 if k> 2 then p + dy(u,u’)/d

2.8 d <+ dg(u,u)

2.9 u + mid(u’) + 0(v' — mid(uw')) + x[-1, +1]
2.10 end

2.11 until success or k >k or > T
2.12 return (success, (C, (u,v),Z))

the value recommended in [31]) and y = 107! represent a good setting in general
(although x obviously depends on the machine and the problem). Finally, the itera-
tion is stopped as soon as u C int(u)’, so (2.7) holds, or when divergence is observed,
either by monitoring the distance between successive iterates and enforcing a decrease
of at least Tz (by default 7 = 1.0, aiming only at detecting divergence), or by enforcing
a safeguarding maximum number of steps (by default k& = 15). Algorithm 2 returns a
pair of results composed of a boolean indicating whether it was able to strictly con-
tract u, i.e., to certify the parallelotope; and the resulting parallelotope. The latter
is typically quite large due to the double inflation process, which is in fact advanta-
geous since the existence and uniqueness of the solutions hold inside its whole region.
When necessary, tighter parallelotopes could be computed bisecting and contracting
them as done in [10]. Note that each iteration of Algorithm 2 involves the interval
evaluation of a function, that of a Jacobian matrix and O(n3) interval operations
for the right-preconditioning of the interval Jacobian. The properties of Algorithm 2
are summarized in the following theorem (whose proof is derived straightforwardly
from [9, 10, 18]3).

THEOREM 1. Let & = (C, (u,v), %) and (true, (C, (u',v), %)) = N-Inflate(F, ).
First, x € @ and F(z) = 0 implies * € &' . Second, there exists a unique function
v — o, differentiable inside int(v), such that

Yo € v, F(C(u(v),v) + ) =0. (2.14)

Finally, Vo € , F'(x) is full rank.

3. Parallelotope Continuation. The method we propose, called ParCont, in-
terleaves local curve certifications using Algorithm 2 with several checks, which intend
in particular to certify the connections between successive parallelotopes and to en-
sure no backtrack. It is formally defined in Algorithm 3 whose description resides in
Subsection 3.1. It takes as inputs the system F' whose solution set is the curve to

3Except for the differentiability of pu, which is a consequence of the implicit function theorem
and the fact that A, is strongly regular, and hence G’ and F’ are full rank inside Z.
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Algorithm 3: Algorithm ParCont
Input: F:R" — R*~L; 20t ¢ IR"; 7 € R"; d € {—1,1}
Parameters: h,h € R (s.t. 0<h < h);a,f€R (st. 0<a<1<p)
31 k<« 1
3.2 stop + false
3.3 while —stop do
3.4 Zy + (Cy,wg, Tp—1) using Eq. (3.1)

3.5 (success, &) + N-Inflate(F, Zy)
3.6 if success then
3.7 if k =1 then g, < Contract(F, InputSide(Zy))

3.8 U, + Contract(F, OutputSide(Zy))
3.9 end
3.10 valid + success and (3.9a) and (3.9b) and (3.9¢)

3.11 h + Step size updating using (3.10)

3.12 if valid then
3.13 Zr < mid(yy)
3.14 k+—k+1
3.15 end

3.16 stop + (—(3.9a)) or (3.11a) or (3.11b) or (3.11c) or (3.11d)
3.17 end
3.18 return (Yo, ..., Yp_1), (Z1,...,T—1)

follow, an initial point xy on (or very close to) this curve, and an initial box domain
'™ within which the curve is to be followed. A direction d € {—1,1} for the contin-
uation is also provided, in order to be able to perform two continuations processes in
different direction. It iteratively builds two sequences of parallelotopes () and (yy).
Each parallelotope Zy is crossed from one input side to the opposite output side by
one unique component of the curve. Each parallelotope y,, encloses the single solution
of the curve on the output side of Z, (excepted Y, which encloses the unique solution
on the input side of the first parallelotope). The parallelotopes g, enclose a unique
solution and are therefore tiny (usually of width approximately 10~!4). The connec-
tion between two consecutive parallelotopes Zx and T is ensured since both enclose
the certified solution within parallelotope 4. A special case is Y, which encloses the
solution of the curve on the input side of Z1. It is used to detect loops, i.e., connec-
tion between the first and last parallelotopes in the sequence (Zx). The correctness,
halting and asymptotic convergence of ParCont are investigated in Subsection 3.2.
Finally, the limitations of ParCont are emphasized in Subsection 3.3.

3.1. Algorithm Description. Algorithm 3 gives a formal definition of Par-
Cont. It consists of one main loop, which iteratively builds a trial parallelotope whose
length corresponds to the step size and tries inflating it using Algorithm 2. In case of
success it performs several checks to validate the absence of backtrack, the inclusion
within the initial domain and the looping status. When the successfully inflated par-
allelotope is validated, a tiny parallelotope enclosing the unique solution within its
output side is built using Algorithm 1, which is used to certify the connection with
the next parallelotope. The step size is eventually updated, and tests decide whether
to perform a new step or not.

10



Notations. The parallelotope Zj;, characteristic matrix and box are respectively
denoted by Cj and wy = (ug,vr). The parallelotope ¥y, is tiny and contains the
unique solution within the output side of the parallelotope Z, which is denoted by
yr. For k > 1, the (approximate) midpoint of the parallelotope ¥y, is denoted Zy,
so T and yi are very close to each other. Provided that Zy is an accurate enough
approximate solution, it is also very close to 3. The closeness of Ty and yi for k > 1
has no impact on the correctness of the algorithm, but it provides a useful picture of
its normal behavior.

3.1.1. Trial Parallelotope Construction and Inflation. Line 3.4 of Algo-
rithm 3 builds a trial parallelotope Z, = (Ck, wg, £x—1), which intends to be a segment
tangent to the curve at ;1 of length h. In practice, it is approximately tangent (due
to acceptable rounding errors in the derivatives evaluation at zj_; and the approxi-
mate null space computation), and is slightly enlarged so as to rigorously contain the
tiny parallelotope y,_; and its solution y;_1:

o Py )

Cy = <ker(F'(£k_1))T> (3.1a)
1 (0,...,0,[0,h] if k=1

wy = { gc;(m@“)f“)) V0, 0,0.8) ifk>2 1P

where ker(F’(Z;—1)) is one single vector of norm 1 and oriented so that the sign of
det C;;! is d (in order to maintain the same direction for the continuation, see [23]).
The characteristic box wy, built using (3.1b) entails that the trial parallelotope Zj
actually contains the unique solution within g, _; (indeed wy, 2 C; (O, — Tx-1)
implies Oy, _; C Tg).

Floating point computations can be used in (3.1a), since these components of &y
can be computed approximately. However, interval computations have to be used
in (3.1b) so that the last solution of the previous parallelotope provably belongs to
the current parallelotope. This entails using a certified enclosure of the inverse of
Ck, e.g. using (2.6). Note also that in case the previous iteration failed, it is not
necessary to recompute (3.1a). This is not shown explicitly in Algorithm 3 for the
sake of simplicity.

