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Abstract. We consider time Petri nets with multiple-server semantics.
We first prove that this setting is strictly more expressive, in terms of
timed bisimulation, than its single-server counterpart. We then focus on
two choices for the firing of multiple instances of the same transition:
the more conservative safety-wise non deterministic choice, where all
firable instances may fire in any order, and a simpler alternative, First
Enabled First Fired (FEFF), where only the oldest instance may fire,
obviously leading to a much more compact state-space. We prove that
both semantics are not bisimilar but actually simulate each other with
strong timed simulations, which in particular implies that they generate
the same timed traces. FEFF is then very appropriate to deal with linear
timed properties of time Petri nets.
Keywords: Time Petri nets, multiple/single-server semantics, firing
choice policies, strong/weak timed simulations.
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Introduction

The theory of Petri Nets provides a general framework to specify the behavior
of real-time reactive systems, including their time constraints. Time constraints
may be expressed in terms of stochastic delays of transitions (stochastic Petri
nets), fixed values associated with places or transitions [13], or intervals labelling
places, transitions or arcs [7, 10–12, 15]. Among these time extensions of Petri
nets, we consider here time Petri nets [11] “à la Merlin” (threshold semantics)
in both single-server and multiple-server semantics. This model associates with
each transition a static firing interval constraining their firing dates. The multienabledness appears as soon as we consider non-safe Petri nets and is consequently both a theoretical and a practical problems. As an example, in a production line, a multi-enabled transition can either model a queue for a machine
able to process one peace at a time or a conveyer belt able to move more than
one object. The multiple-server semantics allows to handle, at the same time,
several enabling instances of the same transition, whereas it is not allowed in the
?
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single-server semantics. In [6], the authors discussed and showed the benefits of
multiple-server semantics over single-server semantics such as scaling and conciseness power. Multi-enabledness allows very compact representations for some
systems [6], where system resources are represented by tokens. In such a case,
adding new resources to a system consists in simply adding new tokens in the
marking, without changing the structure of the Petri net [6].
Timing information is either associated with tokens (age semantics) [8] or
enabled transitions (threshold semantics) [4, 6]. For the multiple-server threshold semantics, each enabling instance of the same transition has its own timing
information characterized by means of a clock (used to measure the time elapsing since its enabling) or a firing interval (indicating its firing delays). In [4],
two firing choice policies have been proposed to manage the different enabling
instances of the same transition: non deterministic (NDF) and First Enabled
First Fired (FEFF) firing policies. For the NDF firing choice, all possible firing
orders of these instances are considered, whereas, for the FEFF firing choice,
only one firing order, corresponding to firing the oldest one first, is considered.
The NDF firing choice includes the FEFF firing choice. Consequently, it strongly
simulates the FEFF firing choice. However, as it considers all possible firing orders of instances of the same transitions, it may cause a blow-up of the state
space, compared to the FEFF firing choice.
In this paper, we first give an overview of the different semantics of multienabledness for time Petri nets. Then, we show that the multiple-server semantics
adds expressiveness relatively to the single-server semantics. We also prove that
the FEFF firing choice strongly simulates the NDF firing choice. As, the NDF
firing choice strongly timed simulates the FEFF firing choice, it follows that both
firing choice policies (NDF and FEFF) strongly simulate each other and then
generate the same timed language.
This paper is organized as follows. Section 2 defines formalisms and notions
used in the paper such as timed transition systems, strong (weak) timed simulation relations and time Petri nets. Then, it discusses the different semantics
of multi-enabledness of time Petri nets, proposed in the literature. Section 3 is
devoted to the threshold semantics of time Petri nets, in the context of multipleserver policy and the comparison of the expressiveness relatively to the singleserver semantics. Section 4 compares two firing choice policies: NDF and FEFF.
The conclusion is presented in Section 5.

2

Preliminaries

Let N, Q+ and R+ be the sets of natural, non-negative rational and non-negative
real numbers, respectively.
2.1

Timed transition systems and timed (bi)simulation

As usual, we shall define the operational semantics of our time Petri nets by
means of timed transition systems (TTS) combining both discrete (actions) and
continuous (time elpasing) transitions [6]:
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Definition 1 (Timed Transition System). A TTS is a 4-tuple S =<
Q, q0 , Σ, →> where Q is a set of states, q0 ∈ Q is the initial state, Σ is the
set of discrete actions (disjoint from the time domain R+ of the continuous actions), and →∈ Q × (Σ ∪ R+ ) × Q is the transition relation.
a

