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Abstract

The structural rigidity property, a generalization of Larisatheorem which
characterizes rigid bar frameworks in 2D, is generally aegred a good approx-
imation of rigidity in geometric constraint satisfactioroplems (GCSPs). How-
ever, it may fail even on simple GCSPs because it does nogedetric proper-
ties into account.

In this paper, we question the flow-based algorithm used Hjnkémn et al.
to identify rigid subGCSPs. We show that this algorithm maiy tiecause of the
structural rigidity, but also by design. We introduce a neswfbased algorithm
which uses Jermanet al’s characterization of rigidity. We show that this algo-
rithm is correct in 2D and 3D, and can be used to tackle the misgoes related
to rigidity: deciding whether a GCSP is rigid or not and idfg rigid (or over-
rigid) subGCSPs.

1 Introduction

Geometric constraint satisfaction problems (GCSPs) awdderally in several areas,
such as CAD, robotics and molecular biology. The rigiditycept is in the heart of
many of these problems: deciding whether a GCSP s rigid grdeiecting rigid or
over-rigid sub-parts, and so on.

Several method¥[ ?, ?, ?, ?, ?] for solving GCSPs have to handle rigidity related
problems. In particular, geometric decompositions of GEgPduce sequences of
rigid subGCSPs to be solved separately and then assembled.

The techniques used so far for rigidity detection can besified in two categories:
pattern-based approach&s?P] depend on a repertoire of rigid bodies of knoshmape
which cannot cover all practical instances; flow-based agghes P, ?] use flow (or



maximum matching) machinery to identify subGCSPs verifyarstructural property:
thestructural rigidity. This property is based on a degree of freedom count.

The latter approaches are more general eventhough studigidity is only an
approximation of rigidity. Heuristics, likad-hocgeometric rules, have been proposed
to enhance structural rigidity capabilities, none of whitltceeded to cover the gap
between structural rigidity and rigidity?] have defined thextended structural rigid-
ity, a new approximation of rigidity which supersedes even tistically enhanced
classical characterizations.

In this paper, we focus on the algorithmic aspects of rigigituctural characteri-
zation. [?] have proposed a flow-based algorithm cal¥ths e for this purpose. After
providing the necessary background (Section 2), we ex&nipie limits of this al-
gorithm and the capabilities of our new algorithm (SectipnSection 4 presents the
specificities of our new algorithm and explains its advaegadjrst, it uses the extended
structural rigidity instead of the structural rigidity;cnd it uses flow machinery in a
geometrically correct way. We explain how this algorithnm ¢ee used to tackle the
major issues related to the rigidity concept.

2 Background

This section provides the necessary background for therpermally defines GC-
SPs, the rigidity concept and the structural characteozaof rigidity.

2.1 Geometric Constraint Satisfaction Problems

Definition 1 GCSP

A geometric constraint satisfaction problem(GCSP)S = (O, C) is defined by a set
of geometric object® and a set of geometric constrainisbinding its objects.

S = (0',C") is asubGCSPof S = (O, C) (notedS’ C S) iff O’ C O and every
constraintinC’ C C binds only objects i)’ (i.e.,.S” is induced by0D’).

a)
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Figure 1: Two examples of GCSPs

Fig. 1-a presents a GCSP in 2D composed of 3 lines constran2dgarallelisms
and 2 line-line distances; Fig. 1-b depicts a GCSP in 3D caapof 1 line and 5
points bound by 4 point-line incidences and 5 point-poistatices.

We assume that geometric objects are indeformable (e.gircle with variable
radius). Also geometric constraints must involve only foss and orientations of the
objects and they must be independent from the global redergystem (i.e., constraints



only fix objects relatively one to another). These limitasanake the structural char-
acterizations of rigidity easier and are mandatory for geiimsolving methods based
on rigidity.