EXAMPLE 2. Applying Algorithm 8 with step size h = 1 to the system of Fax-
ample 1 results in the parallelotope 1 = (C1,w1,Zo), which has been computed in
Ezample 1, together with a tiny parallelotope y; = (Ci,(u1,1),Zo), where u; =
[—0.5227744249483427, —0.5227744249483349], which contains the unique solution in
its output side. Also, T3 = midy,; = (1.6199777103618245,0.2057641479887291),
which is a sharp approzimation of the solution within y,, and the step size is in-
creased, say to h = 1.1.

A new loop of Algorithm 3 starts by evaluating the derivatives at x1, using stan-
dard double computations, leading to F'(xq) ~ (1.72286,1.01575), whose normalized
and correctly oriented null space is approxzimately (—0.507877,0.86143). This leads to
the trial parallelotope Zo = (Ca, w2, T1) with

0.215357 0.507877
o~ (0.126969 0.86143) (82)
and
wy = (0,[0,h]) vV (C3 1 (Og, — &1)) (3.3)

= ([-8.12 x 107*%,7.907 1], [-1.87 x 10715, 1.1]).
11
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Fic. 3. Construction of the parallelotope in Example 2.

This trial parallelotope, which is depicted in black in Figure 3(a), contains the unique
solution vy, that lies in the output side of 1.

The trial parallelotope contains the previous parallelotope output side solution
yr—1 for v &= 0. It is inflated aiming to enclose a unique solution for all values of
v € vg. This is done using Algorithm 2 at Line 3.5, which furthermore ensures by
Theorem 1 that the inflated parallelotope also contains yx—1 (since no solution can
be lost during Algorithm 2).

ExXAMPLE 3. Algorithm 2 successfully inflates the trial parallelotope of Example 2
giving rise to To = (Ca, wa, T1) with and

wy = ([~1.583,1.211], [~1.87 x 10715, 1.1)), (3.5)

which is depicted in Figure 3(b), showing it indeed contains a unique solution for each
v € V.

The trial characteristic box built using (3.1b) is generally very thin, which entails
too many iterations of Algorithm 2. Making the reasonable assumption that two
consecutive parallelotopes will be similar, this can be sensibly improved at low cost
using the previous parallelotope characteristic box to enlarge it:

wg (uk\/uk,l,vk). (36)

This heuristic is used within Line 3.4, just after (3.1b) for k¥ > 2. It is used only when
the previous parallelotope was successfully build, since a failure entails a decrease of
the step size, for which the previous characteristic box is most probably too large.

3.1.2. Output Side Parallelotopes. Once the parallelotope Zj is successfully
built, the solution on its output side has to be enclosed sharply inside y,. To this
end, y;, is computed at Line 3.8 by applying Contract (Algorithm 1) to contract the
parallelotope corresponding to the output side of Z;. During the first iteration of Al-
gorithm 3, the input solution is similarly enclosed inside y, at Line 3.7. Parallelotopes
corresponding to the input and output sides of a given parallelotope are determined
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as follows:

InputSide(C, (u,v), z) = (C, (u,v), ) (3.7)
OutputSide(C, (u,v),z) = (C, (u,v), Z). (3.8)

By Theorem 5.2.2 and Theorem 5.2.5 of [26], addressing respectively the Krawczyk
and Hansen-Sengupta operators, these contractions allow computing arbitrarily sharp
enclosure of the solutions, according to the computational precision.

EXAMPLE 4. The output side of the parallelotope (3.5) built in Example 3 is
(Ca, ([-1.583,1.211],1.1), 1), which is depicted in bold in Figure 3(b). It is contracted
at Line 3.8 to Y, = (Ca, ([—0.86220253621524, —0.86220253621520],1.1),71). The
resulting parallelotope is a very sharp enclosure of the unique solution within the
output side of Ts.

3.1.3. Validation of Successfully Inflated Parallelotopes. The parallelo-
tope successfully inflated has to be validated at Line 3.10 for ensuring no backtrack
on the curve happens (3.9a) (starting from iteration k = 2), for deciding the looping
status of the curve (3.9b) (the parallelotope is valid if the presence of loop is either
rigorously disproved by g, N &, = @ or proved by gy, C Ty, starting from iteration
k = 2) and for checking its inclusion within the initial domain (3.9¢) (the parallelo-
tope is valid if rigorously proved to either remain fully inside the domain, or to leave
the domain):

k=1 or (y,N&p—1 =0 and 3, ,NZ, =0), (3.9a)
k=1 or yyNzr=0 or y, C &y, (3.9b)
Oy, Nzt = or Oz C ™. (3.9¢)

Parallelotopes empty intersections can be checked using (2.5).

REMARK 1. Since the correct direction is used by checking the sign of the deter-
minant of Ci, (3.9a) is always true provided that Cy is computed with good enough
accuracy (evaluation of the derivatives at Tp_1, kernel computation, and matriz in-
version). However, these tests are included in Algorithm 38 in order to enforce its
correctness regardless of the accuracy of Cy and of its determinant sign computation.

EXAMPLE 5. The parallelotope built in FExample 8 is validated as follows: First
there is no backtrack since Yo N1 = O and yo N T2 = 0 (see Figure 3(a)). Second,
there is no loop since Yo NT2 = 0. Finally, (3.9c) depends on the initial domain ™,
but will succeed provided that it is large enough.

3.1.4. Step Size Update. A step size adjustment is performed by updating h
at Line 3.11. The only requirement on a step size adjustment strategy is that it is
fair, i.e., infinitely many consecutive unsuccessful iterations entail that A converges
toward zero. ParCont implements the following simple step size control strategy:

L { Bh  if valid

. (3.10)
ah otherwise.

This strategy is obviously fair provided that 0 < a < 1, while 1 < § allows increasing
h in case of validated success. A pessimistic strategy with small values for a and £,
which intends making smaller steps with easy success of N-Inflate, sounds realistic
taking into account that calls to N-Inflate have the same cost whether they succeed or
not. Non reported experiments with various value combinations on several problems
have confirmed this hypothesis and they have shown that @ = 0.5 and g = 1.1
represent an efficient setting.
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3.1.5. Stopping Criteria. When the parallelotope is validated, Zy, is set to the
midpoint of g, which is an accurate approximation of the unique solution within the
output side of Zy, and k is incremented at Line 3.13 and Line 3.14 respectively.

Four stopping conditions can stop the algorithm: First, the algorithm stops when-
ever (3.9a) is false, i.e. the absence of backtrack could not be proved. In this case,
the parallelotope was not validated, but decreasing the step size will not improve the
situation, hence the algorithm has to stop. The last three stopping conditions are
given below:

valid and k>2 and y, C &y (3.11a)

valid and Oy, N ™" = () (3.11b)

valid and inf(dist(Oy,_,,0y;)) <h (3.11c)
h < h. (3.11d)

Whenever (3.11a) is satisfied (starting from iteration k = 2), the curve is proved to
loop (see the proof of Theorem 2) and the algorithm stops as a complete connected
component of the followed curve has been rigorously covered. The condition (3.11b)
allows stopping the algorithm as soon as the curve is proved to leave the initial
domain. The conditions (3.11¢) and (3.11d) enforce a minimal step size, respectively
enforcing a minimal actual step size and avoiding infinitely many successive failures.
These last two conditions stand for guaranteeing the termination of the algorithm
(see Corollary 3 and its proof), allowing it stoping when failing covering the manifold
because e.g. of a singularity or a too strong curvature.