A tuple (q, a, q 0 ) ∈→, also denoted q −
→ q 0 , represents the transition from
0
state q to state q by the discrete or continuous action a.
In the sequel, we assume that all TTSs satisfy the classical time-related
conditions where d, d0 ∈ R+ :
d

d

– time determinism: if q −−→ q 0 and q −−→ q 00 then q 0 = q 00 ;
d

0

d+d0

d

– time additivity: if q −−→ q 0 and q 0 −−→ q 00 then q −−−−→ q 00 ;
0
– null delay: ∀q : q −−→ q;
d

d0

d−d0

– time continuity: if q −−→ q 0 then ∀d0 ≤ d, ∃q 00 , q −−→ q 00 and q 00 −−−−→ q 0 .
Definition 2 (Run in a TTS). A run ρ in a TTS S =< Q, q0 , Σ, →> is a
(possibly infinite) sequence q0 a0 q1 a1 . . . an−1 qn . . . such that ∀i, (qi , ai , qi+1 ) ∈→.
We assume w.l.o.g. that in a run, discrete and continuous transitions are
strictly alternating. The case of a run ending in infinite delay raises no theoretical
issue but we omit it for the sake of readability. Any run ρ can therefore be written
d1
t1
d2
t2
as: ρ = q0 −→
q1 −→
q2 −→
q3 −→
· · · , where di and ti for i > 0 are continuous
and discrete actions, respectively.
d

t

1
1
Definition 3 (Timed and Untimed Traces). For any run ρ = q0 −→
q1 −→

d

t

2
2
q2 −→
q3 −→
· · · , the timed trace (timed word) of ρ is the sequence d1 t1 d2 t2 . . ..
The untimed trace (also called firing sequence) of ρ is the sequence t1 t2 . . ..

Definition 4 (Timed Language). The timed language of S, denoted L(S),
is the set of its timed traces.
In order to compare the different semantic choices we shall introduce the
notion of simulation:
Definition 5 (Strong timed (bi)simulation). Let S1 =< Q1 , q10 , Σ, →1 >
and S2 =< Q2 , q20 , Σ, →2 > be two timed transition systems.
A binary relation ≺S ⊆ Q1 × Q2 is a (strong) timed simulation iff
a
a
∀(q1 , q2 ) ∈≺S , ∀a ∈ Σ ∪ R+ , (∃q10 ∈ Q1 , q1 →1 q10 ) ⇒ (∃q20 ∈ Q2 , q2 →2 q20
and (q10 , q20 ) ∈≺S ).
A strong timed simulation 'S ⊆ Q1 × Q2 is a (strong) timed bisimulation if
'−1
S ⊆ Q2 × Q1 is also a strong timed simulation.
We say that transition system S1 is strongly simulated by S2 (i.e., S2 strongly
simulates S1 ), if there exists a strong timed simulation relation ≺S ⊆ Q1 × Q2
s.t. (q10 , q20 ) ∈≺S . Note that such a simulation implies that L(S1 ) ⊆ L(S2 ).
Similarly, transition systems S1 and S2 are strongly timed bisimilar if there
exists a strong timed bisimulation 'S ⊆ Q1 × Q2 and (q10 , q20 ) ∈'S .
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An invisible action is any action which does not belong to Σ ∪R+ . We denote
all invisible actions by  6∈ Σ ∪ R+ .
Let σ ∈ (Σ ∪{}∪R+ )+ be a timed trace and vis(σ) the timed trace obtained
by eliminating invisible actions () of σ and grouping continuous actions.
Definition 6 (Weak timed simulation). Let S1 =< Q1 , q10 , Σ ∪ {}, →1 >
and S2 =< Q2 , q20 , Σ ∪ {}, →2 > be two timed transition systems and
W ⊆ Q1 × Q2 a binary relation. Relation W is a weak timed simulation iff
a
∀(q1 , q2 ) ∈W , ∀a ∈ Σ ∪ R+ , (∃q10 ∈ Q1 , q1 →1 q10 ) ⇒ (∃q20 ∈ Q2 , ∃σ s.t.
σ
vis(σ) = a, q2 →2 q20 and (q10 , q20 ) ∈W ).
We derive the notions of weak timed bisimulation and weak timed
(bi)similarity of transitions systems in exactly the same way as for strong simulations.
2.2

Time Petri nets

We now introduce the formalisms considered in this article:
Definition 7 (Petri net).
< P, T, Pre, Post, M0 >, where:

A

Petri

net

is

defined

by

a

4-tuple:

– P and T are finite sets of places and transitions, respectively (s.t. P ∩T = ∅);
– Pre, Post ∈ [P × T −→ N] are the backward incidence and the forward incidence functions, respectively. They indicate, for each transition, the tokens
needed for its firing and those produced;
– M0 ∈ [P −→ N] is the initial distribution of tokens in places, called the
initial marking.
A marking M of a Petri net is a function from P to N. Let M ∈ [P −→ N] be a
marking and t a transition. Transition t is k-enabled for k > 0 iff M ≥ k×Pre(., t)
and M 6≥ (k + 1) × Pre(., t). In this case, k is the enabling degree of t in M .
If t is k-enabled for some k > 0, we simply say it is enabled. When we say t is
multi-enabled we emphasize the fact that k > 1. By convention, t is said to be
0-enabled in M if it is not enabled in M . Note that in case, a transition has at
least an input place, the set of its enabling instances in M is finite. We suppose
here that each transition has at least an input place.
If t is enabled in M , it may fire, leading to the marking M 0 s.t.
∀p ∈ P, M 0 (p) = M (p) − Pre(p, t) + Post(p, t).
Let IN T be the set of intervals of R+ of the form [a, b] or [a, ∞[, where
a, b ∈ Q+ . For any interval I ∈ IN T , the lower and the upper bounds of I are
denoted ↓ I and ↑ I, respectively.
Definition 8 (Time Petri Net). A time Petri net (TPN) is defined by a
7-tuple: < P, T, Pre, Post, Is, M0 > where:
– < P, T, Pre, Post, M0 > is a Petri net;
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– Is ∈ [T → IN T ] is a function which associates with each transition t a static
firing interval Is(t).
Intuitively, a transition t is firable if it is maintained enabled during a time
inside its static firing interval. It must be fired without any additional delay,
if it is maintained enabled ↑ Is(t) time units, unless it is immediately disabled
by a conflicting transition. Firing a transition takes no time but leads to a new
marking.
2.3

