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ABSTRACT

This study gives original results on the global and local con-
vergence properties of half-quadratic (HQ) algorithms re-
sulting from the Geman and Yang (GY) and Geman and
Reynolds (GR) primal-dual constructions. In particular, we
show that the convergence domain of the GY algorithm can
be extended with the benefit of an improved convergence
rate.

1. INTRODUCTION

In the field of image processing, many methodological ap-
proaches lead to an optimization problem of the form:
inf J(x (1)
b, J(x) @)
where J : RY — R. The “penalized least-square’” (PLS)
approach in image processing is a typical example: J is them:
made up of a quadratic fidelity term: with: respect. to: some
data set y and of an image model involving, for instance,
pairwise pixel interactions, i.e.

J(x) = |ly — Hz||*+ )

I J I J
MY X @y —zig-1)+ 5 B (2 —zim1) |5
i=1j=2 1=2 =1

where ¢ is typically “edge-preserving” such as the Huber
function. Matrix H is a linear observation operator such
as a convolution matrix in image restoration or a projection
operator in tomographic reconstruction. More specifically,
the authors are interested in the minimization of penalized
criteria for tridimensionnal reconstruction from helical to-
mographic data [1].

However, we underline that (1) is not restricted to opti-
mization of PLS criteria optimization and can arise in many
areas related to signal processing such as, for instance, ro-
bust estimation [2].

In a quite general setting, let us consider criteria (or ob-
jective functions) J of the form

J(x) = Jo(x) + A ®(x) A>0, 3)
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where Jj is a quadratic convex form which reads,

Jo(z) = (Moz, ) — 2 (mo,T) + po, @
with My symmetric, and & a function defined by:
M
o(x) =Y ¢((de, @) — we), )
c=1

where ¢ : R — Ris a scalar function; w, € Randd, € RV
have a support regions restricted to clique c¢. In general, the
solution to (1) must be sought iteratively. This can be done.
in an efficient way by resorting to Fenchel duality in the
framework of convex analysis': a primal-dual formulation
of the primal problem (1) leads to “half-quadratic” (HQ).
algorithms. with. remarkable structural properties. Two- dis-
tinct constructions leading to HQ algorithms: have beem re-
ported in: the literature: the: one due: te: Geman and' Yang,
(GY) and the one due to: Geman: and: Reynolds: (GR).. A
synthetic' presentation: of these constructions: as: welli as: a:
globalt convergence: study of the resulting: algorithms withim
the convex analysis context canbe found in [4].

The present study provides original convergence results
for these algorithms by studying them as constant stepsize
descent algorithms. In particular, the global convergence
domain of the GY algorithm is extended and a faster form
is deduced.

2. PRIMAL FORM OF SQ ALGORITHMS

For sake of notational simplicity, let us introduce:
66 = <dc, m) ’
D = [dll ot |dM]’ w = [wla' v 7wM]t$
@' (6e — we) = [¢' (61) —wy,..., ¢ (6nr) — wae]".

HQ algorithms perform “block coordinate descent” [35,
p.267] on the primal-dual criterion by successive optimiza-
tion on primal variables  and auxiliary (or dual) variables

! The reader is referred to [3] for a complete presentation of Fenchel
duality.
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1. For the GY HQ algorithm, the primal-dual update is de-
fined by [4, §I11]:

™ = ptg(™ _q— a¢'(6$") —w.) (6a)

&) = (B2)™! (2mo+§Dl(")) (6b)

where BS, = 2M,+ %DD‘, and @ > 0 is a “scale factor”.
For the GR HQ algorithm, the update equations are given by
[4, §IV]:

L™

diag { /(50" - w) /(6 ~w))}  (7a)

g™ = 2(B{) 'm,, (7b)
with B = 2M, + ADL™ D?. For these algorithms
to be correctly defined, the inverse operator in (6) or (7) is
assumed to exist and to be bounded. For both algorithms,
the primal iterate 2 (**+1) reads:

") = (1 - 0)z™ + 9z +Y); @®)

where 8 > 0 is a relaxation factor.

Update (8), associated with (6) or (7), identifies with a
constant stepsize primal algorithm: by substituting (6a) into
(6b) and (6b) into (8) and after some manipulations, we get

™) = g™ 4 g(BM) 1 (™) Q)

with B{™ = B2. Similarly, the GR algorithm can also
read (9) with BS") = é;') The update equation (9) char-
acterizes a constant stepsize Newton-type method on J [6,
p.501]. This equivalence result allows us to study the global
and local convergence properties of HQ algorithms using
classical tools of unconstrained optimization.

