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Abstract. This paper presents a new heuristic for the identi�cation of
a rigid cluster in the recursive rigidi�cation method. The heuristic we
propose allows one to share objects between clusters in order to enhance
the capabilities of the extension step during the planning phase in the
recursive rigidi�cation method. We introduce a new algorithm based on
this heuristic and we prove the correctness of this algorithm.

1 Problem Description
The problem considered in this paper is the computation of all possible solutions
of a geometric constraint system S.

De�nition 1 A geometric constraint system S is composed of
� A work space of given dimension d with a global reference system; for in-

stance the Euclidean plane in dimension d = 2, with the Cartesian coordinate
system.

� A set of geometric objects, such as points, lines, spheres, ... Each geometric
object is modeled by a set of generalized coordinates. The generalized coor-
dinates of a geometric object de�ne its position and orientation in the work
space.

� A set of geometric constraints on these objects, such as distance, incidence,
angle, ... Each geometric constraint is modeled by a set of non-linear alge-
braic equations having for variables the generalized coordinates of the objects
it involves.

A solution for a geometric constraint system S gives a position and an ori-
entation to each geometric object of S such that all the constraints of S are
satis�ed. In other words, it provides values for the generalized coordinates of
every objects such that the system of algebraic equations made corresponding
to all the constraints of S is consistent.

For the sake of simplicity, we will only consider geometric constraint systems
involving the following objects of the Euclidean plane: points, lines and circles.
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However, the proposed approach can be extended to any objects in spaces of
any dimension, as long as the following conditions hold:

� Geometric constraints involve only generalized coordinates as variables; i.e.,
geometric objects are non-deformable; for instance, no circle with variable
radius.

� Geometric constraints are binary, i.e. involve two objects at most. However,
the algebraic form of the constraints can involve more than two generalized
coordinates.

The solving of such a system of geometric constraints is based on recursive
rigidi�cation. Rigidi�cation techniques are standard graph-constructive meth-
ods taking advantage of the degrees of freedom of geometric objects [VSR92],
[BFH+95], [FH93], [FH97], [DMS98], [Lee98].

In section 2 we present the recursive rigidi�cation method and de�ne all the
notions employed by this method. Section 3 details the planning phase presented
by Ho�mann et al. in [HLS97,HLS98]. The new heuristic we propose is presented
in section 4. It is evaluated on an example. A new algorithm based on this
heuristic is also presented and its correctness is established in section 5.

2 Recursive Rigidi�cation

Recursive rigidi�cation is a graph constructive method. It aims at decomposing
the geometric constraint system S into rigid sub-systems to be solved one by
one. It is composed of two main phases:

1. A planning phase which decomposes the geometric constraint system into
rigid sub-systems. It also provides a partial order for the solving of these
sub-systems.

2. A solving phase which solves all the sub-systems w.r.t. the partial order.
Each sub-system is solved in a relative reference system. Finally all the
sub-systems are assembled in a unique reference system using rigid-body
transformations.

The planning phase is based on a degree of freedom analysis performed on a
weighted geometric constraint graph G = (O, C,w).

De�nition 2 A weighted geometric constraint graph G = (O,C, w) is composed
of:

� O the set of vertices. A vertex represent one geometric object of the corre-
sponding geometric system.

� C the set of edges. An edge represent one geometric constraint of the corre-
sponding geometric system.

� w a weight function.
For every vertex o ∈ O,w(o) is the number of degrees of freedom of the ge-
ometric object corresponding to o; generally, it is the number of generalized



coordinates needed to �x the position and orientation of this object. For in-
stance, a point in 2D has 2 (translational) degrees of freedom and then its
corresponding vertex in G has weight 2
For all edge c ∈ C,w(c) is the number of degrees of freedom �xed by the con-
straint corresponding to c; generally, it is the number of independent algebraic
equations needed to model this constraint. For instance, a distance constraint
�xes 1 degree of freedom and then its corresponding edge has weight 1.

