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ABSTRACT

We propose a method for the reconstruction of an im-
age, only partially observed through a linear integral
operator. As such an inverse problem is ill-posed, prior
information must be introduced. We consider the case
of a compound Markov random field with a non-inter-
acting line process. In order to maximise the poste-
rior likelihood function, we propose an extension of the
Graduated Non Convexity principle pioneered by Blake
& Zisserman which allows its use for ill-posed linear in-
verse problems. We discuss the role of the observation
scale and some aspects of the implemented algorithm.
Finally, we present an application of the method to a
diffraction tomography imaging problem.

1. INTRODUCTION

In a wide variety of physical experiments a two-dimen-
sional real object (an “image”) is only partially ob-
served through a linear integral operator (e.g., Fourier
transform on a sparse set, or convolution over a large
window). Recovering the object from an incomplete
set of noisy data is an ill-posed inverse problem. Such
problems arise in various areas such as diffraction to-
mography, radio interferometry, crystallography, seis-
mic exploration.

In a standard regularisation framework, the qual-
ity of the solution closely depends on the pertinence of
prior information. In the following we assume that the
unknown object is partitioned into nearly homogeneous
regions. Since the pioneering work of Geman & Geman
[2], such prior proved to be well accounted for by com-
pound Markov random fields (MRFs). When the in-
corporated boolean line process is non-interacting, it is
called a weak-membrane model by Blake & Zisserman

(1.

The calculation of the MAP estimate bears all the
difficulty of the problem: the energy function to be
minimised generally exhibits numerous local minima.

Simulated Annealing (SA) provides theoretical weak
convergence towards the global minimum, and such
probabilistic relaxation schemes have raised consider-
able attention since [2]. Unfortunately, SA is numer-
ically intractable in our context (Section 2). This is
the main reason why compound MRFs have only been
used in restricted situations in similar contexts [3] [4].

In order to calculate a weak membrane MAP solu-
tion, we focus on a deterministic relaxation approach
—Graduated Non Convexity (GNC)—initially devel-
oped by Blake & Zisserman for the purpose of image
segmentation and noise cancellation [1] (Section 3). It
generally finds nearly optimal minimum, and at least
it avoids the many shallow local minima. However its
generalization to inverse problems is not straightfor-
ward. In Section 4 we propose a modified GNC optimi-
sation technique that manages any linear ill-conditioned
observation operator.

For a non-linear estimator, invariance of the solu-
tion from the observation scale is not trivialy satisfied:
we present the conditions for the scale-invariance of
the weak-membrane estimator and of GNC relaxation
(Section 5).

Tomographic imaging with diffracting sources is a
typical case of ill-posed linear (or linearised) inverse
problems where only restricted priors have been used
(Section 6). Concluding remarks are presented in Sec-
tion 7.

2. NEIGHBOURHOOD PROBLEM

The observation model is classically given by a linear
integral equation relating noisy data y to the original
image z. The discrete form is:

y=Az +n, (1)

where A is a known linear operator which stands for
the experimental setting and n is the additive noise,
assumed white and Gaussian. The reconstruction of
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z from y presents an intrinsic difficulty: both the ill-
posedness of the continuous observation model and the
physical data acquisition limitations make matrix A ex-
tremely ill-conditioned. Then satisfactory reconstruc-
tion of « needs some prior information. Markov mod-
elling is an appealing way to introduce prior knowledge
about z and further to provide Bayesian estimates of
such as the MAP.

When A is of large support, a new difficulty arises
when a Markovian prior is used. Let V; be the prior
neighbourhood of pixel ¢. Let Az, denote the restric-
tion of A to pixel ¢ and C; its support; let AY/ have
its range restricted to the data point y; and let R; be
its support. Then the neighbours of ¢ in the posterior
distribution, say Vf, are elements of

vh=(UR)Uw (2)
Jj€eC:

So, when the operator A has a large support, prior
locality is lost in the posterior model. E.g., for a Fourier
transform, each C; is the whole range of A and each R;
is the whole domain of A, so in the posterior distribu-
tion the neighbourhood of each pixel is all the image.

SA [2] is based on local updates of each pixel ¢ ac-
cording to its posterior conditional distribution which
involves only the neighbouring pixels of 7 in the pos-
terior. The computational cost of each update obvi-
ously depends on the posterior neighbourhood size. It
becomes enormous when the posterior neighborhood
involves the whole image. In such conditions, SA is

intractable and another optimisation technique should
be seeked.