3. SUFFICIENT CONDITIONS FOR GLOBAL
CONVERGENCE

The present study is restricted to convex, coercive and con-
tinuously differentiable (C?) objective functions. As a con-
sequence, the infimum of J is uniquely attained at, say, *.
Given the primal form (3), these properties on J hold if
M, + D D¢ invertible and if ¢ is chosen:

(a) strictly convex,
(b) coercive on R, (10)
(c) at least C.

Now, let us describe the basic form of the algorithms
of interest: given an initial vector «(?), one generates a se-
quence {z(™},_,, . defined by:

(D) = g g(n)g(n)’ 6™ >0 an

where £™) = £ (2(™) and 6™ = 6 (™) respectively
denote the displacement direction and the stepsize for the
current update. We also require the successive displacement
directions £(™ to solve a linear system that reads

B™eM = —vJ(@@™), (12)

where B™ = B (™) : RN — RNXN is a positive
definite operator (PD). Finally, the following notations are
adopted:

x={=m},  E={"}
e={m™}, J={J (")}

A triplet (X, E, ©) that fulfills (11) and (12) will be called
iterative scheme in the sequel. Let us recall now some useful
global convergence results for unconstrained optimization.

3.1. Global convergence: general results

We now focus on “descent methods”, that is, on iterative
schemes (X, E, ©) such that 7 is a nonincreasing sequence.
However, we emphasize that this property does not suffice
to ensure that X’ converges to *. Additional properties on
Z and O have to be met. The fact that = be gradient re-
lated to X is one of them [6, 14.3.1]: it guarantees that each
direction allows a « significant » decrease of the objective
function. The following proposition gives useful sufficient
conditions (SC) to ensure this property.

Proposition 1 ([6, 14.4.1]) Let J be C! on a compact set
Dy € RY, and B : Dy — RY*N pe a PD operator for
which 35 > 71 > 0 such that Vu € Dy, v € RV :

rellol? 2 (B(u)v,v) 2 7]l
If E is defined by (12), then 2 is gradient related to X.

The property of Admissibility for a given stepsize rule
corresponding to © guarantees that successive stepsizes 6(™
allow a “sufficient” decrease of the objective function; the
Armijo rule and the Wolf conditions are the main stepsize
rules. The.following results are based on the Armijo rule,
which proves simpler and more fruitful in the present con-
text.

Definition 1 Let J be a C? function and (X, Z, ©) an iter-
ative scheme. The sequence © is admissible for X and = in
the sense of the Armijo rule if there exists w € (0;1) such
that:

Vi J(2D) - J(@™) - wo™ (VI (@), M) < 0.

This stepsize rule, implemented using a “backtracking” tech-
nique [5, p.29], is sufficient to prove the convergence of iter-
ative schemes, provided that sequence E is gradient related
to X [6, 14.3.2].
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3.2. Global convergence and constant stepsize

Any iterative scheme (X, Z, ©) that fulfills (11) and (12)
with 80 = 6 Vn is called a “constant stepsize iterative
scheme”. In this case, © is a constant sequence that is be
denoted © = 6. Similarly, (X, Z, 6) corresponds to a con-
stant stepsize iterative scheme.

In general, a constant stepsize does not ensure global
convergence of a gradient related sequence. However, en-
suring that a given stepsize ¢ fulfills the Armijo condition
for any initial vector 2(©) = u provides the following SC:

Proposition 2 Let J be C, strictly convex and coercive,
and (X, =, 0) a constant stepsize iterative scheme. If Z is
gradient related to X and if 3w € (0;1) : Yu € RV,

J (u+0¢(u)) — J(u) — w8 (VJ(u),&(u)) <0 (13)
then X — x*.

In the sequel, a constant stepsize © = 6 will be referred to
as admissible in the sens of Armijo rule if (13) is true for
some w € (0;1).

4. GLOBAL CONVERGENCE STUDY FOR HQ
ALGORITHMS

The existing sufficient conditions for global convergence of
HQ algorithms have been deduced from a convexity study
of the primal-dual criterion (see [4] and references therein).
Here, an alternate convergence analysis is conducted for the
GY and GR HQ algorithms, based on their equivalence with
constant stepsize algorithms.

4.1. Global convergence of the GY algorithm

Application of Propositions: 1 and 2 leads to the following
result:

Theorem 1 Let J be C1, strictly convex and coercive. As-
sume also that J takes the form of (3) and that ¢ fulfills’

Jo<a<oo: gu) =u?/2—ad(u) conver. (14)

Consider an iterative scheme (X, Z,0) such that B =
BZ. If (6,a) € (0;2) x (0;2a/0) then X — x*.

Let us underline that Theorem 2 corresponds to substan-
tially weakened conditions of global convergence compared
to existing results. In particular, global convergence is guar-
antied not only within the interval (0; &) introduced in [4,
§III]; Figure 1(a) shows the extended part of the conver-
gence domain brought by our study. Furthermore, the next
section shows that this extension brings an increased local
convergence rate which results in a faster form of the GY
algorithm.