The weight function w can also be applied to any sub-graph G′ = (O′, C ′, w)
of G. w(G′) computes the di�erence between the sum of vertices in O′ weights
and the sum of edges in C ′ weights: w(G′) =

∑
o ∈ O′w(o)−∑

c ∈ C ′w(c).
This di�erence represents the degrees of freedom of the sub-system corresponding
to the sub-graph G′.

The planning phase exploits a structural property of this graph to �nd rigid
sub-graphs which can be solved one by one and then assembled. This structural
property, called structural rigidity, or, in short, s-rigidity, is de�ned as follows:

De�nition 3 The weighted geometric constraint graph G corresponding to a
geometric constraint system in dimension d is s-rigid i�:

� w(G) = d(d+1)
2 ;

� every sub-graph G′ of G veri�es: w(G′) ≥ d(d+1)
2 .

An s-rigid sub-graph of G is called a cluster.
The structural rigidity is similar to the property P introduced in [LM98] and

to the density notion introduced in [HLS97]. The structural rigidity is a neces-
sary condition to prove rigidity in the general case (i.e., except in degenerate
con�gurations [Hen92]). It is not a su�cient condition, except for distance con-
straints between points in 2D [Lam70]. However, if the system of corresponding
equations is independent, the structural rigidity is a su�cient condition to en-
sure rigidity in the general case. In other cases, it is considered a good heuristic
for detecting rigid sub-parts of a system.

The planning phase makes use of the s-rigidity property to produce a plan.
A plan is a set of sub-graphs (equivalent to sub-systems) with a partial order
between the sub-graphs. More precisely, the produced plan is a reversed tree of
clusters, called cluster tree in the following.

The solving phase, also called construction phase, follows the plan given by
the previous phase. It computes the coordinates of the geometric objects in every
cluster. Then it recursively assembles clusters into a unique assembly.

3 The Planning Phase
The goal of the planning phase is to �nd an ordering for solving the constraints
in an incremental way. More precisely, the aim is to identify rigid sub-parts,
that can be solved independently and then assembled. Ho�mann et al. [HLS97]
have introduced an algorithm which achieves such a planning. In this section, we



present and illustrate the algorithm proposed by Ho�mann et al. and we discuss
its limits.

Ho�mann's planning algorithm builds a reverse tree of clusters called cluster
tree: the root is the �nal cluster covering the whole system; the leaves are the
clusters which involve no other cluster, but only geometric objects; there is an
arc between a cluster K and all the clusters that have been merged to yield K.

The algorithm builds clusters in sequence by interleaving 3 steps until there
is no more rigid sub-graph in the weighted geometric constraint graph. The 3
steps are the following ones:

� The merge step �nds a cluster K of minimal size. This cluster is made of
several prior clusters or geometric objects of Gm.

� The extension step repeats single extensions while the current cluster K
remains s-rigid. One single extension adds to the current cluster K one object
of Gm which is connected to K.

� The updating step removes from the graph all objects in the current cluster
K and replaces them by a single vertex NK of weight d(d+1)

2 in Gm. Edges
between internal and external objects are transferred on this single vertex.

Let us illustrate this algorithm on an example in 2D made of 15 points and
27 distance constraints between them (see Figure 1 - G0

m).
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Fig. 1. Snapshots of the graph Gm during the execution of Ho�mann's planning
method, and resulting cluster tree.

The �rst merge step �nds the sub-graph G =< A, B > of Gm. This clus-
ter is extended until a �x-point is reached. The set of adjacent points of this
cluster is {C, H, I}. Since < A, B, I > is s-rigid, I is added to G. The same



process is performed to add H, C and J to G. So the new set of adjacent points
is {D, G, N, K}. None of these points can be added by extension, so we have
reached the �x-point G =< A, B, I, H, C, J >. A new vertex K1 of weight 3 is
added and A,B, I,H, C, J are removed from Gm as well as all constraints among
them (see Figure 1 - G1

m). K1 is placed into the cluster tree and the next merge
step is performed. It identi�es < M, N > as a minimal s-rigid sub-graph of Gm.
This cluster is extended to K2 =< M, N, O,K, L > (see Figure 1 - G2

m). Note
that K2 could have been extended onto J if < M,N > were identi�ed at the
beginning. Finally, G, F, D and E are merged into K3 (again, note that C and
L could have been included in K3) (see Figure 1 - G3

m).
Since clusters do not share points, inter-cluster constraints (i.e., the distance con-
straints dist(J,K), dist(J,N), dist(G,C), dist(G, L), dist(F, L) and dist(C, D)
) are handled by the last merge step (see Figure 1 - G4

m). So the solving process
for this last step can be very expensive.

