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ABSTRACT

We consider the restoration of extragalactic deep field hyperspectral
imaging data, in the context of the forthcoming MUSE instrument.
Joint spatial-spectral restoration is addressed by takinginto account
the three-dimensional point spread function (PSF) of the instrument
and the noise statistical distribution, with strong spectral variations
for both of them. Since objects of interest have limited spatial exten-
sions, restoration is formulated for sub-cubes with restricted spatial
coverage. Prior information is incorporated by means of sparsity
constraints in the spectral domain, using a specific dictionary with
physically meaningful elementary features. We decompose the too
high-dimensional underlying optimization problem into two steps
by exploiting the separability property of the PSF. First, spectra are
processed independently, where sparsity performs spectral dimen-
sion reduction. Then, a computationally tractable three-dimensional
restoration problem is solved. Simulations reveal the interest of this
approach, where restoration efficiently performs the separation of
two close objects and the unmixing of their spectra.

Index Terms— Spatial-spectral processing, data restoration,
sparse approximation, astrophysical hyperspectral imaging.

1. INTRODUCTION

The forthcoming MUSE integral-field spectrograph will provide
massive hyperspectral observations of extragalactic deepfields, with
300× 300 pixels and up to4 000 wavelengths [1]. One of the major
challenges of MUSE is to detect and characterize very distant, and
therefore faint, emitting sources. Objects of interest maycover only
a few pixels at the instrument spatial resolution (0.2×0.2 arcsec2 per
pixel), or even be smaller than the pixel size (unresolvedsources).
Because data will be collected in a very noisy environment, only one
or a few spectral features may be detectable, such as very signifi-
cant emission lines or breaks at unknown wavelengths. Such very
localized (both spatially and spectrally) informational content, when
observed through MUSE, will be spread on spatial and spectral
neighborhoods in the cube due to the three-dimensional point spread
function (PSF) of the instrument.

Data restoration in this context has a twofold objective. First,
it aims at improving data quality by performing deconvolution and,
up to a certain point, noise reduction. Second, by re-concentrating
information at its original spatial and spectral location,it aims at get-
ting better detection statistics than would be obtained by analyzing
the data as a collection of distinct images or spectra. In this pa-
per, restoration is addressed as an inverse problem [2], which takes
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into account instrumental and noise characteristics, which is crucial
in our case since both the PSF and the noise distribution varywith
wavelength. Since most information in MUSE deep field observa-
tions is localized at relatively small spatial scales, sub-cubes with
restricted spatial dimensions are considered. Doing so, sophisticated
methods with higher complexity can be developed.

Given the very high level of noise affecting the data, reconstruc-
tion has to be constrained with prior assumptions. Relevantprior
information in deep field hyperspectral data can be expressed spec-
trally, where strong constraints can be incorporated in accordance to
astrophysical knowledge [3]. In a recent work [4], a sophisticated
prior model for galaxyspectrawas developed, based on sparsity
constraints in a specifically designed, highly redundant, dictionary.
Restoration was then combined with the detection of salientspectral
features. This same model is considered here, jointly with aspatial-
spectral instrumental model, which better fits the observational con-
text than an approach operating individually on each spectrum. It
results, however, in a considerable increase in the complexity of the
estimation problem. Therefore, we exploit the implicit dimension
reduction operated by spectral sparsity constraints to build a subop-
timal but tractable three-dimensional restoration method.

Section 2 details observational specificities and formulates the
restoration inverse problem. In Section 3, sparsity-basedprior spec-
tral information is motivated in our context and details aregiven
about the dictionary design. Section 4 describes the proposed ap-
proach: sparse approximations are first obtained for each spectrum in
order to perform dimension reduction. Then, spatial-spectral restora-
tion is performed in spectrally reduced dimension. Simulation re-
sults and conclusions are finally given in Section 5.