3.2. Properties of the Algorithm. The three statements provided in this
subsection involve real interval arithmetic. The first two, related to the correctness
and halting of Algorithm 3, remain correct in outwardly rounded floating interval
arithmetic. The third statement is about the asymptotic convergence of Algorithm 3,
which is valid only in real interval arithmetic, but provides a good insight on the
normal behavior of the floating point implementation of Algorithm 3. All parameters
of the algorithms are assumed to lie inside the domains provided in each algorithm
description.

3.2.1. Correctness. Theorem 1 shows that each validated parallelotope Zj, is
crossed by a piece of solution curve 7, (t). Theorem 2 is dedicated to showing that
they can be glued together to a global solution curve (t) (using the solutions gy in
parallelotopes ¥, that are common to successive parallelotopes Zj), hence ensuring
the connectivity of the continuation, and that there is no unwanted backtrack during
the continuation process (using the validating conditions (3.9a)).

THEOREM 2. Let (Z1,...,Zx) and (Yg,--.,Yx) be some parallelotopes sequences
produced by Algorithm 3. There exist L >0 and vy : [0, L] — UL_ &y, such that:

(i) Vt € [0, L], F(~(t)) =0 and F'(y(t)) is full rank.

(i) ~y is differentiable in the interior of [0, L], and ||v'(¢)|| = 1.

(iti-a) If Yo N Tx = O then v is injective.
(iii-b) If Yo C Tk then v is an injective loop™.

Proof. Let pg : vi — wug be the function given by Theorem 1 applied to the
parallelotope Zj, and define 7y, : v, = Ty, by % (v) = Ck(pr(v), v)+Zk—1, which is also
differentiable in the interior of vy. Hence, © € Ty A F(2) =0 < Jv € [v, U],z =

4I.e. it is injective inside [0, L[, v(0) = v(L), and 4/ (0F) = ~4/(L~), evaluations at t* correspond-
ing to one-sided limits
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Ak (v). Furthermore, 4, (v) # 0 obviously holds, hence 4, can be reparametrized to
vk [0, k] = ) with unit speed (i.e. ||, (t)|| = 1), so lx is the length of the solution
path that crosses Zx. The functions 7% obviously inherit the property

€T ANF(x) =0 < Tt e 0,l],r = (). (3.12)

Note that 7 is injective since C}, is nonsingular, and hence so is 7.

Now, v is defined piecewise by connecting the - using the solutions yi € ¥,
shared by consecutive parallelotopes: By construction, y,_1 € T and y, € Zy, for k €
{1,...,K}. Hence yr—1,yx € 7([0,]), and ¢, := v M (yk—1) and T == v, () = Ik
are well defined. We now prove that ¢, < #; holds for all & € {1,..., K}. For all such
k, yi is the output solution of the parallelotope Zj and hence t,, < ¢ holds. The
equality t,, = tj contradicts (3.11d) and h > 0 for k = 1, or contradicts g, NTx—1 = 0
in (3.9a) for k > 2 (since yj_; C XTk—1). Define Ty, for k € {0,..., K} by Tp = 0 and
Ty =Ti—1+1 — 1, s00="Ty < Ty <--- <Tk. The function v : [0, Tx] = UK z},
is finally defined as follows: If ¢ € [Ty—1,T[ then ¢ + ¢, — Tk—1 € [t, tx[ and

Y(t) =yt + g — Tr—1) (3.13)

is well defined. As a consequence, v is differentiable within |0, T [\{T1,..., Tk -1}
For all t € [0, Tk], v(t) € UK, and F(y(t)) = 0 hold by construction, and F’(y(t))
is full rank by Theorem 1, which prove (i) for any 0 < L < Tk.

To prove (i), first note also that v is continuous with v(Tx) = y: Indeed v(T}) =

’7k+1(§k+1) = Yk while

lim y(t) = lm ye(t +t, — Th1) = w(te) = yr- (3.14)

t—Ty t—T,

Furthermore, v is differentiable in ]0, Tk [, so define g,:f = fy’(Tki) (evaluations at TkjE
corresponding to limits from above and below respectively). As a consequence, we just
need to prove that g, = g for k € {1,..., K —1}. Since F'(y(t))¥'(t) and ||7/(t)| are
both continuous and respectively identically 0 and 1 inside |0, Tx [\{7T1,..., Tk -1},
both F'(v(Tx))gif = 0 and ||g;5|| = 1 hold. Therefore, g;; = +g; (since ker F’(v(T%))
has dimension 1). Now suppose that g, = fg,j. Both v(Tk +t) = Yrt1(t;, +t) and
v(Ty —t) = v (tx — t) hold inside [0, min{Ty+1 — Tk, Tk — Tk—1}], and hence both are
differentiable in the interior of this time domain. Furthermore, both have the same
value (namely (7)) and derivative at ¢t = 0 (since g, = —g;), so Lemma 5 (see
page 27) proves that they are equal on the whole time domain. Therefore, v(T} +
min{TkJrl — Tk,Tk — kal}) = ’y(Tk — min{Tk+1 — Tk,Tk — kal})- Finally, either
Tiy1 — T < Ty — Tj—1 then ’Y(TkJrl) = ’y(Tk — (Tk+1 — Tk>> and Ty — (Tk+1 — Tk> S
[Ti—1, T)], which contradicts ¥, ., NZx = 0 in (3.9a). Or, Ty — T > Ty — T—1 then
’7(2Tk—Tk_1) = 'Y(Tk—l) and 2T, —Tx_1 € [Tk, Tk—i—l]a which contradicts @k_lmfi’k—i-l =
0 in (3.9a). Therefore g, = g;" and v is eventually differentiable in ]0, Tk, proving
(i) for any 0 < L < Tk.

For (iii), consider 0 < t1 < to < Tk such that y(¢1) = v(t2) = .. As previously,
note that F'(z.) being full rank, its kernel is one dimensional and hence +'(¢;) =
++/(t2) (left or right derivatives are considered whether ¢t; = 0 or ¢t = T). Suppose
first that 4/(¢1) = —7/(t2). Then both ~(t1 +t) and y(t2 —t) are defined on [0, t3 — 1],
and have the same value and derivative at ¢ = 0. Therefore, Lemma 5 proves that
they are equal on [0,%2 — t1]. As a consequence, 7/(5(t2 +t1)) = —v'(3(t2 + t1)),
which entails 7/(3(t2 +t1)) = 0, a contradiction since [|v'(1 (2 + ¢1))|| = 1. Therefore
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v'(t1) = 7'(t2). Then both v(t; —t) and y(t2 — t) are defined on [0, ¢;], and have the
same value and derivative at ¢ = 0. Therefore, Lemma 5 proves that they are equal
on [0, 1], and in particular v(0) = y(t2 — t1) and 7/ (0%) = ~/((t2 — t1)~) (evaluations
at t* corresponding to limits from above and below respectively). Now, g, N %, = 0
is enforced by Algorithm 3 for all k € {2,..., K — 1}, hence v(t2 — t1) ¢ @ for any
such k. Note furthermore that to —t; ¢ [0,7}] since otherwise v1(0) = v1(t2 — t1),
which is impossible since v; is injective. Therefore, to — t; € [Tk—1,Tk] so