According to these restrictions, a solution to a GCSR (O, C) is composed of
one position and orientation for each objectirand satisfies all the constraintsdh
For the solving purpose, a GCSP is translated into a systesquadtions: each object
is represented by a set of unknowns (over the reals) whigrméte its position and
orientation; each constraint becomes a system of equatiortee unknowns of the
objects it constrains.

2.2 Rigidity

Rigidity is defined w.r.t. movements A movement in a GCSP is eitherdeforma-
tion if the relative positions of the objects are not preserved displacemengrota-
tion+translation). Intuitively, a GCSP iggid if it admits no deformation, and all the
displacements of the geometric space. lnsler-rigidif it admits some deformations,
andover-rigidif it does not admit some displacements or has no solutiorreNtwrmal
definitions of rigidity can be found irf].

In the example of figure 1-b, the subGCE® F is rigid since a triangle is inde-
formable and can be displaced anywhere in the Euclidean 8&eshe subGCSRF'
is under-rigid: pointF' can move independently of ling since there is no constraint
between them. The subGCSR'DEF is over-rigid since it has no solution: gener-
ically, it is impossible to place point at the intersection of the 3 spheres (distances)
with aligned center¢’, D andE.

2.3 Structural Rigidity

The structural rigidity corresponds to an analysis dégrees of freedofDOF) in a
GCSP. Intuitively, one DOF represents one independent memein a GCSP. More
formally:

Definition 2 Degree of freedom (DOF)

- Object: DOFp) is the number of independent parameters used to deterimingd-
sition and the orientation af.

- Constraint: DOF(¢) is the number of independent equations in the subsystequaf e
tions representing.

- GCSP: DOFE)=3",DOF(o) - >~ -DOF(c) if S = (O, C).

In 3D, points have 3 DOFs, lines have 4 DOFs; point-line iaoicks remove 2
DOFs, and point-point distances remove 1 DOF. Thus, subGCGSR), CDF and
AF from the GCSP in Fig. 1-b have respectively 5, 6 and 7 DOFs.

Structural rigidity is a generalization of Laman'’s theorf# which characterizes
generic rigidity of 2D bar frameworks through a DOF analygisGCSPs composed of
objects and constraints of any type and in any dimensionrdnotjze, it is considered
agood approximatiomf rigidity [?, ?, ?].



Definition 3 Structural rigidity (s_rigidity)

A GCSPS = (0,C) in dimensiond is s_rigid iff DOF(S) = 44t andvs’ ¢ S,
DOF(s") > Yt

S is under-s_rigidff DOF(S) > @ and contains no over-s_rigid subGCSP.

S is over-s_rigidiff 35" C S, DOF(S’) < d(d2+1)_

The gap between rigidity and s_rigidity is in fact significgsee P]). We illus-
trate the difference on two examples borrowed from Fig. 1he: subGCSRABCD
is s_rigid since it has DOF(BC'D)=6 in 3D, but it is in fact under-rigid since point
B can move independently of segmemiD along line A; the sSUbGCSPACDE is
over-s_rigid since it has only 5 DOFs, but itis in fact wegjid.

2.4 Extended Structural Rigidity

The extended structural rigidity (es_rigidity in shortpiased on thelegree of rigidity
(DOR) concept. Intuitively, the degree of rigidity of a suBG&P represents the num-
ber of independent displacements it admits with respecdheéogeometric properties
between its objects. For example, a subGG%Romposed of two lines in 2D has
DOR(S")=3 if the two lines are not parallel, but DOR(=2 if the lines are parallel;
the parallelism of the lines can be an explicit constraint,ibcan also be induced by
the constraints of the GCS# belongs to. In this second case, computing the DOR
may be equivalent to geometric theorem proving.

The principle behind the extended structural rigidity is fbllowing: a GCSP is
rigid if all its movements are displacements; since the nemalh DOFs represents the
number of independent movements while the DOR represeatsuimber of indepen-
dent displacements, comparing both allows us to deterniingdCSP admits some
movements which are not displacements, i.e., deformations

Definition 4 Extended Structural Rigidity (es_rigidity)

A GCSPS = (0, C) in dimensiord is es_rigid iff DOF(S)=DOR(S) andVvS’ C S,
DOF(S")>DOR(S").