2. OBSERVATIONAL SPECIFICITIES AND PROBLEM
FORMULATION

2.1. Three-dimensional PSF

We consider MUSE as a linear system, characterized by its three-
dimensional PSF, that is, its impulse response in both spatial and
spectral domains. In the following,r ∈ R

2 andλ ∈ R denote
a couple of spatial coordinates and wavelength, respectively. We
assume that the PSFH is separable into a spatial, bi-dimensional,
field spread function (FSF)F and a spectralline spread function
(LSF)L. At every element(r0, λ0) of the cube, the PSF then reads:

Hr0,λ0
(r, λ) = Fr0,λ0

(r)Lr0,λ0
(λ) ∈ R. (1)

Both FSF and LSF are not translation invariant, so that the PSF can-
not be written under the usual formH(r−r0, λ−λ0). In particular,
the blurring effect due to the FSF and, to a lesser extent, to the LSF
is expected to decrease as wavelength increases.



2.2. Spectrally variable noise

The noise level is also expected to vary with wavelength. Indeed,
noise is mainly due to powerful parasite emissions in the atmosphere
at specific wavelengths. The quantum efficiency of the instrument
is also wavelength-dependent. Least, a 20 nm bandwidth around
590 nm is reserved for a laser reference star adaptive opticssystem,
where no signal can be detected. Figure 1 plots the equivalent noise
variance combining these three effects as a function of wavelength.
Spatial variations of the noise level are also expected, dueto the
Poisson nature of light emission: noise variance is higher at pixels
where light flux is higher. In the following, we consider thatnoise
samples are zero-mean, Gaussian1 and independent, but with differ-
ent variances for each data point, that are supposed to be known.
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Fig. 1. Noise variance as a function of wavelength.σ(λ) corre-
sponds to light flux, in erg.s−1.cm−2.pixel−1 (×10−20).

2.3. Notations and inverse problem formulation

Let yk denote the spectrum in the hyperspectral data cube corre-
sponding to thekth pixel, andY the column vector collecting allyk

(data cube). NotationYj designs the scalar value corresponding to
the jth component ofY , that is,j indexes a single spatio-spectral
coordinate. We consider the linear formulation:

Y = HCX + ǫ, (2)

whereY collects the observations,X collects the data to be re-
stored,HC represents the instrument’s PSF for the whole cube and
ǫ is an error term, accounting for noise and model errors. In the fol-
lowing, subscriptC (for cube) characterizes matrices operating on
spatial-spectral data such asY, whereas no subscript will be used
for matrices operating only on spectra such asyk. Columnhj of
matrixHC is the instrument response to an impulsion located at the
spatio-spectral coordinatej. That is, coefficients inhj describe how
the energy concentrated at coordinatej is spread over neighbor spa-
tial and spectral elements in the cube. Elements ofHC are obtained
by discretizing the PSF (1) at MUSE’ spatial and spectral resolu-
tions and mapping the results into corresponding coordinates in the
vectorized formulation. Thanks to the PSF separability (1), matrix
HC can be writtenHC = LCFC , whereLC andFC are related
to the LSF and FSF, respectively. Moreover, due to the ordering of
data in vectorY , the LSF matrixLC is block-diagonal, each bloc
Lk corresponding to the LSF for thekth pixel. Note that both FSF
and LSF are very localized in space and wavelength compared to
the respective dimensions of the data – current models use a7 × 7
pixel FSF and 11 point LSF – so matricesLC , FC andHC are very
sparse. These matrices are approximately square, depending on the
boundary assumptions that are made on the ”convolutive” model.

The least squares solution of (2) is known to have a poor be-
havior for noisy data, due to the bad conditioning ofHC , which

1For the considered integration times (from few minutes to one hour),
collected light flux is high enough for the Poisson statistics of the data to be
approximated by additive Gaussian noise.

generates uncontrolled noise amplification. Efficient restoration then
relies on the incorporation of appropriate prior knowledgein order
to constrain the solution [2].

3. REGULARIZATION WITH SPARSITY-BASED PRIOR
SPECTRAL INFORMATION

3.1. Motivations for spectral sparsity constraints

Some comments are now necessary in order to build appropriate
prior information. Let us remark that MUSE data are expectedto
show more informational coherence spectrally than spatially. In-
deed, data observed at a given pixel correspond to the spectrum of
the part of the source intercepted by the corresponding pixel (or to a
mix of several spectra in case of object overlapping). Consequently,
relevant prior information can be designed in the spectral domain,
according to the spectral energy distribution related to the astrophys-
ical processes [3]. On the contrary, the spatial domain shows much
more diversity, the field of view being composed of thousandsof
objects with different sizes, shapes and brightness profiles.