Yo =7(0) = y(t2 —t1) = yx(ta —t1 + 1), — T —1). (3.15)

Two cases arise depending on the halting status of Algorithm 3: First, if yoNZx =0
then to —t; € [Tk—1,Tk] is contradicted and + is injective inside [0, L] with L = Tk,
hence proving (ii-a). Second, if Yy, C ZTx then yo € ZTx which entails to — ¢ =
' (Yo) + Tk —1 — t;, by (3.15), which has been proved to belong to [Tk -1, Tk]. So
by defining L = 75" (yo) + Tr—1 — t,, < Tk, we have v injective inside [0, L] and
~(0) = y(L), which eventually proves (4i-b). O

3.2.2. Halting. Define R := {zr € 2™ : F(z) = 0 A F/(z) full rank} and
R(yo) as the connected component of R that contains yg. Three cases arise when
the algorithm halts at iteration £ = K + 1 depending on the condition that stopped
the algorithm: First, if (3.11a) stopped Algorithm 3 then R(yg) is proved to be a
loop. Second, if (3.11b) stopped Algorithm 3 then the last solution yy, is proved to be
outside the domain ™, and therefore Algorithm 3 has fully enclosed R(yo) from yq
to one of its sides, depending on the direction chosen for the continuation. The second
part of R(yo) can be computed by starting again Algorithm 3 from yq in the opposite
direction. Finally, if (3.11d) has stopped Algorithm 3 then either a singularity or a
too strong curvature prematurely stopped the algorithm.

Since v has a unit speed parametrization, L is the length of the 1-manifold between
~(0) and (L), and the following Corollary can be proved.

COROLLARY 3. If the step size update is fair and R(yo) has a finite length then
Algorithm 8 halts.

Proof. Suppose Algorithm 3 does not halt. Since Algorithm 2 and Algorithm 1
halt, Algorithm 3 does not halt if it executes infinitely many times the main while loop.
Thus the algorithm is either producing infinitely many successive failed iterations or
infinitely many successful ones (separated by finitely many failures).

If Algorithm 3 is producing infinitely many successive failures, then the fairness
of the step size control implies that h converges to zero. However, this contradicts the
stopping criteria (3.11d), since h > 0. Hence, Algorithm 3 cannot produce infinitely
many failures, and therefore produces infinitely many successful iterations.

At iteration K > 2, Theorem 2 can be applied: there exists a curve v : [0, Lx] —
UF_ @, with L the length of the curve between yo and yr, where F’(y(t)) is full
rank, (¢) connected to yo and v(t) is in ™ for all ¢ € [0, Lk]. Therefore, y(t) € R
for all t € [0, Li]. The stopping criteria (3.11c) ensures that he length of the manifold
between two consecutive certified solutions y;—1 and y; is greater than ||y; —y;—1|| > h
(the length of the curve between two points is longer than the length of the direct line
connecting them, which is bounded by the algorithm). Hence, Lx > Kh. Therefore,
with infinitely successful iterations, K tends to infinity and so does the length of the
curve Lg. This contradicts the assumption that R has a finite length. O

Algorithm 3 may not halt whenever the regular manifold connected to o has
an infinite length (e.g. consider F(z) = (21 — cos (27/23) ,x2 — sin (2r/23)) = 0
whose solution manifold is a spiral that collapses to a circle toward x3 = 0). However,
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when finite precision floating point arithmetic is used and z™ is bounded, such a
bounded curve with infinite length has some accumulation point outside the curve,
and parallelotopes with floating point characteristics will eventually contain some

singular points entailing the stop of Algorithm 3.

3.2.3. Asymptotic Convergence. The previous two theorems do not state
anything about the ability of Algorithm 3 to actually enclose the curve. Indeed, Al-
gorithm 3 may stop failing to build any parallelotope because Z( is too close to a
singularity. The following analysis shows that under appropriate hypotheses, Algo-
rithm 3 actually succeeds in computing the component connected to yq.

It is conducted for the simplest version of Algorithm 3: The Krawczyk operator
is used since it is easier to analyze than the Hansen-Sengupta operator (the latter
being known to be more efficient, see [26]). Furthermore, derivatives are all evaluated
on the interval hull of the parallelotope. As a consequence, the Newton operator has
here the following form:

K(F,z) = (Idg — G)(midw) — (A(w) — E)(w — midw), (3.16)

where z = (C, (u,v),%), A(w) = (A, A,) = F'(02)C, G(w) = F(Cw+ %), E =
(I10) and Idg(w) = Fw is the truncated identity map associated to E.

For the asymptotic analysis, we neglect rounding errors due to the floating point
arithmetic: We consider that Cj and G(mid(w)) are computed with no rounding
error, so F'(Zp_1)Ck is exactly the n — 1 first lines of the identity matrix and
G(mid(w)) = G(mid(w)). Furthermore, we consider that y, = Zp, and hence
F(Zr) = 0, which is justified by the fact that Algorithm 1 converges uncondition-
ally and very quickly to the unique solution contained in the parallelotopes input and
output sides. As a consequence, for any trial parallelotope built using Equation (3.1)
we have F'(¢) = 0 (the heuristic (3.6) is not considered here). Note furthermore that
since Yj,_, = Tr—1, we have wy, = (0,...,0,[0,A]) in (3.1b) at all steps.

Then, the following theorem shows that there exists a threshold step size h,
which depends only on the Lipschitz constant of F’ and the norm of C, under which
the certification procedure implemented in Algorithm 2 succeeds.

THEOREM 4. Consider an initial parallelotope & = (C,(0,...,0,[0,h]),Z) built
as in Algorithm 2, i.e. using Equation (3.1). Note that by hypothesis 1 < 6 and
0 < x. Suppose that the interval extensions F' of the derivatives of F' are \-Lipschitz
continuous®, with A > 0%, ||C|| < Kk and x < ﬁ, and define h, as the greatest root
of the quadratic polynomial k2\6(2h)% + x = (2h):

1+ /1 — 45270
B =2 mAOX (3.17)

4K2N0

Note that h, satisfies 15 < hs < 5-535. Finally suppose that (%)k < 7 (such ak

exists since since x > 0) and @@ > % Then h < h, implies N-Inflate(F,T) succeeds.
Proof. Denote the k" box computed by Algorithm 2 by uy, and write generally

w = (u,[0,h]) and T = (C,w, T), so w, = (ug,[0,h]) and Ty = (C,wy,Z). Then

5The natural interval extension of an expression involving elementary functions that are Lipschitz
continuous is Lipschitz continuous, see Theorem 2.1.1 of [26].

SThe limit case A = 0, corresponding to a system of linear equations, is uninteresting and can
be captured by considering arbitrarily small Lipschitz constants, entailing h« = oo for nonsingular
linear systems.
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wo =0 and ugt1 = Ky, (ug) with
Ks. (u) = midK(F, z) + 6(K(F, &) — midK(F, &)) + x[-1,1] (3.18)
= (ldg — G)(midw) — §(A(w) — E)(w — midw) + x[-1,1], (3.19)

Since F’ is A-Lipschitz continuous, A(w) is k2\-Lipscitz continuous. As a conse-
quence,

|widA(w)| < 2d(A(w), A(midw)) < 26°Ad(w, midw) = £*Al|widw||.  (3.20)

Now define ¢ := {u € IR" "' : 0 € u A ||widu|| < h,}, which is a complete metric
space for the usual distance for intervals. We are going to apply the Banach fixed
point theorem to Ky inside U.