The critical observation is that one merge step, as well as one single exten-
sion onto one object, identi�es one sub-system for the solving phase. The main
di�erence between merge and extension resides in the fact that an extension can
identify a solving sub-system of size at most d(d+1)

2 equations1 while a merge
step can identify a solving sub-system of any size.

Moreover, the merge step is the most expensive step of the planning phase.
Indeed, the algorithm based on network �ows techniques proposed by Ho�mann
et al. in [HLS98] to perform one merge step on a weighted geometric constraint
graph G = (O, C,w) runs in O(‖O‖2(‖O‖ + ‖C‖)) while extension steps are
linear operations.

Therefore, we propose a new heuristic where clusters can share objects, the
aim being to maximize the extension capabilities, and thus, to reduce both the
number of constraints which have to be handled during the merge steps and
the number of required merge steps. This heuristic generalizes previous ad-hoc
techniques [BFH+95].

4 The Proposed Heuristic

The goal of the heuristic we propose is to reduce the size of the identi�ed sub-
systems. We have shown on the example of previous section that the current
cluster could have been extended to more objects if these objects were still
present in the graph. The heuristic we propose is to leave these objects in the
graph. Indeed, they are candidates to be included by extension in future clusters.
A consequence of this heuristic is that clusters may share objects.

To apply this heuristic, we propose to use a new graph, Ge, dedicated to the
extension step. Unlike Gm, Ge only contains geometric objects for vertices. Ge

1 Since a non-deformable object in dimension d can have at most d(d+1)
2

degrees of
freedom, and the position and orientation of any object having w degrees of freedom
can be determined by solving a system involving w independent equations



is a more detailed model of the geometric constraint system than Gm is. Indeed,
in Ge clusters are represented by the set of its interface objects and not by single
vertex like in Gm. The interface objects are the objects of the cluster which are
still connected to objects outside the cluster; the internal objects are the objects
of the cluster which are connected only to other objects within the cluster. The
interface objects of a cluster K are the candidates for the inclusion in future
clusters, and thus they will remain in Ge. This imply that an object that has
already been included in a cluster can be included in other clusters: clusters can
share objects.

Let us describe the 3 steps of the new planning phase:

1. The merge step is still performed on Gm. The sub-graph Km identi�ed as a
minimal cluster in Gm is then translated into the corresponding sub-graph
Ke of Ge the following way: Each cluster in Km is replaced by its set of
interface objects; each object in Km remains the same in Ke

2. The translated
system constitutes the solving sub-system identi�ed by the merge step.

2. The extension step is performed like before, but in Ge instead of Gm: While
Ke remains s-rigid, objects of Ge are added to Ke.

3. The updating step updates both Ge and Gm.
In Ge, interface constraints are placed between the interface objects of Ke.
These interface constraints are designed so that the sub-graph made of the
interface objects along with these interface constraints is s-rigid.
in Gm, Km is replaced by a single vertex NK , and coincidence constraints
are placed between NK and clusters with which Km shares objects.

The algorithm Rigidification in the next section details the three steps of this
new planning phase.

Shared Objects
Every object of the system is an interface object until it becomes an internal
object. While an object remains an interface object, it is candidate to be shared
by clusters . To handle the fact that one geometric object appears in di�erent
clusters, we duplicate this object: Each object o have one instance in each cluster
in which it appears; the last cluster in which it is duplicated is the one where o
becomes an internal object. However, vertices of Ge (and Gm) are not duplicated:
one vertex represents one geometric object and all its instances.

