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ABSTRACT

We address the problem of line spectra detection and

estimation from astrophysical data. As observations gener-

ally suffer sampling irregularities, false peaks may appear

in the Fourier spectrum. We propose a linear spectral model

with an arbitrarily large number of fixed frequencies and

search for a sparse solution by modelling the spectrum as

a Bernoulli-Gaussian process. The use of Markov Chain

Monte Carlo methods to compute the posterior mean es-

timate is discussed in the unsupervised framework. The

original work by Cheng et al. [1] is modified to account

for specificities of the spectral analysis problem. Simula-

tions reveal the efficiency of the method and its relevance

to the astrophysical frequency detection context is empha-

sized. Finally, an application to astrophysical data is pre-

sented.

1. INTRODUCTION

Many astrophysical phenomena involve periodic behaviours,

as the orbital motions in multiple systems or the oscillations

of variable stars. The basis for their study is the search for

periodicities in their observed light curves - i.e. the evolu-

tion of their radiation over time - that correspond to spectral

lines in the frequency domain. Astronomical time series

generally suffer uneven sampling with periodic gaps. Then,

undesirable lobes appear in the Fourier spectrum, which is

therefore inappropriate for the estimation of line spectra.

Moreover, the number of observations is generally small,

so that high resolution methods have to be considered. As

an example, a signal issued from Herbig Ae star HD 104237

observations during 5 observing nights is plotted on figure 1

with its Fourier spectrum.

Spectral analysis has recently been addressed as an in-

verse problem and solutions have been proposed through the

Bayesian framework. The direct identification of a multisi-

nusoidal model [2] is attractive, but its adaptation to irregu-

larly sampled data has still to be studied. Furthermore, the

multisinusoidal model is very strong and may be unadapted
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Fig. 1. HD 104237 data (left) and Fourier spectrum (right).

in the frequent case where the data spectrum include very

low frequency components, such as data shown on figure 1.

The formulation as a linear model with a large number of

fixed frequencies leads to the simplified problem of search-

ing for a sparse vector of spectral amplitudes. The regular-

ization framework [3] allows to perform sparse solutions,

that can be adapted to the irregular sampling case [4].This

approach, however, is limited when aiming at an unsuper-

vised procedure and does not provide any confidence level

complementary to the estimation.

The interest of the stronger Bernoulli-Gaussian (BG)

spectral model for line spectra estimation has been

addressed [5] with maximum a posteriori (MAP) estima-

tion. In a blind seismic deconvolution context, Cheng et

al. [1] perform the Posterior Mean (PM) estimation of both

the convolution wavelet and the BG data sequence using a

Gibbs sampler. We propose to apply a similar strategy to

the spectral analysis problem with slightly different objec-

tives. In our case, we focus on the unsupervised and high

resolution estimation of the frequencies and amplitudes of

the spectral lines and the associated confidence level, which

is crucial information in astronomy. A modification is in-

troduced to the Gibbs sampler proposed in [1], which in-

creases its efficiency for the frequency detection problem.

The MCMC based PM estimation and its complementary

variance analysis are shown to give satisfactory simulation

results. Finally, an application to astrophysical data is pre-

sented where stellar oscillations are detected from

low-frequency perturbated raw data.
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2. MODEL AND ESTIMATION FRAMEWORK

2.1. Bernoulli-Gaussian model

Let y = {y(tn)}n=1...N be the observed data at sampling

times tn. Data are modelled as a noisy sum of an arbitrarily

large number P of sinusoids with discretized frequencies on

the grid G = {fk}k=0...P
∆
= { k

P fmax}k=0...P :

y(tn) =
P∑

k=0

ak cos 2πfktn + bk sin 2πfktn + ǫn

It is convenient to introduce xk = (ak, bk) and the

2(P + 1) vector x = (x0, . . . ,xP )T , so that model writes:

y = Wx + ǫ (1)

where Wn,2k = cos(2πfktn), Wn,2k+1 = sin(2πfktn)
and the white sequence ǫ stands for the perturbations (model

errors, measurement errors and additive noise). In the fol-

lowing, ǫn are supposed independent and identically dis-

tributed (i.i.d.) with normal distribution ǫn ∼ N (0, σ2
ǫ ).