TPN semantics

Several semantics are proposed in the literature for TPN that can be classified
according to four policies (service, granularity, memory and choice) [1–3, 9] and
the characterization of timing information (clock state vs interval state).
Server policy: For time Petri Nets, time is used to model a non instantaneous
service represented by a timed transition. In this context, the service policy specifies whether several enabling instances of the same transition may be considered
simultaneously (multiple-server semantics) or not (single-server semantics). The
multiple-server semantics allows to handle, at the same time, several services per
transition whereas it is not allowed in the single-server semantics. For singleserver semantics, the multi-enabledness is not ambiguous since a transition can
do only one thing at the same time (only one enabling instance of each transition
is considered at each state), whereas different interpretations can be defined for
multiple-server semantics.
Granularity policy: This policy indicates which objects timing information
is associated with. Timing information is either associated with tokens (age semantics) [8] or enabled transitions (threshold semantics) [6]. In [5], the authors
considered the age semantics where tokens are managed FIFO based on their
ages. As tokens are handled FIFO, an enabled transition will always use the oldest tokens from each place. The difference between age and threshold semantics
is highlighted in [9] by the difference between the individual token interpretation
and the collective token interpretation. It is particularly significant when two or
more tokens are needed, in a given place, to fire a transition. Let us consider
the example of [6] depicted in Fig. 1 showing the difference between age and
threshold semantics. In this example, a server answers to requests, in a delay
between 2 and 3 time units for each request and we want to detect a too heavy
load of the system. More precisely, we want to detect the presence of more than
40 requests during a period of 30 time units. The modeling of such a system
is given in Fig. 1. Using the age semantics, the transition Loaded will never be
fired. Indeed, each token will stay at most 3 time units in place Running: no
multi-set of 40 tokens will exist with a token older than 3 time units. Using the
threshold semantics, the transition Loaded will be enabled once 40 tokens will
be in place Running, and it will fire 30 time units after, as long as at least 40
tokens are in the place, independently of their ages.
In this paper, we focus on the threshold semantics.
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Running

Request

Server

[0, ∞[

[2, 3]
40

40

Loaded
[30, 30]
Fig. 1. A TPN illustrating the difference between age and threshold semantics [6]

Memory policy: This policy specifies when the timing information is set or
reinitialized. For the age semantics, the timing information of tokens is set at
their creation. In the context of threshold semantics, the memory policy relies on the notion of newly enabled transitions. In the classical semantics (also
called intermediate semantics), this notion is defined using intermediate markings (markings resulting from the consumption of tokens): when a transition is
fired, all transitions not enabled in the intermediate marking but enabled in the
successor marking are considered as newly enabled. The firing of a transition
is then not atomic w.r.t. markings. In [1, 2], the authors have discussed other
semantics where the firing of transitions is considered atomic: atomic and persistent atomic semantics. In such semantics, all transitions not enabled before firing
a transition t but enabled after its firing are newly enabled. Another difference
between the intermediate, atomic and persistent atomic semantics lies in the
particular case of the fired transition. If the fired transition enables again itself,
it is considered as newly enabled in the intermediate and atomic semantics but
not newly enabled in the persistent atomic semantics. For the single-server and
threshold semantics, the intermediate, atomic and persistent atomic semantics
are equivalent w.r.t. weak timed bisimulation if the intervals are all right-closed
and persistent atomic is more expressive otherwise [2, 3, 14].
Firing choice policy: This policy specifies the enabled transitions to fire first
and those to disable first, in case of conflicts. In the context of TPNs, the choice
of transition to fire first is non deterministic for different transitions. For the
age semantics, in [5], tokens are managed First in First Out (FIFO semantics).
When a transition is fired, it consumes the oldest tokens first. In the case of the
threshold and multiple-server semantics, the multi-enabledness of a transition t
can be considered as different transitions, which we call enabling instances, and
which are either totally independent (non deterministic firing choice (NDF)) or
managed so as to fire the oldest one first (First Enabled First Fired (FEFF)
policy).
Disabling choice policy: This policy specifies which enabling instances of
transitions to disable first: the most recent ones first (Last Enabled First Disabled
(LEFD)) or the oldest ones first (First Enabled First Disabled (FEFD)) are
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possible policies. As for the firing choice policy we can also take into account all
possible choices non-deterministically (NDD).
Clock vs interval states: Besides these policies, there are, in the setting of
threshold semantics, two known characterizations of timing information. The
first one is based on clocks. A clock is either associated with each enabled transition to measure its enabling time (time elapsed since it became enabled most
recently) or associated with each token to measure its age (time elapsed since
its creation). The second characterization of timing information is based on dynamically decreasing intervals associated with enabled transitions indicating the
time remaining until they can fire.
TPN “ à la Merlin”: The classical semantics of TPN is single-server, threshold
and intermediate semantics with non deterministic choice of transitions to fire
first. The timing information is either characterized by means of clocks (clock
states) or time intervals (interval states).
The clock state is defined as a marking and a function which associates with
each enabled transition the value of its clock. The clock of a transition t is set to
0, when it is newly enabled. Afterwards, its value increases synchronously with
time until it is fired or disabled by firing a conflicting transition. It is firable
if its clock value reaches its static firing interval. It must be fired without any
additional delay transition when its clock reaches ↑ Is(t), unless it is disabled.
The interval state is defined as a marking and a function which associates
with each enabled transition the time interval in which the transition can be
fired. When a transition t is newly enabled, its firing interval is set to its static
firing interval. The bounds of this interval decrease synchronously with time,
until t is fired or disabled by another firing. t is firable, if the lower bound of
its firing interval reaches 0. It must be fired, without any additional delay, if the
upper bound of its firing interval reaches 0, unless it is disabled.
p1