S'is under-es_rigidff DOF(S) > DOR(S) and contains no over-es_rigid subGCSP.
S is over-es_rigidff 35" C S, DOF(S")<DOR(S").

The es_rigidity is superior to the s_rigidity (e.g., esidity exactly corresponds
to rigidity on the GCSPs in Fig. 1). Se@][for a comparison between s_rigidity and
es_rigidity and details about the DOR concept.

2.5 Object-Constraint Network

A GCSPS is transformed into aabject-constraint networl' = (s, V, ¢, E, w). Fig. 2-
a depicts the object-constraint network of the GCSP presdntFig. 1-a.

This network was introduced ir?] for the algorithmDense. A flow in this net-
work represents a distribution of the DOFs of the constsaanito the DOFs of the
objects. The principle of structural rigidity detectiorntésapply an overflowx in the
network in order to identify subGCSPs having less tlamOFs left. In Section 4,



we will explain how this principle is extended to search forigid (Hoffmannet al’s
Dense algorithm) and es_rigid (our new algorithm) subGCSPs.

a)

Figure 2: Object-constraint networks and flow distribuson

Definition 5 Object-Constraint Network (s, V. ¢, E, w)

- s is the source andis the sink.

- Each objecb € O becomes an object-nodg € V.

- Each constraint € C becomes a constraint-nodg € V.

- For each objecb € O there is an araw, — T of capacityw(v, — T') =DOF(o) in

E.

- For each constraint € C, there is an arcS — v, of capacityw(S — v.) =DOF(c)

in E.

- For each objecb € O constrained by € C there is an arcv. — v, Of capacity
w(ve — v,) =0 in E.

3 Overview

In this section, we exemplify the contribution presentethis paper on the two GC-
SPs displayed in Fig. 1. These examples illustrate the twio differences between
algorithmbDense and our algorithm:

1. In our algorithm, the value of the overload depends on dantetric properties
of the objects it is applied to, while it is a constaint Dense.

2. the overload is applied via a dedicated nédehich can be attached to any set
of objects in our algorithm, while it is applied directly vame constraint-node in
Dense.

1This constant depends on the dimension of the geometri@space it represents the number of inde-
pendent displacements (rotation+translation): 3 in 20, 80.




3.0.1 Example 1

The first example (Fig. 1-a; in 2D) highlights the first difece. Fig. 2-a presents
the object-constraint network associated to this GCShitnpticture, one can see the
overloadK = 3 applied on the first constraint by algorithbense. This constraint
is linked to two lines, A and B, which are parallel and lie at prescribed distance in the
plane;AB is arigid subGCSP. However, one can easily see that theaachnnot be
distributed completely since a capacity 5 (two constrgihis the overload) is applied
to two lines having only 4 DOFs. Hence, the GCSP is identifedar-rigid since it
contains a sub-GCSP with less thaDOFs.

Fig. 2-b displays our algorithm behavior when the virtuatstoaintR is linked to
the same subGCSRB. The value of the overflowk is computed according to the
geometric properties of these lines: since they are pérdlle= 2 (instead of3 in
algorithmDense). Thus, the flow can be saturated: a capacity 4 (two conssrplaos
the overflow) exactly matches the 4 DOFs4B; the GCSP is not identified over-rigid
by our algorithm. Further overflow applications would allewidentify the GCSP as
well-rigid.

3.0.2 Example 2

The second example (Fig. 1-b; in 3D) illustrates the secdffdrdnce. Its object-
constraint network is depicted in Fig. 2-d. This figure shdhe application of an
overflow 6 via the virtual constrairR onto the 3 pointg’, £ andF' by our algorithm;
The overflow cannot be distributed completely, which sigraad over-rigid subGCSP:
ACDEF, found by adding reachable objects frdtin the residual graph.

