Maximum likelihood and maximum a posteriori
estimation of Gaussian spectra.
Application to attenuation measurements
and color Doppler velocimetry

J.-F. GiovannelliD, J. IdierV), B. Querleuz(?), A. Herment® & G. Demoment(®)
(MLaboratoire des Signaux et Systemes, Plateau de Moulon, 91192 Gif-sur—Yvette Cedex, France.
email: giova@lss.supelec.fr & idier@lss.supelec.ir
(2)Laboratoires de recherche de L’Oréal, 93601 Aulnay-Sous-Bois Cedex, France
()INSERM U.256, Hopital Broussais, 75674 Paris Cedex, France.

ABSTRACT: We address the problem of tracking slowly
varying mean frequency and spectral width from a series of
data vectors y, (p = 1,2,.. .P). When the y, are small-
sized usual methods (periodogram, correlation lags. . .) suf-
fer from strong variability. Moreover, the discrete nature
of observed signals results in ambiguity in spectral domain.
First in a Gaussian setting both for the shape of the spec-
tra and for the statistics of observed signals, we provide a
Maximum Likelihood (ML) technique is provided for spec-
tral moments estimation. Second, we propose a Maximum
A Posteriori (MAP) method in order to account also for
the slowly varying character of the spectral moments. No-
ticeable improvement are obtained with respect to usual
methods: strong variance reduction in the field of ultra-
sound Attenuation Measurement (AM), and correct esti-
mation beyond the Shannon limit in the field of Color Flow
Mapping (CFM).

KeEywoRrDs: Color flow mapping, attenuation measure-
ment, (Gaussian spectra, maximum likelihood, maximum
a posteriori

1. INTRODUCTION AND PROBLEM STATEMENT
Ultrasonic characterization of biological tissues pro-
vides a cheap and harmless support for diagnosis and
control. This article is both devoted to ultrasound
Color Flow Mapping (CFM) and ultrasound Attenu-
ation Measurement (AM). Both problems are closely
related to first and second-order spectral moments es-
timation.

1.1. Color Flow Mapping

Fig. 1 presents the principles of measurements for
CFM. Four-pulses Doppler data y, are simulated at
P = 64 consecutive depths (p = 1,2,...P). Fig. 1
presents both the signals and the associated mean fre-
quency sequences.

The aim is to estimate the spectral moments 8,, =
[y, ) (n = 1,2,...N). An alternate form of the

problem in which each couple of spectral moments is
estimated from a collection Y, of several y, is also
addressed.

Since the velocity is usually distributed according
to a Gaussian density, the proposed method approx-
imates the true PSD with a Gaussian parametric
model. :

The specificity of the problem is two-fold. On the
one hand, the very low size of signals y, (here L =4
samples) results in a reduced amount of information
provided by the measurement. On the other hand, the
discrete character of the data induces spectral aliasing
and ambiguous frequency recovery.

1.2. Attenuation Measurement

Principles of measurements are presented on Fig. 2.
An experimental study has been based on 9 sets of B-
mode echographic in vivo data from the same context.
Fig. 2 shows one of the data sets.

From such a set of data Kuc [6] proposes two meth-
ods of estimation for tissue attenuation.

Spectral difference. As a matter of fact differences
between log-spectra at variable depths very simply
yield the attenuation function, at least in a ideal con-
text.

Spectral shift. In the following we rather focus on
an alternate method which relies on two assumptions.
First, linear attenuation is assumed within the propa-
gating medium:

S4(f) = So(f)exp—4dBf (1)

Second, a Gaussian spectrum is assumed for the inci-
dent wavelet:

So(f) = Koexp —(f — fo)?/2r0 (2)
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Then [6] shows that the PSD remains Gaussian during
propagation. Furthermore, the spectrum mean lin-
early decreases while the spectrum variance remains
constant. The slope of the mean decrease and the
constant level of the variance jointly yield the charac-
teristic attenuation coefficient.

1.3. A common problem

Both CFM and AM applications require that the
first two unkrown spectral moments 6, = [m,,7,]
of Gaussian spectra be estimated as functions of n
(n=1,2,...N), from a series of quasi-stationary data
vectors y,,.