First, we prove that K, (i) C U by considering an arbitrary u € U and proving
that K;,(u) € U. Note that 0 € u < ¢ € (C,(u,[0,h]),Z), and by Theorem 1
F(c) = 0 implies ¢ € (C,(Ksy(u),[0,h]),Z). So eventually 0 € Ks,(u). This
furthermore entails F = F’'(¢)C € A(w), and hence using (3.20)

|A(w) — E|| < ||widA(w)]|| < &%\||widw]. (3.21)

Using standard rules for computing the radius of intervals, we obtain

[widKs,y (u)]| = 0[|A(w) — E|| [|widw|| + x (3.22)
< k2A0||widw||? + x (3.23)
< KNS R2 4 . (3.24)

Inequality (3.23) is a consequence of (3.21), and Inequality (3.24) is a consequence
of ||widw| = ||wid(w, [0,R])||, ||widu| < h. and h < h,. Now, recall that h, is
defined as the greatest root of the quadratic polynomial k?A\§(2h)? + x = (2h). Since
K2AOR2 + x = L (K2A6(2hs)% + x) + 3, we obtain |widKs, (u)|| < 2k, + 2. Finally,
3X < 5355 < 3hs, eventually entailing [|widKs,, (w)|| < ..

Second, we prove that Ks, : &/ — U is contracting. Consider some arbitrary

u, v’ € U, and define @ = K; , (u) and @’ = K, (u'). Then

d(w, @) = |mida — mida'|| + |rada — rada/|). (3.25)
We bound the two summands separately. For the first summand,
[[mida — mida'|| = ||(Idg — G)(midw) — (Idg — G)(midw") || (3.26)
< (gz(lit)gggﬂmidw, | = G'(©)]])lmidw — midw'||. (3.27)
tel0,1]

Now, [|[E — G'(¢)|| = |G'(0) — G'(&)|| < k2A[|€] < k*Ah, < 3, hence eventually

[mide — mida'|| < 1|lmidw — midw']. (3.28)

For the second summand, |rada—rada’|| = 6|||]A(w)— E|radw — | A(w') — Elradw’|| +

X — X, which, by adding the vector 0 = —|A(w) — E|radw’ + |A(w) — E|radw’ within
the norm, and using the triangular inequality, is less than

0l[|A(w) — E|(radw — radw’)|| + 8[| (|A(w) — E| — |A(w') — E[)radw’|| (3.29)

< §||A(w) — E|||radw — radw’|| + éd(A(w) — E, A(w') — E) |radw’|| (3.30)

< 0k%\||widw||||radw — radw’|| + 6k \||radw’||d(w, w’) (3.31)

< radw — radw’|| + 1d(w, w’), (3.32)
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where (3.30) follows from | |a| — |a’|| < d(a,a’) (see Proposition 1.7.3 in [26]); (3.31)
follows from (3.21), d(A(w) — E, A(w') — E) = d(A(w), A(w’)) and the Lipschitz
constant of A(w); (3.32) follows from the fact that both ||widw| and ||widw'| =
2|[radw’|| are less than h, < 5. Summing the upper bounds of the two summands
yields d(@,@’) < 3d(w,w’), while d(w, w’) = d(u,u’). We have proved that Ks is
contracting, and hence that wu, converges toward its unique fixed point.

Finally, we prove that Algorithm 2 stops with success. Since K, is %-contracting,
d(ugy2, Upt1) < %d(ukﬂ,uk) so the test p > @ at Line 2.11 of Algorithm 2 never
fails and the main loop of Algorithm 2 only stops when success is true. We now prove
that success is actually true for k = k satisfying the constraint given in the statement.
Define uj_ ; = K(uy) so that

Up1 = midug g + 6(upyy — midugy,) + x(=1,1], (3.33)

as defined at Line 2.4 and Line 2.9 of Algorithm 2. We shall prove that u;,, C int(ug),
which is equivalent to raduj_ , + [miduj_ ; — miduy| < raduy. Now, d(ug, ugr1) <
(2)fd(uo,u1) < (3)¥h, =: ¢, hence, using (3.33), |miduy — miduj, || < € and
[raduy — (draduy, + ¥)|| < €, which implies radu) , < raduy + € — 5. We obtain
finally, raduj,_ ; + [midwj,_ ; — midug| < raduy + € — 5 + €, which is strictly less than
raduy, provided that 2¢ < §, holding for k = k by assumption. 0

Note that when the map F is close to singular, |C|| is very large. Therefore both
x and h, have to be small so as to satisfy xy < ﬁ and h, < ﬁ. On the other
hand, if the system is nonsingular inside a neighborhood of the manifold connected
to #p and included inside ™ then it is compact and ||C|| reaches its lower bound,
which therefore has to be strictly positive. As a consequence, there exists a minimal

step size which will allow continuing the full curve. Note finally that the bound

- Fogx — log 4h*-‘

k= 3.34
log4 —log 3 ( )

provided by Theorem 4 is quite pessimistic. On the one hand, it shows that the static
absolute inflation x > 0 is enough to enforce the certification. On the other hand,
the static relative inflation § > 1, although not necessary, strongly speeds up the
certification.

3.3. Limitations of ParCont. Algorithm 3 is restricted to certify nonsingular
curves: Indeed, the certification of existence comes with a certification of regularity of
the system’s derivatives. If the curve contains a singular point then Algorithm 2 will
fail each time a parallelotope contains this singular point. Therefore, the step size will
keep on decreasing leading to a sequence of smaller and smaller parallelotopes, which
will converge to this singularity, eventually halting when the prescribed minimal step
size is reached.

When the curve is regular, Theorem 4 shows that there exists a step size h, that
enforces the success of all certifications. However, this analysis does not take into
account the finite precision floating point computations. In practice, the required
step size could be too small with respect to the computational precision, leading to a
failure similar to the singular case. When using standard floating point computations,
the computational precision depends on the magnitude of the involved numbers, hence
translating a problem can impact the resolution using floating point numbers. This
is however inherent to all floating point implementations of numerical algorithms.

Non certified continuation methods can benefit of quasi-Newton like algorithms,
which allow handling very large systems. Each step of Algorithm 3 involves operations
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of cubic complexity with respect to the number of variables, which are involved in
the interval Newton steps. This cubic complexity restricts the scope of Algorithm 3
to smaller problems than non certified methods.

4. Experiments. ParCont has been implemented in C++ using the RealPaver
[14] API, implementing routines such as interval newton methods and many other con-
straint solving techniques, which uses Gaol [13] for interval arithmetic, and Lapack [1]
for linear algebra (matrix inversions, kernel computations, etc). All the experiments
have been run on a machine under Linux Ubuntu version 11.10, with processor Intel
i5-2400 3.10GHz and 4Gb of RAM. In the following experiments, the parameters of
N-Inflate and Contract are set as described in Section 2 (i.e. x = 10712, § = 1.1,
k =15, X\ = 1) — except when explicitly mentioned — and as described in Section 3.1 for
parameters of the main algorithm (i.e. o = 0.5, 3 = 1.1, h = 1078). The derivatives
in N-Inflate are by default computed using the box hull of the input parallelotope.
In addition, some results are shown when considering two other ways of computing
the derivatives, namely: mean value form of the derivatives (hence using the second
derivatives of F(Oz)) and formal form (a formal condensed expression of G(w) is
computed beforehand).