3. GNC AND THE WEAK-MEMBRANE
MODEL

In some cases GNC is a very effective deterministic al-
ternative to SA [5] which does not require the locality
of the posterior distribution. Let E(z/y) denote the
energy corresponding to the posterior likelihood. The
principle of the GNC consists in the following. A se-
quence of continuously derivable functions (Fp)pen is
constructed. (Fp)peny approximate E at different lev-
els as functions of a parameter p in such a way that for
some po, Fp, is convex and F, — E as p — 0o. Fp, has
a unique minimum, say £, and each &,—a minimum
of F,—is obtained by local descent in the vicinity of
#p_1. The relaxation is controlled by p. There is no
proof of convergence of the final GNC solution 2, to-
wards the global minimum. Nevertheless, its practical
use 1s very satisfactory.

The main limitation of GNC originates in the neces-
sity to construct a sequence (Fp)pen as just described,

because this leads to some severe restrictions on what
prior can be used. In particular, application of GNC to
a model with an interacting line process is not straight-
forward; an attempt to carry it out can be found in [6],
but it is done at the expence of numerical complexity.
For a model with a non-interacting line process, the
astuteness is that the regularisation term in the MAP
energy function can be equivalently stated as a sum of
only pair interaction functions, which subsequently can
be approximated separatedly. But it is not always easy
to find a convenient approximation of the interaction
functions.

The weak membrane model was the first compound
MRF optimised by GNC [1]. It corresponds to a lo-
cally Gaussian, non-stationnary first-order MRF with
a boolean non-interacting line process. The relevant
MAP energy function, after the elimination of the line
process, is given by:

Bef) = Mz —ylP+ 3 dmi-z), )
{t;j€Vi})
¢(t) = NI _r,1)(t) + ¢l —co T[T +e0)(t);  (4)

¢ is the interaction function, ¢ is a first-order difference,
T= 34‘5;— and (4 3)(t) is the indicator function for (a, b].

Such prior locally smooths the image while it can
preserve significant abrupt transitions. [¢t] > T is equiv-
alent to a discontinuity between the relevant pixels;
for |t| < T, the pixels belong to the same homoge-
neous zone. T is the threshold of discontinuity detec-
tion: clearly the solution is not everywhere a contin-
uous function of the data (for a, A fixed), nor of the
model parameters (a, A) (for a given y).

4. CONVEX APPROXIMATION FOR AN
ILL-POSED INVERSE PROBLEM

In order to find if Fp, is a convex function, positive
definiteness of its Hessian matrix H{Fp,(z/y)} can be
alternately checked. As the second derivative of ¢ is
¢"(t) = A2[I—r,)(t) — 61 — b7}, & being the Dirac
delta function, the first step is to approximate ¢ by
a continuously derivable function ¢., depending on a
parameter ¢, and such that: Vi, ¢(t) > —B(c) and
lim._,q B(c) = 0, B(c) > 0. An easy approximation is
given in [1]:

$e(t) = NI g)(8) + al(—co,—rlupr,400) (B) +

for— se(t = Mreaotgn(®: (6)

where ¢ = T(c/(c + 2)2))%, r = T((c + 2X%)/c)3, and
B(c) = c. Transitions between neighbouring pixels may
be continuous (|t| < ¢(c)), discontinuous (|t| > r(c)), or
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else undetermined. The final solution is reached when
there is no more undetermined transitions.

If A is well-conditioned, the sought approximation
sequence is F. = |l Az — y||? + 3_ ¢.(.), whose Hessian
matrix satisfies Vz, H{F.} > 2§R(AtA) -cQTQ: R
stands for real part, { - for hermitian, T - for trans-
posed and @ is the first order difference operator. Let
[g1, ..., pn] be the eigenvalue system of §R(AJ[.A), then
it is easy to check that

F, is convex <= c<cp= y—’z—"l (6)
This is a generalisation of the convexity condition fur-
nished in {1], which is valid for any well-posed linear
inverse problem.

The last relation is interesting mainly because it
highlights what happens when A is singular, or nearly
so. In this case pmin = 0, or at least ymin ~ 0, the
convexity condition is either never satisfied, or is satis-
fied for so small a value of ¢, that it is of no practical
interest.

In order to guarantee the initial convexity for an ill-
conditionned operator, we propose to append an aux-
iliary convex term, which we rapidly relax to zero af-
terwards. Since the initial concavity is characterised
by —1eot?, it is naturally compensated by agt? when
ap > 3¢o. An approximation of E finally reads as fol-
lows:

Fae = |[Az=yl?+ Y [e(zi—z;)+a(ei—z;)*] (7)

{i;jevi}

and Fo, ., is convex. It is convenient to first relaxe a
from ag to 0, ¢ remaining constant (cp), and afterwards
to relax ¢ alone.