From the above definitions and assumptions AM
and CFM are based on Gaussian PSD parameters es-
timation according to the distance covered by the ul-
trasonic wave in the medium. Tracking Gaussian PSD
parameters is in the scope of the following sections.

2. USUAL METHODS
This issue is classical in several applied domains. Most
usual methods are based on the computation of em-
pirical correlation coefficients within each Y, and es-
timation of N independent mean frequencies.

2.1. Bibliography

The most popular mean frequency estimator is propor-
tional to the phase of the first empirical correlation
lag [9]. In (8] this estimator is shown to be equiva-
lently provided by first order autoregression in a least
squares framework.

Better accuracy is provided by the use of all the es-
timated correlation lags [9]. The mean frequency of
each y,, is estimated as a linear combination of all the
empirical correlations lags. The result is actually the
mean frequency of the periodogram in an arbitrary re-
duced frequency domain of size one such as [-0.5, 0.5].
This illuminates the fact that the resulting estimator
may presents a strong bias if the true frequency does
not strictly range over the assumed interval.

In order to alleviate this problem, [2] proposes an
iterative shift of the data up to the center of the fre-
quency domain and (7] proposes to substitute the
maximum for the average of the periodogram. The
latter choice is equivalent to the maximum likelihood
estimate of the frequency of a pure sinusoid embedded
in a Gaussian noise (see [5], p.410).
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These methods are based on the empirical corre-
lation of each y, and estimation of N independent
mean frequencies. We have implemented the differ-
ent methods and typical periodogram results are pre-
sented here.

2.2. FFT analysis.

Periodogram computation is the basic and most pop-
ular method for spectral analysis based on simple Fast
Fourier Transforms (FFT).

AM: A set of L = 16 samples periodograms has been
calculated and averages over the K = 75 traces have
been performed, one at each of the N = 20 depths.
Computation of mean frequencies and spectral widths
yield the results shown in Fig. 3.

These results suffer from the basic default of the
periodogram i.e. strong variability of the estimated
spectral parameters. On the one hand high variability
from an image to the other is observed. On the other
hand, each mean frequency or spectral width sequence
is too rough to allow reliable conclusions.

CFM: No frequency tracking beyond f = 0.5 is
achieved so true frequencies beyond f = 0.5 induce
strong bias as shown in Fig. 3.

3. MAXIMUM LIKELIHOOD
3.1. Single channel processing

As mentioned above we focus on Gaussian spectra
(case of pure sinusoids can be found in [3]). Gaus-
sian spectrum reads:

5.0 =re Cary e (ZH-m?), @)

and inverse Fourier transform yields the continuous
time correlation:

r+(T) = 12 exp (—2n%rr?)exp (~2irmr)

(4)

Discrete samples of the correlation are collected in the
covariance matrix:

Ry = r Il (m,7) (5)

II;(m, ) = Teeplitz [x(0), 7(1),7(2),...,7(L — 1)]

(6)
(7)
Additive Gaussian zero-mean stationary white obser-
vation noise b yields observation vector y = = + b.

7(l) = exp (=272ri®) exp (—2iwml)



Hence the observation covariance is Ry = Rz + Ry =
rell + 161

Stationary Gaussian hypothesis for the statistics of
x and b gives a parametric structure to the likelihood
functions f(y,|0,). The opposite of the logarithm
yields the anti-log-likelihood (ALL):

ALL,(8)  log (det R,) + y Ry (8)

3.2. K channels processing
When a set of K signals y,, (such as Fig. 1 and 2) is
available instead of a single measured signal, estima-
tion of a single couple of spectral moments from joint
processing is preferable than ad hoc averaging of K
estimated spectral moments.

In the proper vectorial setting, conditional indepen-
dence knowing @,, is introduced in order to process
several vectors. In other words, no correlation infor-
mation between the y,, is available, save the fact that
they have the same spectral moments. Such an as-

sumption leads to likelihood factorization i.e. sum-
mation of ALL of (8):

k=K
ALLy(6) = ) ALLy,(6) x logdet R,+2Tr { R;' M }
k=1
9)
1 k=K 'l‘
with M = > vl (10)
k=1

Let us note the 1-periodicity likelihood with respect
to mean frequency. As a consequence, frequency am-
biguity is not alleviated by the maximum likelihood
approach. As depicted by ALL criteria in Fig. 5, peri-
odicity strictly implies equi-likelihood between f and
every other f + p.