Algorithm Dense applies the overflow directly through a constraint-nodenc8i
all constraints are binary in this examp¥nse cannot apply an overflow to the same
set of objects as our algorithm. More generdilgnse cannot apply the overflow to
all subGCSPs and can miss rigid or over-rigid ones. More@amplying the overflow
6 to a pair of objects in this GCSP leads to an incorrect ansaseat was the case in the
previous example; e.g., segments which are rigid would eaetifled over-rigid.

These examples show that some simple and very common suts3€82P and
3D, like parallel lines, triangles or segments, cannot batad correctly by algorithm
Dense?.

In the following section, we detail the differences betwadgorithmDense and
our new algorithm and we present their consequences.

4  Algorithms

In this section, we present Hoffmam al's Dense algorithm in comparison to our
new algorithm. Both use flow machinery on the object-cofstreetwork representing
the GCSP. Our algorithm has two main differences with atorDense:

2In practice P], Dense embeds heuristic rules to prevent this kind of simple fatfurbut more com-
plicated examples can still mistake the algorithm sinceute-based approach can handle all the singular
cases.



e ltuses es_rigidity instead of s_rigidity.
o It distributes flow in ageometrically correctvay in the network.

These new features are achieved thanks to two major modbfisain theDi s-
t ri but e function used bybense (see beginning of Section 3).

We introduce first the principle of flow-based structuralnidécation of rigidity;
then we present and discuss functidirst r i but e which is the key to our modifica-
tions. Finally we explain how functiobi st ri but e is used to design algorithms for
the main problems related to rigidity.

4.1 Flow-based Rigidity Detection

From the geometric point of view, the principle of structufaaracterization of rigidity
is to check if a GCSP admits only displacements. Hence, flased rigidity identifi-
cation can be understood as follows:

1. removekK displacements by introducing DOFs on the constraint side;
2. check if an over-constrained subGCSRexists by computing a maximum flow;
3. if s0 S’ verifies DOFS")<K.

Indeed, a maximum flow in the object-constraint network espnts aroptimal
distribution of the DOFs of the constraints among the DOFthefobjects. If it does
not saturate all the arcs outgoing from the source, somereams’ DOFs cannot be
absorbed by the objects, i.e., the GCSP is over-constrainghis case, there exists a
subGCSRS’ such that DOF§’)<0.

Thus, when an overflow equal f6 is applied in the network on the constraint side,
the identified subGCSB’ verifies DOFG’)<K. Hoffmannet al. have proven that’
is then induced by the objects traversed during the lastedar an augmenting path
during the maximum flow computation; in other wordg,is induced by the objects
reachable from the overloaded constraint in the residwgdhyr

Depending on the value assignedAq this principle can be applied to identify
s_rigid (K = @ + 1), over-s_rigid = @), es_rigid = DOR + 1) or
over-es_rigid K = DOR) subGCSPs.

4.2 FunctionDi stri bute

FunctionDi st ri but e implements the principle presented above. It has been pro-
posed in ] as the core step of algorithiense. We present our version of this
function and explain how it differs from Hoffmaret al’s one.

As already said, applying an overfloit corresponds, from the geometric point
of view, to removingK displacements from the objects linked to this constrainit B
nothing ensures that the subGCSP linked to a single consalows K independent
displacements: removinj DOFs from a subGCSF’ with DOR(S")<K is geometri-
cally incorrecé.

SRemember that the DOR represents the number of indepeniggatments of a subGCSP with re-
spect to the geometric properties between its objects.



For instance, consider a subGCSP composed of 2 points lipked point-point
distance in 3D. This GCSP allows only 5 of the 6 (3 rotations traBislations) in-
dependent displacements of the 3D space since they lacktiigon around the line
going through them. Therefore, removing 6 displacemewts fa couple of points is
geometrically incorrect. However, Hoffmam al’s functionDi st ri but e does so
when the distance constraint binding the two points in 3Dverlmaded withK” = 6.