5. SCALE INVARIANT SOLUTION

A physically meaningful requirement for a real-world
linear inverse problem is for the solution to be scale-
invariant [7]: if an object z is observed simultaneously
at two different scales, y = Az +n and y* = A’z +n®,
the last being referred to as “the scaled observation
model”, and defined by y* = sy and A* = sA, where s
is the scale factor, both observations should yield the
same estimate #. For a non-linear estimator and for
any given s, the prior model parametfrs correspond-
ing to the scaled observation ought to be corrected
appropriately in function of s. For some priors, this
is not always possible. For the weak-membrane poste-
rior energy function, a sufficient condition for the scale-
invariance is:

E*(z/y’;0°, X, A°) = S E(z/y; 2,0, A).  (8)

Obviously E® and E have the same set of minima. It
is easy to deduce that Eq. (8) is assured when A* = s\
and a® = s?a. The correction comes from the multi-
plication by s of the observation noise.

The scale also plays an important role in the GNC
relaxation schedule itself. Let Fi. . be the approxi-
mation of E* for some relaxation parameter values a*
and ¢* and £. .. its minimum obtained by GNC with
a continuous relaxation; let £, . be the minimum of
Fy, obtained analogously. Then: %,. = ., pro-
vided that ¢* = s%a and ¢* = s%¢c. Hence the relation
between the evolutions of the scaled estimator solution
and of the non-scaled one, is simply a dilatation.

In practice, a valid way to get rid of scale consider-
ations is to normalise A and y.

6. A 2D DIFFRACTION TOMOGRAPHY
APPLICATION

In transmission diffraction tomography, the cross-sec-
tion of an object has to be recovered from some trans-
mitted diffraction field data. In our example, eight sets
of measures are collected by illumination of the object
from eight different directions in the range of [0, Zn]
rad. Under the standard Born approximation, the ob-
servation model linearly relates the 1D Fourier trans-
form of each set of measures to the 2D Fourier trans-
form of the object, calculated along the relevant half-
circle in the frequency domain [8]. Data point reparti-
tion in the Fourier domain (Fig. 1(a)) is rather irreg-
ular and the inverse problem is very ill-posed. Noisy
data were simulated with a signal to noise ratio (SNR)
of 20 dB (see Fig. 1(c)).

Because of the support of A, non-convex regulari-
sation is not standard. Instead, the following methods
are currently used [9]:

e Analytic methods using Fourier transformation are
computationally inexpensive, but they break down in
the presence of noise (see Fig. 1(d)).

e Quadratic regularisation is also inexpensive, but it
is well-known to allow noise cancellation only, at the
expense of oversmoothing the object (Fig. 1(e)).

e Maximum Entropy reconstruction is very efficient
when the image has a spiky appearance over a homoge-
neous background, but it is misled by flat regions over
the background (Fig. 1(f)).

In contrast, the weak membrane solution presented
in Fig. 1(g) provides a very good estimate. Discontinu-
ities are neat and homogeneous zones are well smoothed.

We first normalised A and y so that ||4]|% = N,
where F stands for Frobenius norm and N is the num-
ber of pixels in z. In Eq. (7) a degree of freedom
subsists in the choice of (cp,ag). Numerically, the fi-
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nal solution does not appear to be very sensitive to the
exact values of (cg,ag); we worked with (0.2,0.1). The
reconstruction was computed for « = 1 and A = 2.3;
the choice of (a, A) is independant of the data. We re-
laxed a in two steps. Then ¢ was relaxed similarly to
(1].

We compared solutions computed with an “almost
continuous” relaxation (a and c varying extremely slow-
ly) and solutions obtained using different relaxation
schedules. It may happen that the “continuous” re-
laxation and a three-step relaxation ((ao,co), (0, o),
(0, 400)) furnish the same solution: in these cases the
intermediate solution &g, is alredy in the vicinity of
the final GNC solution. Unfortunately, there is no way
to know, at a given step, if the actual intermediate
solution is or is not in the final solution valley. Never-
theless, a more dense relaxation schedule would permit
to obtain the best GNC-performances more often.

7. CONCLUDING REMARKS

The proposed extension allows proper application of
the GNC to Markovian reconstruction of ill-posed in-
verse problems.

When the prior is suited, the quality of the recon-
structed images is highly satisfactory while the compu-
tational cost remains moderate.

The advantages of compound MRF's are well-known
in image processing. But their use in ill-posed in-
verse problems with large-support operators strongly
depends on the possibility to implement a non-local
optimisation technique.

In spite of the limitations that GNC imposes to the
prior, it is also conceivable for other compound MRFs,
in order to solve ill-posed and large-support-operator
inverse problems.
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Figure 1: Diffraction tomography synthetic example
(a) 8 x 21 data points in the Fourier domain; each half-circle cor-
responds to one projection. (b) Original image of size 21 x 21.
(c) Data, 20 dB signal-to-noise ratio.

Reconstruction results: (d) Inverse Fourier transform. (e)
Quadratic regularization. (f) Maximum Entropy. (g) The pro-
posed Markovian reconstruction.
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