3.8. N depths processing

Let us consider the global problem of estimating all
the spectral moments, namely @ = [6,,0,,...0x], on
the basis of the whole data set i.e. from Y.

As long as we do not incorporate dependence be-
tween the different depths given the series of spectral
moments, decorrelation conditionally to @ is assumed.
This assumption leads to summmation of ALL at each
depth according to:

n=N
ALLy(®) x Y ALLy,(6,)

n=1

(11)

Since this criterion is a separable function of the 6,,
maximization over @ amounts to N optimization over
the @,, i.e. independent treatment at each depth ac-
cording to the two previous subsections. Maximiza-
tion of each likelihood (ML) yields N independent es-
timates éML,.-

3.4. Optimization: gradient procedure

A gradient procedure can achieve the maximization

and it performs well in numerous practical cases.
Calculation of the gradient criterion involves two

derivation formulae found in [4]: d(logdet R)/OR =

R~ ! and B(yt R;'y)/OR = R;ly’[ngl, and it yields:

JALLy(®) NS Y
om,, - Tr{(Ry — Ry MR om,
' (12)
DALLY(®) ) A
T = T (R - RMES (8
(13)
where
or.(l) . (1) 9.2
= " _— = My 4
I, 2jmkm(1), B 2rkim () (14)
3.5. ML results

Likelihood maximization provides the results given by
Fig. 4 in the field of CFM and AM.

AM: On can see a slight reduction in variability
compared to the periodograms of Fig. 3. Better re-
peatability is obtained but the overall result still shows
a poor degree of robustness.

CFM: Compared to Fig. 3, lower bias is obtained
at the expense of increased variability. Moreover, as
an expected consequence of likelihood periodicity, no
frequency tracking is achieved beyond f = 0.5.

Both periodogram and ML results lack of robust-
ness because estimation is performed independently
at each depth. Reduction of variability and extended
frequency tracking are obtained in the next section
by accounting for the slowly varying character of the
parameters in the medium.

4. MAXIMUM A POSTERIORI
4.1. Prior choice
The slowly varying character of the spectral moments
implies positive autocorrelation of the variables within
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m = [my,my,...,mn] and r = [r,7,...,75]. In
order to introduce proper correlation in a Bayesian
framework, let us consider the family of Gauss prior
densities f(@).

f(ms)=G(0,Ry) and f(r;)=G(0,R,) (15)

Let the inverse of the covariance matrix under the
following factored form:

R =rA'A. (16)

In AM and CFM we found that two types of Gauss-
Markov prior could be appropriate, respectively when
A is a first or second finite difference matrix:

o first order difference

1 -1 0 0
0 1 -1 0
A1 = : .. ) (17)
0 0 0 1 -1
e second order difference
1 -2 1
0 1 =2
A= 1. . (18)
0 0 0 1 -2 1

In the field of CFM, information of continuity is
properly taken into account using first order regular-
ization:

Rpy, = tmAjA; and Ryl =rAlA,  (19)

In the case of AM, linear variation is expected for
the mean frequency, so the second order difference
model appears a more adequate prior for the mean
frequency series. On the other hand, mean variance is
assumed constant so a first order difference model is
chosen.

R, = rmA3A;  and Ry =004, (20)

Exhaustive definition of the prior law involves the
joint density of my and ry, i.e., not only the marginal
densities. Since no information is known about sta-
tistical dependence between the respective variations
of m; and 7y, separability is naturally assumed for
the joint density as the product of its marginals:

flmg,rg) = f(mg)f(ry).
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4.2. Posterior density

Fusion of prior and data information is achieved by
the Bayes rule, which provides the posterior density
of O:

fmprs|Y) < f(VImy,r) f(rs) f(my).