Interface Constraints
Interface constraints are introduced to rigidify the set of interface objects of the
newly formed cluster. We propose to use prede�ned rigidi�cation patterns to
place these interface constraints between the interface objects.

A rigidi�cation pattern, called r-pattern in the following, is a set of geometric
constraints which, applied to a particular set of objects O, rigidify these objects
2 Performing the merge step on Ge is not possible since it could always select the
same sub-graph: the sub-graph made of the interface objects and of the interface
constraints of the �rst found cluster.



relatively to each other. For instance, a distance constraint is an r-pattern for 2
points or 1 point and 1 line in 2D.

Since it is impossible to de�ne a rigidi�cation pattern for any set of geometric
objects, we propose to de�ne only r-patterns for any set of 2 objects, and also to
de�ne r-patterns which rigidify any 1 object relatively to any 2 objects. These
patterns allows us to triangulate the set of interface objects in the following way:

1. Rigidify any 2 interface objects o1, o2 of K using the corresponding r-pattern.
2. Rigidify any other interface object of K relatively to o1 and o2 using the

corresponding rigidi�cation pattern.

We propose the following set of r-patterns for points and lines in 2D:

� Rigidi�cation of any 2 objects:
• Points p1 and p2 are rigidi�ed using a distance constraint dist(p1, p2).
• Point p1 and Line l1 are rigidi�ed using a distance constraint dist(p1, l1).
• Lines l1 and l2 are rigidi�ed using an angle constraint angle(p1, p2).

� Rigidi�cation of any 1 object relatively to any 2 other objects:
• Point p relatively to:

∗ Points p1 and p2: 2 distance constraints dist(p, p1) and dist(p, p2).
∗ Point p1 and Line l1: 2 distance constraints dist(p, p1) and dist(p, l1).
∗ Lines l1 and l2: 2 distance constraints dist(p, l1) and dist(p, l2).

• Line l relatively to:
∗ Points p1 and p2: 2 distance constraints dist(l, p1) and dist(l, p2).
∗ Point p1 and Line l1: 1 distance constraint dist(l, p1) and 1 angle

constraint angle(l, l1).
∗ Lines l1 and l2: 1 angle constraint angle(l, l1) and 1 distance con-

straint between intersection points l ∩ l1 and l ∩ l2.
Using r-patterns is not su�cient to consistently rigidify a set of interface

objects. Indeed, they must not only be rigid relatively to each other, but also
respect the metric properties they have relatively to each other in every cluster
where they occur. More precisely, for a given con�guration c of the interface
objects O of a cluster K1, all produced con�gurations in a latter cluster K2

which includes these objects O must be compatible with c, i.e. there must exist
a rigid-body transformations such that the occurrences of O in K1 and the
occurrences of O in K2 coincide.

To ensure this property, we propose:

1. To instantiate an interface constraint c(A,B), placed by a cluster K1 between
its interface objects A and B, only when it is used, i.e. a single extension of
another cluster K2 utilizes this interface constraint c(A,B) to include either
A or B in K2. The interface constraint is then instantiated between the
instances of A and B in K1 (A1 and B1) and the instances of A and B in
K2 (A2 and B2) the following way: c(A1, B1) = c(A2, B2)

2. To use orientation constraints to forbid unwanted con�gurations in our set
of prede�ned r-patterns.

The use of interface constraints is illustrated in the following example.



Coincidence Constraints
A coincidence constraint is placed in Gm between any two clusters K1 and K2

sharing an object o of weight W . The weight placed on this coincidence con-
straint is W .
Note that since all sub-graphs of Gm are translated into sub-graphs of Ge, co-
incidence constraints are never involved in sub-systems to solve.

Example
We illustrate the behavior of the new heuristic on the small example presented
in previous section (see Figure 2 - G0

m and G0
e).
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Fig. 2. Snapshots of the graphs Gm and Ge during the run of the algorithm, and
obtained cluster tree. Interface constraints are drawn in dotted lines.