p2
t
[3, 3]

Fig. 2. A simple TPN with multiple enabledness.

Illustrative example: Let us point out, by means of the simple example of
Fig. 2, some subtle differences
 between

  the semantics discussed above. Assume
that initially, the marking is pp12 = 11 . At date 1, a token arrives in p1 leading
 
2
.
1
 
 
p1
2
=
.
p2
2

to the marking

Then, another token arrives in p2 at date 2 leading to the

marking

The transition t is 2-enabled in the marking

 
2
.
2
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For all semantics, the transition t will be fired twice. However, the firing
dates of the transitions vary according to the service, granularity and memory
policies.
For the single-server and threshold semantics, only one enabling instance of
transition t is considered from each state. This instance is enabled since date 0.
When this instance is fired, transition t is again enabled. The timing information
of this enabling instance of t may be either reinitialized or not, according to the
memory policy (intermediate, atomic or persistent atomic semantics). For both
intermediate and atomic semantics, the transition t will be fired at dates 3 and
6. Indeed, t is enabled since date 0 and then is fired at date 3. When t is fired, it
is again enabled in the resulting marking, its timing information is reinitialized.
Therefore, it will be fired again 3 time units later (i.e., at date 6). For persistent
atomic semantics, the transition t will be fired at dates 3 and 3, since, in this
case, when t is fired for the first time, its timing information is not reinitialized.
For the age semantics, there are 2 tokens in place P1 created at dates 0 and
1, respectively. There are also 2 tokens in place P2 created at dates 0 and 2,
respectively. In case, the tokens are managed FIFO, the dates of the first and
the second firing of t are 3 and 5. The first firing of t uses the tokens of p1 and
p2 with age 0. The second firing of t uses the remaining tokens.
For the multiple-server (multi-enabledness) semantics, the two enabling instances of transition t can be fired at dates:
– 3 and 5 for the threshold semantics, since the first and the second instances
of t are enabled since dates 0 and 2, respectively.
– 3 and 5 for the age semantics with FEFF
 discipline. t is considered to be
mutli-enabled as soon as the marking is 21 .
– 3 and 5 or 4 and 5 for the age semantics with non deterministic choice of
tokens to be used. Indeed, the dates of the first and the second firing of
t depend on the ages of tokens used. There are two possibilities. The first
firing of t may use either the tokens of p1 and p2 with age 0 or the token
of p1 with age 1 and the token of p2 with age 0. The second firing of t uses
the remaining tokens. So, the dates of the first and the second firing of t are
either 3 and 5 or 4 and 5.
In [6], the authors discussed and showed the benefits of multiple-server semantics over single-server semantics such as scaling and conciseness power. However, does the multiple-server semantics increase the expressive power of time
Petri nets or not? So, the first aim of this paper is to investigate this question
for the threshold semantics. The other aim is the comparison of two firing choice
policies: NDF and FEFF.