In order to distribute the flow in a geometrically correct wag propose to intro-
duce a fictive constrain®, having DOFR)=K. This constraint can be linked only to
subset of object®’ allowing K independent displacements, i.e. inducing a subGCSP
S’ having DORS’)> K. K andS’ are two parameters of our functi@h st ri but e.

Distribute (S: GCSP;K: integer;S’: GCSP)returns S”: GCSP)
Require: K > 0,5’ C S verifies DORS")> K
Ensure: S” c S verifies DOFS”)< K, or S” is empty

G < Over | oaded- Net wor k(S, K, S")

V « For dFul ker son(G)

S” «— oj ect - | nduced- subGCSP(V, S)

Return S”

FunctionOver | oaded- Net wor k returns the object-constraint network corre-
sponding taS where the fictive constrairR, set with capacitys, is linked to the ob-
jects ofS’. The maximum flow computation is achieved by a standard flgwrithnf
like For dFul ker son [?]. This function returns the séf of objects reachable from
the virtual constraink in the residual graph if the maximum flow cannot distribute th
whole overload, an empty skt otherwise. Functio@bj ect - | nduced- subGCSP
returns the subGCSP”’ induced byl which verifies DOF§”)<K or S is empty.

The two differences between our version of thest r i but e function and Hoff-
mannet al’s version have already been mentioned: the use of a dedicatestraint for
overflow distribution, which allows to distribute the ovexfl to any subset of objects;
and the adaptation of the overflow to the set of objects on twhits applied, which
renders overflow application geometrically correct.

Example: Fig. 2-a presents the call @ stri bute(S,3,dAB) in Hoffmannet
al.'s version for the GCSP in Fig. 1-a. Since the overflow canmofiitly distributed,
the subGCSPAB is returned. This is correct from the flow point of view since
DOF(AB)=2 is less thank = 3. However, from the geometric point of view, it is
incorrect to interpret this result as an over-rigidity of tBCSP.

For the same subGCSP, dbirst ri but e function leads to a different call and
result: since DORAB)=2, the overflow can be at most 2. Fig. 2-b presents the call
toDi stribute(S,2,AB). The overflow can be distributed fully: no subGCSP is
returned. Further similar calls would allow to concludet thés GCSP is not over-rigid.

Time Complexity: The complexity of our functiolDi st r i but e is dominated by
that of functionFor dFul ker son;itis O(n?(n+m)) wheren is the number of nodes

4In [?], function Di st ri but e is specifically designed for binary constraints and flowritigtion is
merged with network construction and subGCSP identifipatio



andm the number of arcs. It is strictly equivalent to the compiexif Hoffmannet
al.’s version.

Note that if several calls to this function are performed;atild be modified to
compute maximum flow in an incremental way, yielding a bettenplexity.

4.3 Algorithms For Rigidity Detection

Based on th®i st ri but e function, several algorithms can be designed to tackle the
major problems related to the rigidity concept. Hoffmaetral. have proposed the
Dense andM ni nal _Dense algorithms to identify a well or over-rigid subGCSP
and minimize it (using classical combinatorial minimizatiprocess, as it is done by
M ni nral _Dense). These algorithms can be reproduced using our fundiios-
tribute. This allows us to tackle the same problems in a geometyicalirect
manner and with a better characterization of rigidity: tkeeaded structural rigidity.
We will show on algorithmDense how to introduce oubi st ri but e function in
existing algorithms.

Algorithm Dense Versus Algorithm Over - Ri gi d

Schematically, algorithnbense operates by calling thBi st ri but e function for
each constraint in the GCSP until a non-empty subGCSP isnedu The overload is
induced by the dimension of the considered geometric spacepresents the maxi-
mum number of independent displacements in this space [B,i6 th 3D).Dense is
supposed to return only over-rigid subGCSPs since retu@@8Ps do not admit all
the displacements allowed by the considered geometriespac

In fact, Dense is incorrect since it may remove more DOFs than the number of
displacements admitted by a subGCSP. For instance, twdigddirzes admit only 2
displacements in 2D; hence, removing 3 displacements facorparallel lines is geo-
metrically incorrectin 2D.