We consider spectral prior information through sparsity con-
straints: any spectrum is approximately synthesized by a few number
of atomschosen in an overcompletedictionary. Reasons for using
sparsity-based models here are threefold.

• Prior information is efficiently expressed by means of an
adapted dictionary, driven by physical knowledge.

• Restoration is coupled to thedetectionof relevant spectral
features in the data, identified as the active atoms.

• Sparsity implicitly operates dimension reduction, which will
be used in our three-dimensional restoration scheme for com-
putational efficiency.

3.2. Spectral dictionary with physically motivated atoms

In a recent work [4], we considered the design of a dictionaryD of
elementary spectral features, so that any galaxy spectrumx is mod-
eled as the linear combination of a few atoms ofD: x ≃ Du where
u is sparse, that is, most coefficients inu are zero. More precisely,
x is decomposed into three components, each of which is supposed
to have a sparse decomposition in a specific dictionary: a line spec-
trum, a continuum and a series of breaks in the continuum. Theline
dictionary is the biggest one. It is composed of discretizedsplines,
centered along the wavelength axis, and with 11 different widths.
Widths range from 0.13 nm, which is the instrument spectral reso-
lution (in this case, lines are delta functions) to 138 nm, which is
considered as the maximum possible linewidth. Positive or negative
decomposition coefficients here characterize emission or absorption
lines, respectively. The continuum dictionary is composedof low-
frequency sine waves with different phase shifts. Finally,the break
dictionary is composed of step functions, where steps are centered
along the wavelength axis. The resulting dictionary is highly redun-
dant, with approximately8 times more atoms than data points. Such
an increased dimension is necessary to efficiently model spectral fea-
tures with enough precision, in particular for spectral lines. Recall,
however, that a sparse solution is searched in this dictionary, so that
most decomposition coefficients are zero.

3.3. Regularized restoration

We now consider the restoration problem (2), where prior spectral
sparsity constraints of§ 3.2 are incorporated. LetK the number of



pixels inX. We suppose that each spectrum inX satisfiesxk =
Duk, whereuk is sparse. IfU denotes the sparse representation of
the cube collecting alluk, thenX = DCU , whereDC is a block-
diagonal matrix composed ofK blocksD. Then, our problem reads:

find sparseU fitting Y = HCDCU + ǫ.

In this paper, we consider theBasis Pursuit De-Noisingapproach [5]
for such problem, which can be written:

Û = argmin
U

‖Y −HCDCU‖2
Σ
+ γ ‖U‖

1
, (3)

where theℓ1-norm‖U‖
1
=

∑
j |Uj | enforces sparsity and the data

misfit term is weighted by the appropriate noise covariance matrix:

‖Y −HCDCU‖2
Σ

= (Y −HCDCU)TΣ−1(Y −HCDCU).

Such weighted norm corresponds to the neg-log-likelihood of
model (2) for centered Gaussian noiseǫ ∼ N (0,Σ) [2].

4. A TWO-STEP RESTORATION PROCEDURE

4.1. Necessity for preliminary reduction of dimensions

Restoration of the full data cube by (3) is obviously intractable in
practice. Since the objects of interest and the FSF are very small
compared to the whole field of view, one can consider sub-cubes
with much smaller spatial dimensions (typically, a few tensor hun-
dreds of pixels). However, even for a small data cube with25 × 25
pixels,Y has approx.2.5 106 data andU has approx.2 107 un-
knowns, which are still too high values for efficient implementation
of (3). Hence, we consider the following two-step procedure:

i) First, for each spectrumyk, a sparse approximation inD is
estimated, which yields a set of selected atoms, sayΩk.

ii) Then, problem (3) is addressed by restricting the support of
each unknownuk composingU to the set of atoms that were
selectedat leastin one spectrum at step i), that isΩ = ∪kΩk.

This is a suboptimal scheme in the sense that it is not guaranteed
to give the same results as (3). However, it substantially reduces
the problem size so that the solution can be computed in practice.
Typically, in the former example, if 100 atoms are selected inΩ, the
number of unknowns decreases to approx.6 104. These two steps
are now described in§ 4.2 and§ 4.3.