Equivalently the Anti-Log-Posterior-Likelihood func-
tion (ALPL) reads:

(21)

ALPLy(®) = ALLy(®) + ALP(®@)  (22)
where ALLy(©) is defined by (11) and the Anti-Log-
Prior function (ALP) is introduced according to:
ALP(®) = m{R, 'mj + v} R 'r;. (23)
Our point estimate is the maximum a posteriori
Ourrap, i.e. , the minimizer of ALPL:
Opmap = argmin {ALPLy(©)} (24)
Simple visual interpretation of regularization is pro-
vided by Fig. 5. Whereas ALL was strictly periodic,
ALPL favors one solution over the others according
to prior probabilities, so that frequency ambiguity is
overcome provided that effective computation of the
unique global minimum can be achieved.

4.3. Optimization

The most natural approach is to design an extension
of the previous gradient procedure. ALPL gradient
is simply yielded by summation between the previous
ALL gradient and ALP gradient:

DALP o
EE) (25)

On the one hand, since the prior is Gaussian, ALP
gradient is the derivative of a quadratic form, hence it
is merely linear with respect to my and r4:

JALPLy(®) JALLy(®)
0 ~ oe

DALP(®)
0mf

dALP(©)

-1 .
= Rm my an

= R7'r; (26)
On the other hand, ALL gradient is given by (12)
and (13).
Gradient procedures perform well in many practical
cases, especially in AM. However convergence of such



a local method towards the global maximum is not
guaranteed, especially in CFM where it is clear (for
instance, see Fig. 5) that we have been able to get rid
of ambiguous periodicity at the expense of creating
local minima.

In order to cope with global optimization, we im-
plemented a dynamic programming procedure. It is
based on the hidden Markov chain interpretation avail-
able for the Gauss-Markov prior, provided that the
possible values of the parameters are properly quan-
tized on an arbitrary grid. Then efficient global max-
imization is performed by the well-known Viterbi al-
gorithm [1]. In our case, it is furthermore possible to
show that the required likelihood functions are com-
putable at low cost using FFT by-products.

In order to get rid of the quantization effect, true
global optimization can be reached afterwards using
the dynamic programming solution as a nearly optimal
starting point for gradient optimization.

4.4. MAP Results

Fig. 6 has been computed using the MAP method.

AM: The Bayesian technique provides more reliable
results in two senses. On the one hand, each trace
shows better regularity since smoothness is introduced
as a prior feature. On the other hand variability has
also been reduced between images. Since all images
are known to proceed from the same context, this is a
clearly positive result even if no theoretical reference
is available for sake of absolute comparison in such a
real data situation.

CFM: In this case, the Bayesian approach yields
again more regular and smooth results than classical
methods. Moreover the estimated mean frequency se-
quence remains close to the theoretical profile, even
beyond usual Shannon limits.

5. CONCLUSION
The problem of spectral moments estimation has been
addressed, as it arises in the fields of ultrasound Color
Flow Mapping (CFM) and ultrasound Attenuation
Measurements (AM).

Under Gaussian statistics assumption for observed
signals, and provided that the Power Spectral Density
(PSD) of signals is a Gaussian distribution function,
we proposed a solution based upon Gaussian PSD pa-
rameters tracking.

Parameter estimation was coped in a Bayesian
framework, which allowed us to introduce the slowly
varying character of the spectral moments as a basic
prior feature within Gauss-Markov modeling.

In order to compute the Maximum A Posteriori
(MAP) solution, we showed that simple gradient pro-
cedures could be trapped in local maxima. Instead we
proposed a computationally efficient two-step combi-
nation between dynamic programming and a gradient
procedure.

Noticeable improvements are obtained with respect
to usual methods: strong variance reduction in the
field of ultrasound Attenuation Measurement (AM), as
well as in Color Flow Mapping (CFM). Moreover it has
been clearly assessed that the new Bayesian method
provides tracking capability beyond usual Shannon
limits, as a specific consequence of the incorporated
Markov prior. To our knowledge, such a property is
an original contribution to the field of frequency track-
ing.
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Figure 1: CFM: simulated
processing form (right).
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Figure 2: AM: one set of measured data (left) and
vectorial processing form (right).
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Figure 4: Maximum likelihood results: AM (left) and
CFM (right).
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Figure 5: Criteria: likelihood (top-left), prior (top-
right) and posterior (bottom)
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Figure 3: Periodogram results: AM (left) and CFM

(right).
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Figure 6: Maximum a posteriori results: AM (left)
and CFM (right).