3

Threshold semantics in the context of multiple-server
policy

In the threshold and multiple-server semantics, a clock or a firing interval is
associated with each enabling instance of a transition. The choice of transition
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to fire first is non deterministic for different transitions. The enabling instances of
the same transition are either considered totally independent (non deterministic
choice) or managed so as to fire the oldest one first (First Enabled First Fired
(FEFF) policy). In the sequel, we consider the case of non deterministic choice
of the transition to fire first.
Let M be a marking. For economy of notations, we suppose that the set of
transitions is strictly ordered (t < t0 or t0 < t, for any pair of transitions of
T ) and the enabling instances of transitions of M are managed in an ordered
list, denoted en. In en, the enabling instances of the same transition are ordered
from the oldest to the newest one and transitions appear in increasing order. An
enabling instance of this list is referred to as ti where t ∈ T is its transition and
i is its position in the list en.
3.1

Clock based timing information

For the clock based timing information, the TPN state is defined by the triplet
q = (M, en, ν), where M ∈ [P −→ N] is a marking, en is the list of enabling
instances of transitions in M , where the enabling instances of the same transition
are ordered from the oldest to the newest one and transitions appear in increasing
order, and ν ∈ [en −→ R+ ] is a clock valuation over en. For each ti ∈ en, ν(ti ) is
the clock value of the ith enabling instance. The initial state is q0 = (M0 , en0 , ν0 ),
where M0 is the initial marking, en0 is the appropriately ordered list of enabling
instances of transitions in M0 and ∀ti ∈ en, ν0 (ti ) = 0.
All clocks of transitions evolve uniformly with time. Let q = (M, en, ν) be
a state, d ∈ R+ . We denote ν + d the function ν 0 defined by ∀ti ∈ en, ν 0 (ti ) =
d

ν(ti ) + d. It specifies the evolution of time by d units. (M, en, ν) −
→ (M, en, ν 0 )
iff
ν 0 = ν + d and ∀ti ∈ en, ν(ti ) + d ≤↑ Is(t)
Let q = (M, en, ν) be a state and t ∈ T . Transition t is firable at state q =
(M, en, ν) iff there is at least an enabling instance ti of t in en s.t. its clock has
reached its firing interval (i.e., ν(ti ) ≥↓ Is(t)). In case transition ti is firable
at state q = (M, en, ν), its firing will consume Pre(p, t) tokens from each place
p and produce Post(p, t) tokens in each place p. Consequently, it will disable
transitions that are in conflict and enable new instances of transitions. We denote
CF(M, en, ti ) the set of enabling instances of transitions of en in conflict in M
with ti . The set of newly enabled instances in the marking reached from M by
firing ti is denoted Nw(M, en, ti ).
If ti is firable at q = (M, en, ν), its firing leads to the state q 0 = (M 0 , en0 , ν 0 )
s.t.
– M 0 = M − Pre(., t) + Post(., t),
– en0 is computed from en by eliminating enabling instances of CF(M, en, ti )
and then inserting the enabling instances of Nw(M, en, ti ) and
– ν 0 is computed from ν by eliminating clock values of enabling instances
of CF(M, en, ti ) and inserting value 0 for each enabling instance of
Nw(M, en, ti ).
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We write (M, en, ν) −
→ (M 0 , en0 , ν 0 ), for ti ∈ en iff ti is firable at (M, en, ν),
i
i.e., t ∈ en and its firing leads to the state (M 0 , en0 , ν 0 ).
Example 1. As an example, consider the time Petri net at Fig. 3. and the state
q = (M, en, ν), where M (P1 ) = 3, en = {S 1 , S 2 , S 3 , L1 , L2 , L3 }, ν(S 1 ) = ν(L1 ) =
2.5, ν(S 2 ) = ν(L2 ) = 2.1 and ν(S 3 ) = ν(L3 ) = 1.3.
P1

P2

S

T

[2, 3]

[3, 7]

L
[30, 30]
Fig. 3. A TPN illustrating CF and Nw

Let us consider the firing of the instance S 1 in the context of FEFF semantics, atomic memory policy and FEFD disabling choice policy, meaning that
CF(M, en, S 1 ) = {S 1 , L1 }. Thus, the firing of the transition S 1 denoted by
S1

(M, en, ν) −−
→ (M 0 , en0 , ν 0 ) leads to the deletion of S 1 and L1 and thus the other
instances are left shifted in the list en0 . Then, since Nw(M, en, S 1 ) = {T 1 }, we
have en0 = {S 1 , S 2 , L1 , L2 , T 1 } with ν 0 (S 1 ) = ν 0 (L1 ) = 2.1, ν 0 (S 2 ) = ν 0 (L2 ) =
1.3 and ν 0 (T 1 ) = 0.
t
u
Using clock based timing information, the behavior of a time Petri net is
defined by means of the timed transition system < Q, q0 , Σ, −→>, where Q is
the set of clock states of the time Petri net, q0 = (M0 , en0 , ν0 ) is its initial clock
state, Σ = T , and −→ is composed of continuous and discrete transitions defined
as follows:
Let q = (M, en, ν) and q 0 = (M 0 , en0 , ν 0 ) be two clock states, d ∈ R+ and t ∈ T .
d

d

(M, en, ν) −→ (M, en, ν + d) iff (M, en, ν) −
→ (M, en, ν + d)
t

ti

(M, en, ν) −→ (M 0 , en0 , ν 0 ) iff ∃ti ∈ en, (M, en, ν) −
→ (M 0 , en0 , ν 0 ).
3.2