To obtain a geometrically correct version of algoritid@nse, we propose to use
the es_rigidity instead of the s_rigidity, i.e. the DOR is ttwerload; also, we use our
Di st ri but e function instead of Hoffmanat al.s one.

This results in a new algorithm, call&dver - Ri gi d, for structurally identify-
ing over-rigid subGCSPs in a correct manner: for edtht S, one call to function
Di stri bute(S, DOR(S"), S’)) can identify over-es_rigid subGCSPs. Indeed, if
the call for a givenS’ returns a non-empty subGCSP, then it verifies DOF§”) <
DOR(S") a sufficient condition for being over-es_rigid (see Def. 4)

Over-Rigid (S: GCSP) returns”: GCSP
Ensure: S” c S is over-es_rigid or empty
S" «— EmptyGCSP
M «— DOR-M ni nal s(.S) {builds the setM of all DOR-minimal subGCSPs in
S}
while S = EmptyGCSP andM # () do
S’ « Pop( M)



S" — Distribute(S, DOR(S"), S
end while
Return S”

Definition 6 DOR-minimal subGCSP
A subGCSR’ in a GCSPS is DOR-minimal if it contains no proper subGCSP with
the same DOR, i.&/S” C S’, DOR(S")<DOR(S").

4.4 Example ofOver - Ri gi d application

Consider again the GCSPpresented in figure 1-b. Lét/ = {BC, BDF,CEF,...}
be the set of DOR-minimal subGCSPs generateD®@y- M ni mal s( S) . Algorithm
Over - Ri gi d then proceeds as follows:

1. First turn,S” = BC and K =DOR(BC)=5. Fig. 2(c) represents the call to
Di stribute(S,5 BC). All the arcs outgoing from the source being satu-
rated, no over-es_rigid subGCSP is identified.

2. Atthisturn,S’ = CEF andK =DOR(CEF)=6. Figure 2(d) represents the call
toDi stribute(S,6,CEF). Thisturn,the ar§ — R is unsaturated. Since
the set of object-nodes traversed during the last sear@nfaugmenting path is
{A,C, D, E, F}, the identified subGCSP i4C D EF which is over-es_rigid.

On the same example, algoritibense would identify each segment (2 points +
1 distance) and each point on the lideas an over-rigid subGCSP, which is false.

4.5 Properties of algorithmOver - Ri gi d

The following proposition ensures that algoritt®aer - Ri gi d is correct and com-
plete.

Proposition 1 Let S” be the result oDver - Ri gi d(5). Either S” is over-es_rigid,
or itis empty andS contains no over-es_rigidity.

Correctness ofOver - Ri gi d: The correctness is based on Lemma 1 which states
that the DOR of nested subGCSPs grows with their size.

Lemmal Let S be a GCSP and’ C S” C S two subGCSPs. Then DORJ <
DOR(S").

Each unit of DOR in a GCSP represents an independent dispétdtranslation
or rotation). Adding a new objeet with some constraints to a subGCSP cannot
remove the independent displacements already grant8tigimce constraints are in-
dependent from the global reference system. Thus, BOR{ DOR(S’ U {0}).O

Let S” be anon-emptysubGCSP resulting fromver - Ri gi d(S). Assuming
it has been returned by the call B st ri but e(S, DOR(S’),S’), S” must verify
DOF(S") < DOR(S') sinceS” is not empty. Moreover, by design of function
Di stribute, S’ ¢ S”. Since Lemma 1 implies that DOR()<DOR(S"), we can
ensure that if5” is not empty, then DO")<DOR(S"), i.e.,S” is over-es_rigidJ
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Completeness ofOver - Ri gi d: The completeness is based on Lemma 2 which
states that overflow applications on nested subGCSPs véthadine DOR are unnec-
essary.