The �rst merge and extension steps yield a sub-graph G1 containing the
points A, B, I, H, C and J . The instances of these objects in K1 will be called
A1, B1, I1, H1, C1 and J1. A new vertex K1 of weight 3 replaces these points
in Gm (see Figure 2 - G1

m). The internal points (A, B, H, I) and the internal
constraints of K1 are removed from Ge. An interface constraint is added between
J and C (see Figure 2 - G1

e). If we apply the r-patterns we have proposed,
this interface constraint will be a distance constraint since J and C are points
(dist(C, J)).

The cluster G2 is then created in the same way. It is condensed into the vertex
K2 in Gm. G2 contains instances J2, K2, L2, M2, N2 and O2 of the points J ,
K, L, M , N and O. Since G2 includes the point J which also belongs to G1,
a coincidence constraint of weight w(J) = 2 is inserted in Gm between K1 and
K2 (see Figure 2 - G2

m). The interface objects of G2 are J and L. A distance
interface constraints is placed between these two points (dist(J, L)).

The cluster G3 is �nally created and condensed into K3 in Gm. G3 includes
all the remaining vertices of Ge (see Figure 2 - G3

m) and then contains instances



C3, D3, E3, F3, G3, J3, L3. The interface constraints dist(C, J) and dist(J, L)
placed by clusters K1 and K2 are used by the cluster K3 to extends onto J .
Thus, these constraints are instantiated between the occurrences of C, J and L
in the di�erent clusters:

� dist(C, J) becomes dist(C1, J1) = dist(C3, J3)
� dist(J, L) becomes dist(J2, L2) = dist(J3, L3)

This ensures that the metric properties between J3, C3 and L3 solved in cluster
K3 will �t the metric properties of C1, J1, J2, L2 solved in the other clusters.

The planning phase is then �nished and has produced the cluster tree de-
picted in Figure 2.

Evaluation
The execution of the planning algorithm proposed by Ho�mann et al. in [HLS97]
on the same example yields a last merge step involving 6 constraints correspond-
ing to a sub-system of at least 6 equations. Our heuristic allows us to limit the

K  (3)

3
mGGm

3

K

O

MN

LJ

G F

EDCB

HI

A

Cluster Tree

K1

K4

A B C H I J

K2
K L M N O

   K1  K2  K3

2(
JN

,J
K

)

2(CG,CD)

2(FL,G
L)

K3
  D E F G

K  (3)

K  (3)

1

2

3

LJ

G F

EDC

e
2G Cluster Tree

K1

K3

(CJ) (JL)

A B C H I J
K2

J K L M N O

C D E F G L J

Ge
2

K

O

MN

LJ

G F

EDCB

HI

A

Hoffmann et al.

New heuristic

Fig. 3. Evaluation of our heuristic on the example

number of constraints involved in any identi�ed sub-system to 2 constraints in
the worst case (for this example). Moreover, using our heuristic, only 3 merge



steps were needed to ful�ll the planning phase while 4 merge steps were needed
without the heuristic.

Figure 3 illustrates these points. The left most graphs represent the 3 clusters
obtained obtained without the heuristic (G3

m) and the 3 other clusters obtained
with the heuristic (G2

e). Points J , L and C are shared in G2
e.

The upper graph in the center represent the state of the weighted constraint
graph after 3 merge steps without our heuristic (G3

m); the graph below it rep-
resent the state of the weighted constraint graph after 2 merge steps using our
heuristic (G2

e). These two graphs are the last inputs given to the planning algo-
rithm before it terminates.
The right most graphs represent the cluster trees obtained.

However, the sharing of objects implies to duplicate each object the num-
ber of times it is shared. This duplication adds more variables to the constraint
system. Moreover, we introduce two kind of constraints (coincidence and inter-
face constraints) which are also added to the initial system. Hence, the solving
phase of a decomposition obtained using our heuristic involves a total of con-
straints and objects greater than the solving phase of a decomposition without
our heuristic for the same initial system.