4.2. Sparse approximation of individual spectra

Thanks to the PSF separability, initial model (2) reads, with nota-
tions of§ 2.3:Y = LCFCX + ǫ = LCV + ǫ, whereV = FCX

is the spatially spread version ofX. As matrixLC is block-diagonal,
one can equivalently consider independently each pixel spectrum
yk = Lkvk + ǫk. Therefore, we propose in a first step to compute
a sparse approximation of each spatially spread spectrumvk by:

ûk = argmin
uk

‖yk − LkDuk‖
2

Σk
+ γ ‖uk‖1 , (4)

where such ”one-dimensional” problem is computationally reason-
able [4]. Note that a spectral feature present in ”true” dataX also ap-
pears inV but with lower amplitude, due to spatial spreading. Con-
sequently, such individual spectrum restoration must be performed
with a lower regularization parameterγ than for (3), so that most of
the atoms actually present inX are detected, even if it results in a
high number of false detections. This is of little consequence, as the
aim of this step is dimension reduction and not the restoration ofX .

4.3. Spatial-spectral restoration in reduced spectral dimension

The former estimation procedure is applied to all spectrayk in data
cubeY . This yieldsK sparse estimateŝuk. We consider the set
of atoms that are detected at least in oneûk. Let DΩ be com-
posed of the columns ofD indexed byΩ = ∪k supp(ûk), where
supp(ûk) denotes the support (the indices of non-zero components)
of ûk. Then, letDΩ

C the block-diagonal matrix composed ofK
blocksDΩ. We now search a sparse approximation ofX in dictio-
naryDΩ

C , under observation model (2):

Û
Ω

= argmin
UΩ

∥∥∥Y −HCD
Ω

CU
Ω

∥∥∥
2

Σ

+ γ
∥∥∥UΩ

∥∥∥
1

. (5)

Both (3) and (5) formulate spatial-spectral restoration, but the num-
ber of unknowns in (5) is highly reduced. In particular,D

Ω

C has often
more rows than columns in practice. Hence, it is not aredundantdic-
tionary. A sparse solution is still searched, however, which aims at
removing the false alarms obtained at the first step (see§ 4.2).

The ℓ1-norm penalization term in (5) brings the searched spar-
sity, but it also introduces bias on non-zero amplitudes. Amplitudes
are subsequently re-estimated by minimizing the least-squares term

in (5), restricted to the non-zero components ofÛ
Ω

. Finally, the

restored data are computed bŷX = D
Ω

CÛ
Ω

.

4.4. Interpretation of the solution

The solution obtained with the two former steps is a suboptimal ap-
proximation of (3) with reduced spectral dimension, which however
preserves a rather flexible approach. In particular:

• for unresolved sources: suppose that a spectral feature is truly
present at only one pixel and is detected at several ones be-
cause of spatial spreading. Then, the sparsity constraint at
step ii) should favor the cancellation of such false detections;

• for resolved sources: on the contrary, if a spectral feature is
truly present at several pixels and if it is detected at step i)
only at the brightest one because of noise, then the ”three-
dimensional” observation model included in step ii) should
favor its detection on these pixels.

From this point of view, such approach seems more appropriate to
our problem than joint spatial-spectral regularization based onstruc-
tured sparsity(see e.g. [6]). It is also computationally less expensive.

The main limitation of our approach holds in that spectral fea-
tures should be detected at least in one spectrum processed at step i),
whereas the full spatial-spectral approach (3) would probably allow
the detection of fainter features. This is why step i) is performed with
a deliberately high number of false alarms, in order to favorthe de-
tection of faint spectral features. Then, the sparsity constraint in the
restricted support at step ii) aims at removing such false detections.

4.5. Implementation details

Boundary assumptions and matrix dimensions Let Nr andNc

be the respective numbers of rows and columns in the considered
spatial window,Npix = NrNc andNλ the number of wavelengths.
Suppose that the FSF and the LSF have a support of(Fr + 1) ×
(Fc + 1) andL + 1 points, respectively. Since we use small spa-
tial windows, in order to limit boundary degradations, we consider
the most complete ”convolutive” model whereX collects all ele-
ments in the cube contributing to dataY . It is then composed of
Mpix = (Nr +Fr)× (Nc +Fc) pixels and ofMλ = Nλ +L wave-
lengths. Typical support sizes of MUSE’ FSF and LSF are7×7 and
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Fig. 2. Simulated data with4× 4 pixels× 3 463 wavelengths and restoration results.