Measuring the performances of ParCont by counting the number of produced
parallelelotopes is not relevant. Indeed, an iteration of the algorithm makes use of
the iterative procedures N-Inflate and Contract whose induced computational cost is
not fixed. Moreover, unsuccessful steps have to be counted since they cost as much as
successful ones. Hence, it is more suitable to count the number of iterations performed
by N-Inflate and Contract. The time complexity of both N-Inflate and Contract is
O(n?) per iteration, which corresponds to the interval matrix multiplication performed
when evaluating the derivatives in the auxiliary basis. The complexity of Contract
can be reduced to O(n?) by reusing the last interval evaluation of the derivatives in N—
Inflate. Thus, the number of N-Inflate iterations is used as a performance measure.
In the following, both computational times and number of N-Inflate iterations are
presented.

Our goal is to illustrate the strengths (and limitations) of parallelotopes with
respect to boxes. To this end, we propose a comparison of ParCont with a continuation
based on boxes as in [21]. The algorithm in [21] can be seen as an intervalization of
the parameter-embedding continuation: boxes are constructed along the manifold
by first selecting one of its components as a parameter. The certification process is
based on a parametric interval Krawczyk operator and a generate-and-try inflation.
However, from the information provided in [21] we have not been able to tune the
inflation process correctly in order to reach any satisfying results. Therefore, we
have implemented a version of this algorithm, called BoxCont, replacing the inflation
process by the one defined in Section 2, and using a heuristic for guessing good initial
boxes as in Equation (3.6).

Different experiments are presented in the following. First, the two methods are
applied to a problem with increasingly difficult topology. Second, another problem
with increasingly difficult conditioning is proposed. Third, the algorithms are applied
to track a particular manifold embedded in higher and higher dimensional space.
Last, two applications of certified continuation are presented: homotopy continuation
for tracking the roots of a complex polynomial - results are compared with another
certified method from the literature - and robot command synthesis.
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(a) e=0.7 (b) € =0.99

F1G. 4. Solution manifold of Equation (4.1). [TODO] LabelStyle — Medium

4.1. Influence of the manifold topology. Consider the following system de-
pending on the parameter € € [0, 1]:

28— (1—€)a®+42%y? — (34+15¢)xty? + 62 y* — (3—15¢)x?y* +4a?yS — (1+€)yS+45. (4.1)

The solution manifold of this system has a six-petals-flower shape. The parameter
€ controls the length of the petals, hence the acuity of the curvature between two
consecutive petals (see Figure 4). In particular e = 0 corresponds to a circle and e = 1
leads to six petals connected by a singularity at (0,0). We solve several instances of
(4.1) using varying e values closer and closer to 1, and starting from the initial solution
(v/1 —¢€,0)T. The non-linearity of this problem is strong enough to allow using x = 0
in N-Inflate and h ~ 0, hence enabling tackling very strong curvatures.

Figure 5 confirms that as € increases, more computations are required. This is seen
as the number of N-Inflate iterations and hence computational times are increasing
with €. The continuation is indeed adapting to the acuity of the curvature by reducing
the average step length, hence increasing the number of iterations. BoxCont appears
to adapt badly to the difficult topology, whereas ParCont handles them well. Indeed,
the growth factor in number of iterations as € increases is much higher when con-
sidering simple box continuation. On the other hand, manipulating parallelotopes is
computationally more costly, hence the computation times for the problems with low €
are quite comparable. Nevertheless, Figure 5 clearly shows that parallelotopes asymp-
totically have better timings: tpar & 0.062(1 — €)~%4% while tpex ~ 0.099(1 — €)=
(obtained by interpolating of the linear results curves with the logarithmic scale).

Exploiting better parallelotopes using more precise derivative computations im-
proves the asymptotic behavior of ParCont as shown on Figure 5. Computing deriva-
tives using a formal auxiliary expression of (4.1) strengthen the adaptation to strong
curvatures. On the other hand, this expression is complex, hence its evaluation and
differentiation are more computationally expensive. This way of computing deriva-
tives is worth using only when the curvatures are very sharp. Computing the deriva-
tives using a mean form requires second derivatives of (4.1). Nevertheless, the small
number of variables makes this technique computationally reasonable, and overall
very efficient.
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(a) Time versus € (b) N-Inflate iterations versus e

Fic. 5. Comparison of ParCont (plain lines) with BoxCont (dashed line) on the manifold in-
duced by Equation (4.1) (logarithmic scales). Square, triangle and circle markers represent different
evaluation of the derivatives, respectively: hull of parallelotopes (default mode), mean value form
and formal form.

10} - L

(a) Time versus 1/e (b) N-Inflate iterations versus 1/e

F1c. 6. Comparison of ParCont (plain line) with BoxCont (dashed line) on the manifold induced
by Equation (4.2) (logarithmic scales).

4.2. Influence of the conditioning. Consider the following problem:

r1+€)° + x5+ x5 — + €
( )2 45 as— (L+¢
(x1 —€)? + 25+ 23 — (1 + €

~— —

> —0. (4.2)

The problem in (4.2) consists of two spheres, at distance 2e from each other,
whose intersection is the unit circle in the plane (zq,x3). By shifting e towards 0,
the system becomes more and more close to be singular. The norm of matrices C are
increasing, following a factor ~ 1/¢, whereas the manifold of solutions remains the
same. We solve this problem for different e values, with (0,1,0) as starting points,
and compare the performances of BoxCont and ParCont.

Figure 6 shows, as awaited, that performances deteriorate as the problem becomes
more singular. However, BoxCont suffers more from this difficulty than ParCont.
Whereas the usage of BoxCont seems reasonable when the problem is well defined,
showing better timings than ParCont, its performances significantly reduce with the
conditioning of the system. The growths in computational time and in N-Inflate
iterations in ParCont are indeed much lower than in BoxCont. Results for sharper
derivatives evaluations are not reported here. There is in fact no gain in using these
techniques here since the manifold to track is simple.
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(a) Time versus dimension, ¢ = 1 (b) Number of N-Inflate iterations versus di-
mension, € =1
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(c) Time versus dimension, ¢ = 1073 (d) Number of N-Inflate iterations versus di-
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Fi1c. 7. Results of ParCont (plain lines) and BoxCont (dashed-lines) on the manifold induced
by Equation (4.3) (axzis y in logarithmic scale). Gray colored part represents the range (mazimum
and minimum) of the different measures among the 10 random transformation matrices M. Square
and circle markers represent respectively the differentiation using the hull of parallelotopes (default
mode) and a formal expression of G'(u).

4.3. Influence of the embedding space dimension. Consider the following
system depending on the parameters n € [2,4+00) and € € (0, 1]:

2T (MTQM)x —1
< (AN —0. (4.3)
with Q = I"_loxn_l (e) , A = (In—2xn—2[0/0) and M an orthonormal matrix.