Note that astronomical data are generally irregularly sam-

pled, which makes the alias-free frequency range wider than

in the regular sampling case [6]. Then, no Nyquist maxi-

mum frequency is defined and parameter fmax has to be set

according to some physical prior information.

As only a small number of non zero spectral parameters

xk are searched, sequence x is modelled as a Bernoulli-

Gaussian (BG) process. The frequencies of the signal are

supposed i.i.d. on the grid G with the same probability of ap-

pearance λ, and conditionally to the presence of a line, the

corresponding amplitudes follow a normal distribution. A

low value of parameter λ then controls the number of spec-

tral lines. Let q = (q0 . . . qP ) be a sequence of Bernoulli

random variables that control the presence of spectral lines

along the grid G: Pr(qk = 1) = λ, Pr(qk = 0) = 1 − λ.

Variables ak|qk and bk|qk are supposed
i.i.d.
∼ N (0, qkσ2) 1 or

equivalently p(xk|qk) = g2(xk, qkσ2
I2) where gm(u,Σ)

stands for the m-variate centered gaussian distribution:

gm(u,Σ) =
1

(2π)N/2|Σ|1/2
e−

1

2
u

T
Σ

−1
u

As qk is implicitly defined by the value of xk, hereafter x

stands for (q,x) when there is no ambiguity. Note that the

particular case k = 0 corresponds to a slightly different

prior with b0 = 0 and a0|q0 ∼ N (0, 2σ2). For the sake of

clarity, the consequent modifications are not specified in the

following calculations.

With hyperparameters θ = (λ, σ2, σ2
ǫ ), the posterior

distribution writes by Bayes rule:

1For qk = 0, N (0, qkσ
2) (resp. gm(xk, qkσ

2
I2)) may be viewed as

the limiting case N (0, σ
2

k
), σ2

k
→ 0 (resp. gm(xk, σ

2

k
I2), σ2

k
→ 0 ).

p(x|y,θ) ∝ p(y|x,θ)p(x|θ)

∝ gN (y − Wx, σ2
ǫ IN ) (2)

×
P∏

k=0

λg2(xk, σ2
xI2) + (1 − λ)g2(xk,0)

2.2. Hyperparameters

The Bayesian framework allows to consider unsupervised

estimation by jointly estimating (x,θ) from p(x,θ|y) ∝
p(x|y,θ)p(θ) with prior information p(θ) on the hyper-

parameters. We consider here uniform priors for (λ, σ2
ǫ )

on [0, 1] × [0,+∞[ and a vague inverse-gamma conjugate

prior [1] is adopted on σ2 ∼ IG(α, β), centered on the

power of the observed signal and with a large variance. In

the following we set α and β such that E[σ2] = y
T
y/N and

E[(σ2)
2
] = 100. Procedure is then unsupervised and these

prior choices guarantee the integrability of p(x|y,θ)p(θ)
w.r.t. θ, which is a necessary condition for sampling from

the joint ditribution p(x,θ|y) with MCMC methods [7].

2.3. Estimation strategy

The BG deconvolution problem has largely been addressed

within the maximum a posteriori (MAP) estimation frame-

work. Original work by Kormylo et al. [8] propose to maxi-

mize the posterior likelihood Pr(q|y) w.r.t. q first, and then

posteriorly estimate the corresponding amplitudes. The re-

sulting combinatorial optimization problem, however, re-

quires the use of suboptimal optimization methods such as

the Single Most Likely Replacement (SMLR) iterative algo-

rithm. Moreover, this approach becomes computationally

expensive when aiming at an unsupervised procedure [9].