Despite this fact, experimentations show that it seems better to solve more
small blocks than less bigger blocks. Comparisons on small examples are provided
in [JTNR00]. These comparisons shows that using our heuristic, a decomposition
in smaller or equal sub-systems is obtained: on our examples, we obtain sub-
systems up to 6 times smaller. Also, the solving phase we propose in [JTNR00]
is up to 6 times quicker for the decomposition of our examples with our heuristic
than for the decomposition of the same systems without our heuristic.

5 The New Algorithm

This section present a planning algorithm called Rigidification which is based
on our heuristic. We also prove the correctness of this algorithm and discuss its
worst case complexity.

The function MinimalSRigid(Gm, d, Ge) which performs the merge step runs
the �ow-based algorithm presented by Ho�mann et al. in [HLS97].

Complexity Of Rigidification

The essential operation of the algorithm Rigidification is the merge step.
Indeed, the extension step is only a linear operation, and the updating step can
be considered a constant time operation.
The complexity of the MinimalSRigid function is given in [HLS97]:O(n2(m+n))
where n is the number of vertices in G and m is the number of edges in G.
The worst case complexity is reached when no extension is performed and each
sub-graph identi�ed by the MinimalSRigid function is reduced to a single edge.
Then the complexity of the algorithm Rigidification is O(m ∗ n2(m + n)).



Algorithm 1 Rigidification (in G: Graph; in d: Integer; out CT : Cluster-
Tree)

{G is the initial weighted geometric graph; d is the dimension of the problem (2D,
3D); CT is the plan (cluster tree) that is produced by the algorithm.}
CT ← ∅; Gm ← G; Ge ← G
repeat

G1 ← MinimalSRigid(Gm, d, Ge) {Merge step}
{Extension step}

repeat
for all o of Ge connected by at least one edge to G1 do
if G1 ∪ {o} is s-rigid then

Add o and corresponding edges to G1

end if
end for

until G1 is no more modi�ed
{Updating step}

Let G2 be the sub-graph of Gm corresponding to G1

Replace G2 by a new vertex K in Gm

Add in Gm the coincidence constraints for the shared objects of K
Insert K in the cluster tree CT and add the dependencies for K
Add in Ge interface constraints for the interface objects of G1

Remove from Ge internal objects of G1 and connected arcs
until Gm contains no more rigid sub-graph

Correctness Proof Of Rigidification

The algorithm Rigidification terminates since the size of the graph Gm is
reduced at each updating step. Indeed, after the processing of one sequence of
merge, extension and updating steps, there is two di�erent possible states:

1. Either a new non-empty cluster has been formed and then all objects and
clusters it embeds are removed from Gm and replaced by a single vertex3.

2. or no cluster has been found, i.e., the merge step has returned an empty
sub-graph. This is the termination condition for the algorithm.

To prove the correctness of the algorithm Rigidification, we should prove
the correctness of all the operations it performs. Proofs of merge and extension
operations are provided by Ho�mann et al. in [HLS97]. So we should only prove
the correctness of the updating step of the algorithm. To do so, we have to
establish that each operation done while updating each graph preserves both
the s-rigidity of the initial system and all the solutions of the initial system.

Thus, proving the following four propositions is su�cient to prove the cor-
rectness of our algorithm:
3 Note that a non-empty cluster contains at least one edge, and then two vertices;
hence, replacing the content of the cluster by a single vertex reduces the number of
vertices in Gm by at least 1



Proposition 1. Gm (resp. Ge) have the same weight before and after updating

Proposition 2. If Gm (resp. Ge) contains any over s-rigid sub-graph after up-
dating, then it already contained an over s-rigid sub-graph before updating.

Proposition 3. If Gm (or Ge) contains any over s-rigid sub-graph before up-
dating, then it will still contain an over s-rigid sub-graph after updating.

Proposition 4. The geometric constraints added to preserve s-rigidity are re-
dundant to the initial constraint system.

Propositions 1,2 and 3 establish that the s-rigidity of the initial system is
preserved after updating. Proposition 4 establishes that the set of solutions of
the initial system is preserved after updating.