Lemma?2 LetS” c S’ C S be two nested subGCSPs in a GCSPIf the call to
Di stribute(S, K,S’) returns anon-emptysubGCSPS, then the subGCSB;
returned by the call t®i st ri but e( S, K,S”) is alsonon-empty

Let G5 be the object-constraint network overloaded$6andGs. the network over-
loaded forS”. The only difference between these two networks residdsdifigct that
there are more arcs of the type — o in Gs.. Thus, it is more difficult to distribute
an overflow inG 5~ than inGg.: if a maximum flow inG s cannot saturate all the arcs
outgoing from the source, a maximum flowdfy» cannot either

AlgorithmOver - Ri gi d applies an overload only for each element in the\gedf
all DOR-minimalsubGCSPs (computed IBOR- M ni mal s(.S) ). Lemma 2 ensures
that it is sufficient to distribute an overload for each DORyimal subGCSP, since any
non DOR-minimal subGCSP contains, by definition, DOR-malisubGCSP&

Time Complexity of Over - Ri gi d: The complexity of algorithnOver - Ri gi d
depends on the number of DOR-minimal subGCSPs. We havemplyenumeration
that the number of objects in a DOR-minimal subGCSP is 2 in 8B &in 3D for
GCSPs including points, lines and planes constrained hgriss, angles, incidences
and parallelisms. Thus, for GCSPs in this class, the numitggreminimal subGCSPs
is O(n?) wheren is the number of objects antthe dimension of the geometric space
(2 or3).

Let us callCpor the complexity of functiorDOR- M ni mal s, and Cp;, that
of function Di stri but e, discussed in the previous section. Then, the worst-case
complexity of algorithmOver - Ri gi d is O(n? * (Cpor + Cpis)).

The complexityCpor is generally that of geometric theorem proving, i.e., it is
exponential. However, in some practical classes of GCSlsmechanisms or bar
frameworks, it is polynomial or even constant. Moreoveurigtic DOR computation
can be used when geometric theorem proving is required hffaydable. In these
cases(Cpor can be neglected in comparison®;,. We end up withO(n9+2 x (n +
m)). In comparison, the complexity of algorithBense is O(m * n? x (n + m)).
Thus, the overhead to obtain a geometrically correct algoris approximately linear
in 2D, and quadratic in 3D.

4.6 Other algorithms

FunctionDi st ri but e can be used in a similar way to tackle the major problems
related to rigidity: identifying rigid subGCSPs (just byartging the value of the over-
flow in algorithmOver - Ri gi d), deciding if a GCSP is rigid (by one call to Over-
Rigid and a DOF count), finding a minimal well- or over-rigiddd5CSP (by classical
minimization step, as iM ni mal _Dense). For all these problems, using our new
algorithms and the es_rigidity instead of the s_rigiditgde to geometrically correct
and more reliable algorithms.
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4.7 Applications

The new design of functiobi st ri but e allows a more general use of this function,
in a geometrically sound manner: the overflow is not linketheexisting constraints
but to a dedicated constraint; and the overflow should beildiséd to any subset of
objects instead of only to objects linked to a single comstra

The DOR-minimal concept and its properties are the key tainket new family of
polynomial algorithms for the major problems related torilyélity concept.

These new algorithms can handle GCSPs in 2D and 3D corredthyrespect to
the es_rigidity. They can handle GCSPs with constrainespiérallelism or incidence,
which was not possible with Hoffmaret al’s algorithms. Indeed, these constraints
introduce geometric properties in GCSPs, leading to suli®3G@th DOR different
from the maximum number of independent displacements ottimsidered geomet-
ric space. This kind of problematic constraints are ubapstin practical applications
(architecture, CAD, mechanisms) and our new algorithmsi@pway for reliable in-
dustrial use.
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