We propose to compute the posterior mean (PM) esti-

mate of the spectral parameters x:

x̂PM = E[x|y,θ] =

∫
x p(x|y,θ) dx

using Markov Chain Monte Carlo methods (MCMC). The

motivations for performing the PM estimate in our case are

manifold. First, the computation of x̂PM by MCMC makes

it possible to derive a confidence level associated to every

period detection, which is an essential point: this approach

allows to compute both a probability of appearance for each

spectral line (through the estimation of the Bernoulli se-

quence q) and also a variance associated to the correspond-

ing spectral amplitude. Then, it can be shown that sam-

pling from the target distribution p(x|y, θ) is computation-

ally more attractive than sampling from Pr(q|y, θ). Last,

the unsupervised estimation objective is possible by jointly

sampling from p(x,θ|y) at the same computational cost.
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3. A MODIFIED GIBBS SAMPLING ALGORITHM

A Gibbs sampling algorithm is particularly suited to the

generation of (x(t),θ(t)) ∼ p(x,θ|y), as the conditional

distributions p(xk|x−k,θ,y) – where x−k
∆
= {xℓ}ℓ 6=k –

have a BG expression and p(θi|θ−i,x,y) belong to usual

families of probability density functions.

As the spectral model (1) uses bidimensional parameters

xk = (ak, bk), the expressions derived in [1] are

slightly modified. Introducing the N × 2 matrix

wk = [cos 2πfktn, sin 2πfktn]n=1...N and

ek = y −
∑

l 6=k wlx
T
l , the conditional posterior distribu-

tion of xk writes:

p(xk|x−k,y,θ) = λk g2(xk − µk,Rk)

+ (1 − λk) g2(xk,0) (3)

with: λk = λ̃k

λ̃k+(1−λ)
, λ̃k = λ

σ2 |Rk|
1/2eµ

T

k
R

−1

k
µ

k ,

R
−1
k = I2

σ2 + 1
σ2

ǫ

wT
k wk, µk = 1

σ2
ǫ

RkwT
k ek

Since x0 = (a0, 0), the case k = 0 leads to slightly different

expressions which are straightforward to derive.

The corresponding conditional posterior distributions on

the hyperparameters write:

λ|x,y, σ, σǫ ∼ Be(M + 1, P + 1 − M)

σ2|x,y, λ, σǫ ∼

{
IG(M + α, ||x||2/2 + β) if x0 = 0

IG(M + α − 1/2, ||x||2/2 + β) else

σ2
ǫ |x,y, λ, σ ∼ IG(N/2 − 1, ||y − Wx||2/2)

where M is the number of non zero components in x, and

Be stand for the beta distribution.

Drawing samples iteratively from above conditional pos-

terior distributions leads to the classical Gibbs sampler. How-

ever, convergence of Gibbs sampling methods is known to

be slowed down by the attraction of the chain towards lo-

cal modes of the target distribution [7, p. 205]. Practical

experience in the spectral analysis problem shows a critical

behaviour when a sample x(t) models a true line (with in-

dex k0) with two lines on each side (with indexes k0−1 and

k0 +1) and a zero value for the true frequency location (see

figure 2, configuration A). As the Gibbs sampler only per-

forms one move at a time, removing a line or adding a third

one in the middle leads to a model with a much lower prob-

ability: parameter λk0
in equation (3) takes very low values

while λk0−1, λk0+1 ≃ 1. Thus, the chain hardly escapes

from a configuration such as A.

This pathological behaviour of the Gibbs sampler is to

be compared to the limitations of the SMLR suboptimal

optimization strategy. As each iteration only changes one

value of the Bernoulli sequence q, several steps are needed

to move from configuration A to configuration B, and in-

termediate steps may lead to a lower posterior probability.
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Fig. 2. Left: true line (⋄) and critical sample X (t)
(◦).

Right: X(t+1)
after a successful resampling step. Here

Xk
∆
=

√
a2

k + b2
k stands for the spectral amplitude at fre-

quency fk.