Notations
K denotes the latest detected cluster, G0

e stands for the graph Ge before the
updating due to detection of K, G1

e is the graph Ge after updating. G0
m denotes

the graph Gm before updating and G1
m is the graph Gm after updating. NK is

the vertex replacing the cluster K in G1
m. K1 is the updated cluster K in G1

e,
made of the interface objects of K along with interface constraints that make
them s-rigid relatively to each other.
R represents the weight of a rigid assembly (R = (d(d + 1)/2 in dimension d).
W0 denotes the weight of G0

m (resp G0
e) while W1 represents the weight of G1

m

(resp G1
e). Note that W0 = W1 = R if these graphs are s-rigid.

wr represents the sum of the weights of the internal objects in K, wi is the sum
of the weights of the interface objects in K, wc is the sum of the weights of the
constraints in K and wp is the the sum of the weights of the objects in K that
are already part of previous clusters, i.e. shared objects. Note that wp is part
of wi + wr, since the share objects can be as well internal objects as interface
objects.
The fact that K is s-rigid holds the following property: wi + wr − wc = R.

Proof of Proposition 1
Updating of Gm:
Proposition 1 holds for Gm. Intuitively, replacing K by NK duplicates the shared
objects of K, which introduces an excess weight in Gm. The addition of coinci-
dence constraints will compensates this excess weight.

More formally, the updating step of Gm is composed of 3 operations:

1. Removal of objects and constraints of K. After this operation, the weight of
G1

m becomes W0 − wi − wr + wp + wc = W0 −R + wp.
2. Addition of the vertex NK representing K. this adds a weight R to the weight

of G1
m, which then becomes W0 + wp.



3. Addition of coincidence constraints. Coincidence constraints are added to
Gm between the new vertex representing K and vertices to which K's shared
objects already belong. The weight of this constraints is exactly the weight
of the shared objects, i.e. wp. Thus, G1

m has weight W1 = W0. 2

Updating of Ge:
Proposition 1 holds for Ge. Intuitively, the removal of the internal objects of K
and all the constraints of K from Ge is compensated by the addition of interface
constraints. Indeed, the weight of the interface constraints that are added is
exactly the weight of the interface objects of K minus R, so that the interface
objects along with the interface constraints represent an s-rigid sub-graph.

More formally, the updating step of Ge is divided into 3 operations:

1. Removal of constraints of K. After this operation, the weight of G1
e becomes

W0 + wc.
2. Removal of internal objects of K. Then the new weight of G1

e is W0+wc−wr.
3. Addition of interface constraints. This reduces the weight of G1

e to W1 =
W0 + wc − wr − wi + R = W0. 2

Proof of Proposition 2
Updating of Gm:
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Fig. 4. Proof of Proposition 2 for Gm - G contains NK

Informally, it is always possible to �nd one sub-graph G′ of G0
m which has a

weight equal to the weight of a sub-graph G of G1
m.

Indeed, there are two cases for G:

� G does not contain the vertex NK . Then G′ = G is also a sub-graph of G0
m.

� G contains the vertex NK . Let G1 be the sub-graph of G without this vertex
NK . G1 is also a sub-graph of G0

m. Then, G′ is the sub-graph of G0
m made of

G1 and the whole cluster K. K and NK have the same weight R. Moreover,



For each object o in K that is shared with a previous cluster C represented
by a vertex NC in G1, there is a coincidence constraint between NK and
NC .
It must be understand that a shared object can only be included in a new
cluster by a single extension. Indeed, shared objects are interface objects of
previous clusters. Interface objects remains only in Ge

4. Only the extension
step is performed in Ge, hence only a single extension can include an interface
object of a previous cluster in the current cluster.
To be included by a single extension into the current cluster K, an object o
of weight w must share a set of constraints with other objects already in K
such that the total weight of these constraints is w.
Hence, for one coincidence constraint of weight w in G1

m between NK and
NC , there was a set of constraints in G0

m between objects of K and the vertex
NC which total weight of w also.
This proves that G and G′ have the same weight.