Interval based timing information

For the interval based timing information, the interval TPN state is defined by
the triplet (M, en, I), where M and en are defined as for the clock state and I ∈
[en −→ IN T ] is an interval function over en. For each ti ∈ en, I(ti ) is the firing
interval of the ith enabling instance of t. The initial state is q0 = (M0 , en0 , I0 ),
where ∀ti ∈ en0 , I0 (ti ) = Is(t).
In this case, the behavior of TPN is defined by means of the timed transition
system < QI , (M0 , en0 , I0 ), Σ, −→I >, where QI is the set of interval states of
the TPN, (M0 , en0 , I0 ) is its initial interval state, Σ = T , and −→I is composed
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of continuous and discrete transitions defined as follows:
Let (M, en, I) and (M 0 , en0 , I 0 ) be two interval states, d ∈ R+ and t ∈ T .
d

(M, en, I) −→I (M, en, I 0 ) iff
∀ti ∈ en, d ≤↑ I(ti ) and I 0 (ti ) = [max(0, ↓ I(ti ) − d), ↑ I(ti ) − d].
t

(M, en, I) −→I (M 0 , en0 , I 0 ) iff ∃ti ∈ en s.t.
– ↓ I(ti ) = 0,
– M 0 = M − Pre(., t) + Post(., t),
– en0 is computed from en by eliminating enabling instances of CF(M, en, ti )
and then inserting the enabling instances of Nw(M, en, ti ) and
– I 0 is computed from I by eliminating firing intervals of enabling instances of
CF(M, en, ti ) and inserting the interval Is(t0 ) for each enabling instance t0j
of Nw(M, en, ti ).
Theorem 1 proves that the two formulations of the semantics, clocks or intervals, are actually equivalent wrt. strong timed bisimulation.
Theorem 1 (Equivalence of clock and interval semantics). All other semantic choices being the same, the transition systems, obtained for both clock
and interval timing information, are strongly timed bisimilar.
Proof. Let ' be the binary relation over Q defined by:
∀(M, en, ν) ∈ Q, ∀(M 0 , en0 , I) ∈ QI , (M, en, ν) 'S (M 0 , en0 , I) iff
M = M 0 , en = en0 , and ∀ti ∈ en, I(ti ) = [max(0, ↓ Is(t) − ν(ti )), ↑ Is(t) − ν(ti )].
It is easy to verify that ' is a strong timed bisimulation.
t
u
3.3

Conflicting and newly enabled transitions

The notions of conflicting and newly enabled transitions are not dependent of the
characterization of timing information. They mainly depend on the marking M ,
the list en and the memory (intermediate, atomic or persistent atomic semantics)
and disabling choice (FEFD or LEFD) policies.
Conflicting transitions: Let M be a marking, en its list of enabling instances
ordered appropriately as explained previously, t and t0 two enabled transitions
in M , k > 0 and k 0 > 0 their enabling degrees in M .
For the intermediate semantics, an enabling instance of t is in conflict with
some enabling instances of t0 in M iff the enabling degree of t0 is decreased in
the intermediate marking M − Pre(., t) (i.e., M − Pre(., t) 6≥ k 0 × Pre(., t0 )). Let
k 00 be the enabling degree of t0 in the intermediate marking M − Pre(., t). The
firing of an enabling instance of t will disable the k 0 − k 00 oldest or youngest
enabling instances of t0 , dependently of the discipline LEFD or FEFD used to
manage conflicting transitions. Moreover, the fired instance ti is supposed to be
in conflict with itself (i.e., ti ∈ CF(M, en, ti )).
For the persistent atomic semantics, an enabling instance of t is in conflict
with some enabling instances t0 in M iff the enabling degree of t0 is decreased in
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the successor marking of M by t (i.e., M − Pre(., t) + Post(., t) 6≥ k 0 × Pre(., t0 )).
Let k 00 be the enabling degree of t0 in the successor marking of M by t. The firing
of an enabling instance of t will disable the k 0 − k 00 oldest or youngest enabling
instances of t0 , dependently of the discipline LEFD or FEFD used to manage
conflicting transitions.
For the atomic semantics, the set CF(M, en, ti ) is computed in the same
manner as for the persistent atomic semantics, except that ti is supposed to be
in conflict with itself (i.e., ti ∈ CF(M, en, ti )).
Newly enabled transitions: Let M be a marking, en its list of enabling
instances ordered appropriately as explained previously, ti an enabling instance
of transition t in M and M 0 = M − Pre(., t) + Post(., t) the successor marking
of M by any enabling instance of t. The set Nw(M, en, ti ) relies to the memory
policy (intermediate, atomic or persistent atomic semantics) used.
For the intermediate semantics, there are new enabling instances of a transition t0 ∈ T in M 0 , if its enabling degree in M 0 is greater than its enabling degree
in the intermediate marking M − Pre(., t). In other words, if a transition t0 is
k-enabled (for some k ≥ 0) in M − Pre(., t) but k 0 -enabled in M 0 with k 0 > k,
then there are k 0 − k new enabling instances of t0 in M 0 .
For the atomic semantics, the firing of a transition is atomic. So, there are
new enabling instances of a transition t0 ∈ T in M 0 , if its enabling degree in
M 0 is greater than its enabling degree in M . In other words, if a transition t0 is
k-enabled (for some k ≥ 0) in M but k 0 -enabled in M 0 with k 0 > k, then there
are k 0 − k new enabling instances of t0 in M 0 .
For the persistent atomic semantics, the set Nw(M, en, ti ) is computed in the
same manner as for the atomic semantics, except that if there are new enabling
instances of the fired transition t in M 0 , one of these enabling instances inherits
the timing information of the fired transition.
For the rest of the paper, we fix a TPN N with multiple-server and threshold
semantics. Moreover, we focus on the clock based timing information. Theorem 1
implies that the results shown here are also valid for the interval based timing
information.
Property 1 follows from the definitions of CF and Nw: Note that according
to these definitions, it holds that:
Property 1. Let q = (M, en, ν) be a clock state of N . For any pair (ti , tj ) of
enabling instances of the same transition t in en:
1. CF(M, en, ti ) − {ti } = CF(M, en, tj ) − {tj }
2. Nw(M, en, ti ) = Nw(M, en, tj )
3. ti ∈ CF(M, en, ti ) iff tj ∈ CF(M, en, tj )
3.4