Consequently, such a detector gets stuck in a local maxi-

mum corresponding to configuration A. These problems are

pointed out by Chi and Mendel [10] who propose additional

transitions moving a current line one point left or right. In an

analogous way, we include a new sampling step to the usual

Gibbs sampler, that enables one point frequency shifts. For

a current sample x(t) with Bernoulli sequence q(t), the fol-

lowing step is proposed:

a) select k0 randomly among {k; q
(t)
k 6= 0}

b) with probability 0.5, set δk = 1, else set δk = −1,

and propose the new Bernoulli sequence q′ with:{
q′ℓ = 1 − q

(t)
ℓ , if l = k0 or l = k0 + δk

q′ℓ = q
(t)
ℓ else

c) compute the corresponding amplitudes x′ as the min-

imum variance estimator of (x|q′,y,θ) [8]

d) accept the move if the posterior distribution (2) is in-

creased: (q(t+1),x(t+1)) = (q′,x′) if ρ > 1 (else

(q(t+1),x(t+1)) = (q(t),x(t))) with:

ρ =
p(q′,x′|y,θ)

p(q(t),x(t)|y,θ)

= exp−
1

2σ2
b

(||y − Wx′||2 − ||y − Wx(t)||2)

× exp−
1

2σ2
(
∑

k

||x′
k||

2 −
∑

k

||x
(t)
k ||2 )

In practice, this additional step allows to jump from con-

figuration A to a configuration B with two adjacent lines

(b). Then, the corresponding amplitude estimation (c) will

associate a high value to the spectral amplitude at the true

frequency, as shown on figure 2, model B, where the left

line has been shifted right. Note that this resampling step is

not a Metropolis-Hastings step, but can better be interpreted

as a burn-in procedure. In practice, this step is proposed

with a probability µ(t) decreasing exponentially to 0 when

t → +∞, which ensures the asymptotic convergence of the

chain to the interest posterior distribution (2).
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4. SIMULATION RESULTS

Signal shown on figure 3 is the sum of 5 sinusoids with

frequencies fi,i=1...5 from 0.1 to 0.16 Hz, corrupted by 10
dB white gaussian noise. The N = 250 data are irregu-

larly sampled with additional periodic gaps. This kind of

spectrum simulates the rotational splitting effect on variable

stars. Sampling gaps cause high lobes in the spectral win-

dow, and the Fourier spectrum of the data is unsatisfactory

in terms of peak detection, as shown on figure 3.
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Fig. 3. Top: test signal (left) and true spectral lines

(right). Bottom: spectral window (left) and Fourier spec-

trum (right).

Samples x(t),θ(t) ∼ p(x,θ|y) are drawn using algo-

rithm of section 3 for P = 500 frequencies. After T itera-

tions, PM estimates x̂T and θ̂T are computed:

(x̂T , θ̂T ) = 2
T

∑T
T/2+1(x

(t),θ(t)). Associated variances

σ̂2
x̂

and σ̂2
θ̂

are also computed as the variances of the chain

(x(t),θ(t)). As there is no general convergence test [7],

we propose to stop algorithm when ||x̂T − x̂T−1||∞ < ν,

||θ̂T − θ̂T−1|| < ν, with ν = 10−3. This heuristic crite-

rion has shown satisfactory practical results for this prob-

lem. Results are shown on figure 4. The underlying PM

estimate of the Bernoulli sequence q̂ shows posterior prob-

abilities equal to 1 at the closest approximations of the true

frequencies on grid G and with very low values elsewhere,

and the corresponding spectrum shows an accurate ampli-

tude estimation with a low associated variance. Note that

in this simulation with well-resolved frequencies, the super-

vised SMLR algorithm also provides satisfactory results. In

our case, however, additional information on the estimator

variance is obtained and the procedure is fully unsupervised.