With M = I, the solution manifold of (4.3) consists in a 2D ellipse embedded in
the subspace spanned by (e,—1,e,) of R" and whose shape is controlled by ¢ (e =
1 yields a circle, while ¢ — 0 yields an ellipse more and more stretched towards
infinity). Applying an isometry with M # I enforces the different variables to be non-
trivially involved in the solutions, and preserves the length and shape of the manifold.
The following results are given upon a set of 10 random transformation matrices
M per tested dimension, obtained by applying a Gramm-Schmidt orthogonalization
to random matrices. Initial solutions are M7(0,0,...,0,1,0). For each dimension,
Figure 7 shows the average timings and number of N-Inflate iterations.

Consider first the results for e = 1 (i.e. a circle) reported in Figure 7(a) and 7(b).
They show that the two methods have similar computational time as the dimension
increases. However, ParCont performs less steps than BoxCont. The latter also shows
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a growth of the number of N-Inflate iterations as the dimension increases that impacts
its computational time (ParCont runs faster for dimensions above 32). The number
of N-Inflate iterations of ParCont remains overall stable.

Consider now the results for ¢ = 1072 (i.e. a stretched ellipse) on Figure 7(c)
and 7(d). It appears ParCont requires less computation time than BoxCont and its
number of N-Inflate iterations remains stable. However, BoxCont shows a growth
of computation time slightly lower than ParCont. This is explained by a surprising
decrease of the number of steps as the dimension increases. This effect is due to the
parameter embedding approach used in BoxCont: moving along one parameter with
step size h entails that the certified manifold inside a box produced by N-Inflate is
proportional to approximately hy/n (the diagonal of a n-dimensional box of width h).
Hence, since the total length of the manifold remains constant by construction and the
average step length remains quite stable as the dimension increases, the corresponding
reduction of the number of N-Inflate iterations, due to a reduction of the number of
steps, can be observed.

Computing derivatives using a mean form, hence computing second-order deriva-
tives, is not reasonable here due to the large dimension of the problems (it is in fact
much slower than the default ParCont after dimension 8). On the other hand, on this
particular problem, we can construct a very precise formal expression of the derivatives

20T (CTQMC) + iT(QM)C)> I
ApC |
where Qar = MTQM and Ay = AM. This implies doing more matrix-matrix multi-
plications, hence increasing the cost of the derivative evuluation, however the results
are totally stable: for any rotation and any dimension, the number of N-Inflate iter-
ations (and number of steps) remains the same. The gain with respect to the default
derivative evaluation is noticeable.

To conclude, using parallelotopes instead of boxes guarantees stability in following
a manifold pushed into several dimensions, or, otherwise said, the behavior of Par-
Cont depends essentially on the manifold shape and not on its embedding dimension.
Coupled with the results from the previous experiments, the use of parallelotopes en-
sures the stability of the continuation process, adapts well to difficult topologies and
is less sensitive to the conditioning of the system.

in the auxiliary space of parallelotopes, using G’ (w) = (

4.4. Homotopy continuation. ParCont is used here to solve a polynomial
system through homotopy. Its results are compared against the method NAG4M2 [2],
a certified homotopy continuation implemented in the software Macaulay?2 [15].

The problem Katsura,, is one of the standard scalable benchmark for homotopy
solving methods. It consists of a system of n + 1 variables (29, 21,...,2,) € C*L.
For instance Katsuras(z) consists of:

1—,20—221—2252
Katsuras(z) = | 21 — 22021 — 22122 =0 (4.4)
20 — 28 — 222 — 222

The aim is to find all the complex roots of Katsura,,. Therefore, the system to solve
is the following linear homotopy:

(1 = t)hn(2) + tpKatsura,(z) =0 (4.5)

where p € C is randomly selected on the complex circle, ¢ € [0,1] the induced ho-
motopy variable and h,, an initial system matching the degrees of Katsura,,, that is:
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(a) Time versus dimension (b) Number of steps versus dimension

Fic. 8. Comparison of the different methods on the manifold induced by Equation (4.5) (azisy
in logarithmic scale). Plain, dashed and dotted lines corresponds respectively to ParCont, BoxCont
and NAG4M2. Gray colored part represents the range (mazimum and minimum) of the different
measures among the p values. Square and triangle markers represent respectively differentiation
using the hull of parallelotopes (default mode) and mean value form.

hn(2) = (20— 1,28 —1,...,22 — 1)T. In order to solve the system with ParCont, the
real and imaginary parts have to be separated, doubling the number of variables and
equations. Hence, with z in C"*1, there are 2(n+ 1)+ 1 variables (real and imaginary
part of z plus ¢) and 2(n + 1) equations. Input solutions are roots of h,, (there are 2"
such roots), and t = 0. The aim is to follow the paths of solutions of (4.5) from ¢t =0
in order to reach solutions to Katsura, at ¢t = 1. Hence, the domain of the variables
is not limited, except for ¢ which must remain in [0, 1].

The results obtained by ParCont are compared against those of the certified ho-
motopy tracking method NAG4M2 from [2]. There is no performance measure in
NAG4M2 that can be compared with the number of N-Inflate iterations. Therefore,
we instead compare the computational time and the number of steps of the main
algorithm (counting also unsuccessful ones for ParCont). Indeed, a step of NAG4M2
builds a new solution, whereas a step of ParCont is an attempt to build a new paral-
lelotope. We randomly selected a sample of five values of u such that no one leads to
an incomplete homotopy or diverging paths. For each value of 1 and each root of the
polynomial system, we measured the number of steps (including unsuccessful steps
for ParCont) and computation time. Figure 8 reports mean, min and max values of
these measures for different problem sizes.

Figure 8 shows that the performances of BoxCont are worse, in average, than Par-
Cont and NAG4M?2 with n greater than 4. Noticeably, BoxCont shows high instability
for the different values of p both in iterations and computation time. Undeniably,
the difficulty to adapt well to the topology of solution paths makes the use of boxes
unadvised compared to parallelotopes on this benchmark. Considering ParCont and
NAG4M2, Figure 8 shows that the former requires less steps and computational time
than the latter. However, whereas the growth rate of steps are approximately propor-
tional between the two methods, computational time of ParCont appears to increase
quicker than NAG4M?2 when the dimension increases. In addition, NAG4M2 appears
to be more stable than ParCont between the different values of p.

Formal expressions in auxiliary space of (4.5) are too large to be handled by our
implementation, making it impossible to exploit better derivatives with this technique.
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Mean value form can still be used. The improved derivative computation depicted
on Figure 8 appears to be more stable than default ParCont. However, computing
second-order derivatives become too computationally expensive when the dimension
increases: computation times are always higher than default ParCont, and higher
than NAG4M2 after n = 6.

All in all, one can see that ParCont is competitive with NAG4M2. The latter
makes use of techniques well suited for homotopy on polynomial systems (complex
arithmetic computations and use of homogeneous systems and projective spaces) en-
suring a more stable behaviour with respect to the value of u. Hence, it seems
promising to incorporates these techniques in ParCont, for instance by using com-
plex interval arithmetic as in [27]. Finally, better derivative computation increase the
stability of ParCont, but would require some dedicated and computationally cheaper
evaluation techniques to handle high dimensional problems.