2Note that existence of a positive and finite & that renders § convex is
equivalent to the Lipschitz condition on ¢’ with constant L = 1/a&.

4.2. Global convergence of the GR algorithm

For the GR algorithm, the following result also relies on
Propositions 1 and 2:

Theorem 2 Let J be C}, strictly convex and coercive. As-
sume also that J takes the form of (3), that ¢ fulfills (10a)
and that

¢ (y/u) concave on R, (15)
Joo>B>0:VueR, ¢ @/ugB, (16)
¢'(0) =0. 17

Consider an iterative scheme (X,E,0) such as B(™ =
B§2)~ If6 e (0;2) then X — x*.

The conditions of Theorem 2 are slightly less restrictive
than those previously available (c.f. [4, §IV]). In particular,
global convergence is now guaranteed when ¢ is chosen as
the Huber function.

5. ASYMPTOTIC BEHAVIOR OF HQ
ALGORITHMS

Very few studies on local convergence properties of HQ al-
gorithms are yet available. To our best knowledge, the con-
vergence rate analysis for the GR algorithm presented in [7]
remains the only significant contribution. From practical
experience, we have found that the GR algorithm systemat-
ically achieves a better convergence rate than the GY algo-
rithm. However, with respect to computational burden, GY
is very attractive (the inverse of BS, need only be computed
once) particularly when the size of the numerical problem
becomes large. On the other hand, the free parameter « has
anoticeable influence on the asymptotic behavior of the GY
algorithm. This section shows that faster forms of the GY it-
eration are obtained for values of o chosen in the “extended
part” of the convergence domain; a simulation is performed
as an illustration.

In order to simplify the convergence rate analysis, let us
consider that ¢ is C2. The Hessian of J is then well defined
and reads:

H (z) = 2My + AD¢" (8, — w,) D

with ¢” (6s — we) = diag {¢" (6. — w.)}. From a quali-
tative viewpoint, the difference between the asymptotic be-
haviors of the GR and GY algorithms can be explained by
their respective ability to provide a “good” approximation
to the Hessian H at x*. Let us recall that, for an iterative
scheme (X, Z, 0) defined by (9), the convergence order is
linear and the corresponding rate is given by [6, 10.1.4]:

o =p(I-0B.(x*)""H (z*)) (18)
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Fig. 1. (a) Extension of the convergence domains for GY algorithm; (b) drawing of ¢ (u), ¢'(u)/u and 1/& for ¢(u) =
o (u) = Vvu? + s2; (c) estimation of the convergence rate o(6, ) for GY algorithm when J takes the form (2) with ¢ = ¢ .

where p(A) is the spectral radius of A € RV*¥ and B, (x*)

stands for either BE, or Bg, (x*). Remark that smaller val-
ues of o correspond to faster asymptotic convergence. The
fastest rate is obtained for §~!B,(z*) = H (z*), e.g. by
Newton iterates. Algorithms with
6B,(z*)"1H (z*) close to I are expected to have a low
rate > 0. In this respect, since ¢'(u)/u is a better approxima-
tion to ¢"(u) than the constant value 1/« (see Figure 1(b)),
the GR algorithm is expected to converge faster than the GY

one4 .

Obviously, o depends either on 6 alone (GR) or jointly
on 6 and o (GY), and there is a major interest in assessing
the values 6* and/or o* that optimize o. It is well known
that 6 is problem dependent. However, it is almost always
chosen between 1.3 et 1.8 for image or signal processing
problems. For the GY algorithm, empirical evidence indi-
cates that the best rate is obtained at the boundary of the
extended domain is depicted in Figure 1(a). We now illus-
trate this phenomenon with a synthetic example.

We used the GY algorithm to minimize a PLS crite-
rion resulting from a tomographic reconstruction problem.
The convergence rate was estimated according to relation
(18). x™™ was used instead of x*, ™™ being the ac-
tual solution up to numerical precision (10~12). Figure 1(c)
shows a part of this simulation extracted from the conver-
gence domain drawn in Figure 1(a). The maximum value
of the convergence rate o* is reached at §* =~ 1.4 and
o* = 2&/6*. Finally, let us notice that the level contours
follow the hyperbola in a large part of the convergence do-
main, i.e., o remains constant for many couples (6, &) such
that af = constant.

3When ¢ = 0, the algorithm reaches a “superlinear” rate.
4Although in the quadratic case (#(u) = wu2), both algorithms are
equivalent to Newton iterates.

In conclusion, extension of the usual convergence do-
main leads to a faster form of GY algorithm. We are cur-
rently carrying our study on from a theoretical ground, in
order to assess that the fastest rate always satisfies o* =
2a/6~.
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