Finally, figure 5 briefly illustrates a typical situation where

maximization algorithms as SMLR fail. Two close frequen-

cies separated by three grid steps are considered with 10 dB

SNR and N = 100 irregularly sampled data. Due to the
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Fig. 4. BG estimation results

close frequency mix, the SMLR algorithm is unable to cor-

rectly localize the two lines. Note that the SMLR algorithm

was implemented with the « correct » hyperparameters val-

ues (λ is the average number of lines, σ2 is the mean of the

squared amplitudes and σ2
b the noise variance), while the

proposed PM estimation is fully unsupervised.
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Fig. 5. Simulation results with 2 close spectral lines (⋄).
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5. APPLICATION TO ASTROPHYSICAL DATA

We propose to perform the spectral estimation of the

signal presented on figure 1, which is the radial velocity

curve of Herbig Ae star HD 104237 for 5 observing nights.

This is a multiple object system and the main orbital mo-

tion generates a low frequency behaviour on the global ve-

locity curve. Moreover, the primary star of the system is

supposed to be pulsating, so that several oscillation modes

are expected. Due to the day/night alternation, the spectral

window shows a high secondary lobe at frequency 1 day−1

and the Fourier spectrum only emphasizes one peak around

33 day−1 and 1 day−1 aliases. Note that the clean de-

convolution method, widely used in astrophysics, also fails

because of the low frequency perturbations. Note that the

clean deconvolution method, widely used in astrophysics

(see e.g. [11]), also fails because of the low frequency per-

turbations. Estimation results are shown on figure 6, where

several spectral lines are detected around 33 day −1 in ad-

dition to the main low frequency energy. Five lines are de-

tected with a high probability (superior to 98%). Other non-

zero spectral amplitudes appear that have a lower probabil-
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Fig. 6. Estimation results on HD 104237 data.

ity, and the large associated variances are due to the average

effect between zero and non-zero values along the chain.

To make this spectral estimator more readable, we suggest

to first estimate the frequencies as those having a posterior

probability of appearance superior to a given threshold and

then compute the amplitude means and variances condition-

nally to the presence of a corresponding line along the chain,

i.e. by averaging only the spectral samples x
(t)
k

correspond-

ing to q
(t)
k

= 1. Results of this reestimation are shown on

figure 7 where only the lines corresponding to a posterior

probability q̂k > 98% are conserved. As the detected fre-
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Fig. 7. Estimation results on HD 104237 data: ampli-

tude conditional reestimation. Left: whole frequency range,

right: zoom around 33 day
−1

quencies are typical values of δ Scuti pulsations, this is a

satisfactory result for the validation of this method on ex-

perimental data. We must note, however, that such a result

is not systematically obtained depending on the initializa-

tion of the random generator. Actually, it has been found

that the slow convergence of the Gibbs sampler makes it

hard to know whether the convergence to the interest dis-

tribution has been obtained or if the chain has got stuck in

some local mode of the distribution. The modification in-

troduced in section 3 aims at solving this problem, but the

frequency of this move, which has to decrease towards 0

when the number of iterations T → +∞, has shown to be a

critical parameter to tune on this experimental data.

6. CONCLUSION

This paper presented an application of the MCMC-based

estimation of Bernoulli Gaussian processes introduced by

Cheng et al. [1], adapted to the estimation of line spec-

tra from unevenly sampled data. The proposed method al-

lows to compute the posterior mean estimates of the spec-

tral parameters and their associated variances in an unsu-

pervised manner. A modification to the usual Gibbs sam-

pler was introduced to accelerate the convergence by means

of an efficient burn-in procedure. Satisfactory simulation

results were obtained and application to astrophysical data

revealed the ability of the method to retrieve spectral lines

in the presence of low frequency perturbations. However,

application to experimental data also illustrated some diffi-

culties inherent to the use of MCMC methods, as the use of

an appropriate convergence criterion and the necessity of a

post-processing step.

A future work should include the proposed modifica-

tion of the Gibbs sampler in a Hastings-Metropolis step and

then build a properly hybrid algorithm, avoiding the tuning

inherent to the burn-in process.
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