Multiple-server semantics adds expressiveness

In the context of threshold semantics, we establish in theorems 2 and 3 that
the multiple-server semantics adds expressiveness relatively to the single-server
policy.

On Multi-enabledness in Time Petri Nets

13

Theorem 2. Every TPN N can be translated into a TPN N 0 s.t. N in the
single-server and threshold semantics is strongly or weakly timed bisimilar to N 0
in the multiple-server and threshold semantics.
Proof. (sketch of the proof) In the single-server and threshold semantics, there
is one clock (one firing interval) per transition, even if it is multi-enabled.
For the intermediate semantics, to achieve the translation, it suffices to add
a place pt for each transition t of N with Pre(pt , t) = Post(pt , t) = 1 and
M0 (pt ) = 1. Doing so, we eliminate the multi-enabledness of t. Moreover, if t is
again enabled after its firing, it is newly enabled in N 0 , because t is not enabled
in the intermediate marking (pt is empty). Therefore, N 0 under the multipleserver, threshold and intermediate semantics is strongly timed bisimilar to N
under the single-server, threshold and intermediate semantics.
This translation works also for the persistent atomic semantics, since the
tokens of the added places are present before and after any firing. Therefore, if
a transition t is again enabled after its firing in N , it is also enabled again in N 0
after its firing. Under multiple-server, threshold and persistent atomic semantics,
N 0 is strongly timed bisimilar to N under single-server, threshold and persistent
atomic semantics.
For the atomic semantics, if a transition t is again enabled after its firing,
it is considered as newly enabled. To deal with this case, the translation needs
to add two places ptin and ptout , and a transition tt for each transition t of
N with Pre(ptin , t) = 1, Post(ptout , t) = 1, Pre(ptout , tt ) = 1, Post(ptin , tt ) = 1,
M0 (ptin ) = 1, M0 (ptout ) = 0 and Is(tt ) = [0, 0]. If a transition t is again enabled
after its firing in N , its firing in N 0 will empty place ptin , enable transition tt
and then disable t. As there is no delay between firings of t and tt and the unique
role of tt is to allow the enabling of t (i.e., invisible transition), it follows that N
under single-server, threshold and atomic semantics is weakly timed bisimilar to
N 0 under multiple-server, threshold and atomic semantics.
t
u

p1

[0, 1]
a

p2

[1, 2]
b

Fig. 4. Multiple-server threshold semantics with no equivalent single-server semantics

Theorem 3. There is no TPN under single-server and threshold semantics
equivalent to the TPN at Fig. 4 under multiple-server and threshold semantics
(neither w.r.t. timed bisimulation nor w.r.t. timed language acceptance).
Proof. Let na (d) and nb (d) be the numbers of firings of transitions a and b
at date d, respectively. Necessarily, na (d) ≥ nb (d) and at date d, it remains
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na (d) − nb (d) occurrences of b in less than 2 time units. For each of these occurrences of b, we need a clock to ensure that it occurs in the interval [1, 2], relatively
to the corresponding occurrence of a. Under single-server and threshold semantics, the number of clocks is finite, since we have one clock per transition. Since
na (d) − nb (d) can grow to infinity, the translation into an equivalent TPN under
single-server and threshold semantics should have an infinite number of transitions. This translation is then impossible.
t
u