11, respectively. Current MUSE simulations considerNλ = 3463,
for which dictionaryD hasMλ = 3473 lines andKλ = 26 140
columns.

Matrices normalization The data misfit term in the above opti-
mization problems can be written in a generic formulation as:

‖y −HDu‖2
Σ

=
∥∥∥Σ−1/2

y −Σ
−1/2

HDu

∥∥∥
2

where diagonal matrixΣ has very different elements, corresponding
to the variances plotted in Figure 1. It was shown that the columns
of equivalent dictionaryΣ−1/2

HD have very different norms, so
that normalization is necessary for obtaining identical false alarm
rates on all coefficients [4]. Consequently, the proper datamisfit
terms that are considered in Equations (4) and (5) are of the form∥∥∥Σ−1/2y −Du

∥∥∥
2

, whereD is the normalized-column version of

Σ
−1/2

HD andu is obtained by appropriately weightingu by the
corresponding column norms.

Optimization We use an Iterative Coordinate Descent (ICD)
algorithm for solving (4) and (5), which consists in iterating com-
ponentwise minimizations until convergence. Such a strategy has
been shown to efficiently optimize sparsity-enhancing function-
als [4] when no fast transform can be used to compute matrix-vector
products (our case). Note that whereas the dictionary size in (4) is
Nλ × Kλ, it yields (NpixNλ) × (MpixCard(Ω)) in (5). Hence, the
dictionary in (5) cannot be stored in practice. An ICD procedure
is then particularly suited to such a problem, since every scalar
optimization only requires access to the corresponding column of
the involved matrix. Hence, each column is computed as oftenas
necessary, at a low cost since only a few of its elements are non-zero.

5. EXPERIMENTAL RESULTS

For visualization purposes, a scene with reduced (4 × 4) spatial di-
mension is simulated, composed of two close unresolved sources,
see Figure 2a). The associated spectra result from astrophysical sim-
ulations, in particular they are not built from the dictionary detailed
in § 3.2 that is used for reconstruction. The scene was convolvedby
a3× 3 pixel, circular Gaussian FSF with 2 pixel FWHM (full width
at half maximum), and by an11 point Gaussian LSF with FWHM
equal to 2 spectral resolution elements. Gaussian noise is added with
the variance spectral distribution of Figure 1, giving the simulated
observed data in Figure 2b). In the following, pixel coordinates are
given under the form (row number, column number).

Our estimation scheme was applied to the data of Figure 2b).
For the first step (see§ 4.2), parameterγ was tuned empirically so
as to preserve the detection of the three spectral lines at the very
right extremity of the spectrum at (2,3), while minimizing false de-
tections. Results are given in Figure 2c), showing false detections
of spectral lines for most pixels. In particular, both restored spec-
tra at (2,3) and (3,2) are contaminated by the spatial spreading of
lines from the other pixel. The number of detected components here
is CardΩ = 33, so that problem (5) has 1 188 unknowns, instead
of 9.4 105 for problem (3). Spatial-spectral reconstruction operat-
ing in such reduced dimension (see§ 4.3) yields the results plotted
in Figure 2d) – we only show the 16 central pixels of the6 × 6 re-
stored scene. Interferences in Figure 2c) are rather well canceled
by taking into account spatial spreading. Similarly, information is
well re-concentrated at the two ”active” pixels, since the restoration
at other pixels is almost void of any detection.

Such an approach yielded encouraging results in terms of close
objects separation and indirect spectral unmixing, at a reasonable
computational cost. Several applications of the proposed method-
ology obviously deserve more attention. In particular, quantitative
performance analysis in terms of correct detections vs. false alarms
should be performed. In the context of MUSE data, further work also
includes the use of spectral sparsity based dimension reduction for
addressing more specific problems, such as the restoration of both,
possibly mixed, unresolved and extended sources.
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