4.5. Command synthesis. A robot is defined by a system F(z,u) = 0 called
the kinematic model, where F' : R™ x R® — R™, x € R" is the pose of the end effectors
of the robot, and v € R" are the command variables. Given a trajectory for the
effector defined by « : [0,1] — R™ (from z(0) to 2(1)), the aim of command synthesis
is to find the command function wu(t) required to follow this trajectory, that is all the
solutions to F(x(t),u) = 0, starting from one given input control u(0) = u° satisfying
F(z(0),u") = 0. Obtaining certified continuous command function is critical in order
to avoid false trajectory tracking, or inconsistent sequence of commands. Therefore,
ParCont is suitable to solve this problem

A= (ahag)T B = (bl,bg)T

Up

(a) Scheme of the robot. The trajectory z(t) (b) Computed command sequence projected in the
is represented in dashed. command space. Initial commands u® are repre-
sented by points.

Fic. 9. Example of a two armed robot RRRRR.

Consider the robot as presented in Figure 9(a), called RRRRR. The end effector
is controlled by two articulated arms, each made of two parts linked by a revolute
joint. The two arms are controlled by their angle u; and us. One can easily see
that the pose of the end effector may be attained by two different commands per
articulated arm. The kinematic model of this robot is:

_{ (z1 = (cos(ur)pr + a1))? + (w2 — (sin(ur)p1 +a2))? =13 \ _
Fla,u) = ( (21 — (cos(uz)ps + b1))? + (22 — (sin(ua)ps + bs))? — 12 ) =0, (4.6)
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where z = (z1,22)7 is the position of the end effector of the robot, A = (a1, a2)”
(respectively B = (b1,by)T) is the position of the fixed joint of the first (respec-
tively second) articulated arm. The first and second part of the first arm are of
respectively length p; and I3 (p2 and ls for the second arm). For this benchmark,
x(t) = (sin(2nt), cos (3(27t)) + 1.5), with ¢ in [0, 1] (shown in Figure 9(a)).

The geometric parameters of the robot are A = (—1,0)T, B = (1,0)T, p; and
p2 set to 2, 11 and Iy set to 1.5. Given the system F(x,u) and the initial pose
2(0) = (0,2.5)T, ParCont is applied with two initial commands u° = (0.6085,1.3699)T
and u’ = (1.7716,1.3699)T. The sequence of commands following the trajectory
obtained with ParCont are represented on Figure 9(b), and are fully certified to
be continuous. Each command sequence has been computed in approximately 0.14
seconds.

5. Conclusion. The proposed method, ParCont, uses parallelotope continua-
tion in order to fully certify the continuation of a curve defined by a system of n — 1
equations and n unknowns. It is simple to implement, given the use of any interval
arithmetic library, and requires only a very few parameters to be tuned, some robust
values of these parameters being proposed. Experiments have demonstrated its su-
periority over a variant of the algorithm that uses boxes instead of parallelotopes. In
addition, experiments have also shown that the proposed algorithm compares favor-
ably with respect to the Macaulay2 [15] implementation of NAG/M2 [2] for certified
polynomial homotopy continuation.

Due to its applicability to a broad range of one-manifold continuation problems,
ParCont can be improved by coupling techniques dedicated to specific categories of
problems. For instance, its performances upon polynomial homotopy continuation
can be improved using complex interval arithmetic. Noteworthily, using the frame-
work defined in [12], ParCont is readily applicable to one parameter continuation
of solutions to ordinary differential equations, like periodic solutions or solutions to
boundary value problems. Nevertheless, k-manifolds are out of range of ParCont.
Although there is no theoretical limitations in building certified enclosure of a por-
tion of such manifolds with a parellelotope, guaranteeing the overall connectivity of
the continuation is challenging since it requires to rethink the merging of successive
parallelotopes.

Appendix A. Technical Lemma.

LEMMA 5. Let a : [0,Ls] — R™™ and B : [0,Lg] — R"! be continuously
differentiable curves (whenever t is some interval endpoint, right or left derivatives
are considered), and F : R"*1 — R™ be continuously differentiable. Suppose that:

1. For all for t in [0,m] with m = min{L,, Lg}:
(i) F(a(t)) =0 and F(B(t)) =0;
(ii) F'(a(t)) and F'(B(t)) are full (row) rank;
(iii) la'(O)| =1 and [|[5'(t)[| = 1.
2. «(0) = B(0) and &' (0) = 5'(0).
Then, a(t) = B(t), and thus o/ (t) = B'(t), holds for all t € [0, m)].

Proof. First, we prove that if a(t*) = B(t*) =: «* and /(t*) = £'(t*) both
hold for some t* € (0,m) then «(t) = 8(¢) (and therefore o/(¢t) = £'(¢)) holds in a
neighborhood of t*. Since F'(z*) is full rank, it contains a nonsingular n x n sub
matrix. Without loss of generality, suppose that the last n columns of F’(2*) form
a nonsingular square matrix, i.e. F'(z*) = (a|A) with A € R™*" nonsingular and
a € R™. Therefore, by the implicit function theorem, there exists a neighborhood U
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of z* and a differentiable function ¢ : R — R" such that z € U and F(z) = 0 is
equivalent to x = (21, ¢(x1)).

Since F(a(t)) = 0 we have (a]A) o/ (t*) = 0, and thus of,(t*) = —aj(t*)A " a
(where the vector o is split into (a1,a4;)). Therefore o} (t*) = 0 entails o/ (t*) = 0
which contradicts ||o/(t*)|| = 1. As a conclusion, o (t*) # 0 and the inverse function
theorem proves that exists a neighborhood X; of 27 and a differentiable function al_l
defined inside X; such that a;(a;*(21)) = 1. Since a, a;* and § are continuous,
there exists a neighborhood T* of t* such that 81 (T*) C X1, a(a; *(B1(T*))) C U and
B(T*) C U. Fix an arbitrary t € T* and write u := a(7(t)) with 7(t) := a; ' (B1(t))
and v := (t). Then u; = v1 while F(u) =0 and F(v) = 0 entail u = (u1, ¢(u1)) and
v = (v1, ¢(v1)). Therefore u = v, i.e. a(7(t)) = B(t).

Differentiating a(7(t)) = B(t), we obtain o/ (7(¢))7’ (t) = p'(t) for all t € T*. Since
both ||/ (7(¢))]] = 1 and ||#'(¢)|| = 1, we have |7/(¢)| = 1. Note that a1 (t*) = f1(¢*) =
a7} entails 7(t*) = ¢*, and then and o/ (t*) = B/(¢*) entails 7/(¢*) = 1. Since 7’ is
continuous we have 7/(t) = 1 for all ¢t € T*, and eventually 7(¢) = ¢t and a(t) = 5(¢)
(and therefore o/(t) = 5'(t)).

This argument based on the implicit function theorem also holds for ¢ = 0 and
t = m, and furthermore proves that a and 8 can be extended to a neighborhood of
[0, m] with the same properties.

Second, define T'= {t € [0,m] : a(t) = S(t) A/ (t) = 5'(t)}. By the first part of
the proof, T is open in the topology of [0,m]. By the continuity of a(t) — 5(t) and its
derivative, T is also closed. Since [0,m] is connected, it has only two clopen subsets,
namely () and [0, m]. Since 0 € T, we finally have "= [0, m]. O
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