There exists a sub-graph G′ of G0
m which has the same weight as G, a sub-graph

of G1
m. Hence, if G is over s-rigid, G′ is also over s-rigid. 2

Updating of Ge:
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Fig. 5. Proof of Proposition 2 for Ge - G shares a common part with K1

Informally, it is always possible to �nd one sub-graph G′ of G0
e which has a

weight lower than or equal to the weight of a sub-graph G of G1
e.

Indeed there are two cases:

� G contains no interface constraint. Then G′ = G is also a sub-graph of G0
e.

� G contains some of the interface constraints added during the updating step
for the cluster K. Hence G contains a subset of the interface objects of K.
G1 is the sub-part of G which does not contain these interface objects of K.
Then G1 is also a sub-graph of G0

e. Thus, G′ is the sub-graph of G0
e made of

4 until they become internal object of a future cluster



G1 and the cluster K in a whole.
Due to the s-rigidity of K (and K1), a sub-part of K (or K1) has a weight
greater than or equal to R while K in a whole has a weight exactly equal to
R. Hence G′ has a weight lower than or equal to G.

There exists a sub-graph G′ of G0
e which has a weight lower than or equal to

the weight of G, a sub-graph of G1
e. Hence, if G is over s-rigid, G′ is also over

s-rigid. 2

Proof of Proposition 3
Updating of Gm:
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Fig. 6. Proof of Proposition 3 for Gm - G shares a common part with K

Informally, it is always possible to �nd one sub-graph G′ of G1
m which has a

weight lower than or equal to the weight of a sub-graph G of G0
m.

Indeed there are two cases:

� G does not contain a sub-part of the cluster K. Then G′ = G is also a
sub-graph of G1

m.
� G contains a sub-part of the cluster K. Let G1 be the sub-graph of G without

this sub-part of K, then G1 is also a sub-graph of G1
m. G′ is the sub-graph

of G1
m made of G1 and of the vertex NK .

K and NK have the same weight. Due to the s-rigidity of K, a sub-part of
K has a weight greater than or equal to R while K in a whole has a weight
exactly equal to R. Hence G′ has a weight lower than or equal to G.

There exists a sub-graph G′ of G1
m which has a weight lower than or equal to

the weight of G, a subgraph of G0
m. Hence if G is over s-rigid, G′ is also over

s-rigid. 2
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Fig. 7. Proof of Proposition 3 for Ge - G shares a common part with K

Updating of Ge:

Informally, it is always possible to �nd one sub-graph G′ of G1
e which has a

weight lower than or equal to the weight of a sub-graph G of G0
e.

Indeed there are two cases:
� G does not contain a sub-part of the cluster K. Then G′ = G is also a

sub-graph of G1
e.

� G contains a sub-part of the cluster K. Let G1 be the sub-part of G which
does not contain the sub-part of K. Then G1 is also a sub-graph of G1

e. Then,
G′ is the sub-graph of G1

e made of G1 and the cluster K1 in a whole (all
the interface objects of K and all the interface constraints added to rigidify
these interface objects).
Due to the s-rigidity of K, a sub-part of K has a weight greater than or
equal to R while K and K1 in a whole have a weight exactly equal to R.
Hence G′ has a weight lower than or equal to G.

There exists a sub-graph G′ of G1
e which has a weight lower than or equal to the

weight of G, a sub-graph of G0
e. Hence if G is over s-rigid, G′ is also over s-rigid.

2

Proof of Proposition 4
As described in section 4, a sub-system to solve always corresponds to a sub-
graph of Ge. So we will only have to prove that interface constraints are added
redundantly to the initial system. This is done by construction: the interface
constraints that replaces a cluster K are designed to provide the same set of con-
�gurations as the initial constraints of K (see section 4 - Interface Constraints).
2

6 Conclusion
The new heuristic introduced in this paper for the planning phase produces in
general smaller blocks for the solving phase, which is interesting despite the addi-



tion of constraints to the system and the duplication of some objects. Moreover,
interval propagation techniques, which are general and complete solving tech-
niques, can e�ciently make use of the produced construction plan to compute all
possible positions and orientations of the geometric objects under constraints.
The reader will refer to [JTNR00] for more details about this solving phase.
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