4

NDF vs FEFF firing choice policies

Consider a TPN N under multiple-server and threshold semantics. There are
two main firing choice policies: non deterministic (NDF) and FEFF. We compare these two possibilities by supposing that the memory and disabling choice
policies are the same in both cases. The results are however valid whatever these
choices for memory and disabling policies are, thanks to the parametrization
using CF.
For NDF firing choice, if several enabling instances of the same transition t
are firable from a state q = (M, ν), then all these instances will be fired from q
and the firing of one of them will not disable the others. Since NDF firing choice
includes the FEFF one, we have the following obvious lemma.
Lemma 1. The NDF firing choice strongly timed simulates the FEFF firing
choice.
Proof. Let S1 =< Q1 , q0 , Σ, →1 > and S2 =< Q2 , q0 , Σ, →2 > be the transition
systems of N under multiple-server and threshold semantics for NDF and FEFF
firing choice policies, respectively. Since NDF firing choice includes the FEFF
one, it follows that Q2 ⊆ Q1 and →2 ⊆→1 . Therefore, the NDF firing choice
strongly simulates the FEFF firing choice.
t
u
However, for the NDF firing choice policy, all enabling instances of the same
transition will be fired in different orders, which may cause a blow-up of the state
space. It would be interesting if we can consider only one firing order without
loosing properties of the model. In this sense, we show in the following that
under FEFF or NDF firing choice semantics, N has the same timed language.
The proof of this claim is based on the strong timed simulation relation over
states Q of N defined in subsection 4.1.
4.1

FEFF simulates NDF firing choice policy

We first consider a TPN N under multiple-server and threshold semantics with
NDF firing choice policy.
Let  be the relation over states Q of the TPN N defined by:
∀(M, en, ν), (M 0 , en0 , ν 0 ) ∈ Q, (M, en, ν)  (M 0 , en0 , ν 0 ) iff M = M 0 , en = en0 and
∀ti ∈ en, ν(ti ) = ν 0 (ti ) or ↓ Is(t) ≤ ν 0 (ti ) < ν(ti ).
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Lemma 2. The relation  is a strong timed simulation.
Proof. It suffices to show that:
∀(M, en, ν) ∈ Q, ∀(M 0 , en0 , ν 0 ) ∈ Q s.t. (M, en, ν)  (M 0 , en0 , ν 0 ),
∀d ∈ R+ , ∀tf ∈ en,
d
(i) (M, en, ν) −→ (M, en, ν + d) ⇒
d

((M 0 , en0 , ν 0 ) −→ (M 0 , en0 , ν 0 + d) and (M, en, ν + d)  (M 0 , en0 , ν 0 + d))
tf

(ii) ∃(M1 , en1 , ν1 ) ∈ Q, (M, en, ν) −→ (M1 , en1 , ν1 ) ⇒
tf

(∃(M10 , en01 , ν10 ) ∈ Q, (M 0 , en0 , ν 0 ) −→ (M10 , en01 , ν10 ) and
(M1 , en1 , ν1 )  (M10 , en01 , ν10 ))
d

Proof of (i): (M, en, ν) −→ (M, en, ν + d) iff ∀ti ∈ en, ν(ti ) + d ≤↑ Is(t). By
assumption, (M, en, ν)  (M 0 , en0 , ν 0 ), which means that:
(1) M = M 0 , en = en0 and
∀ti ∈ en, ν 0 (ti ) = ν(ti ) or ↓ Is(t) ≤ ν 0 (ti ) < ν(ti ).
Therefore, ∀ti ∈ en, ν 0 (ti ) ≤ ν(ti ). It follows that M = M 0 , en = en0 and
∀ti ∈ en, ν 0 (ti ) + d ≤ ν(ti ) + d ≤↑ Is(t) and then
d

(M 0 , en0 , ν 0 ) −→ (M 0 , en0 , ν 0 + d).
Moreover, (1) implies that M = M 0 , en = en0 ,
∀ti ∈ en, ν 0 (ti ) + d = ν(ti ) + d or ↓ Is(t) ≤↓ Is(t) + d ≤ ν 0 (ti ) + d < ν(ti ) + d.
and then (M, en, ν + d)  (M 0 , en0 , ν 0 + d).
tf

Proof of (ii): (M, en, ν) −→ (M1 , en1 , ν1 ) and (M, en, ν)  (M 0 , en0 , ν 0 ) imply that M = M 0 , en = en0 and tf ∈ en, ν(tf ) ≥ ↓ Is(t) and (ν 0 (tf ) =
ν(tf ) or ↓ Is(t) ≤ ν 0 (tf ) < ν(tf )). Therefore, tf ∈ en0 , ν 0 (tf ) ≥ ↓ Is(t) and
tf

then ∃(M10 , en01 , ν10 ) ∈ Q, (M 0 , en0 , ν 0 ) −→ (M10 , en01 , ν10 ).
Moreover, it holds that M1 = M10 , en1 = en01 and ∀t0i ∈ en1 ,
if t0i ∈ Nw(M, en, tf ), ν1 (t0i ) = 0, ν10 (t0i ) = 0.
Otherwise, ν1 (t0i ) = ν(t0io ), ν10 (t0i ) = ν 0 (t0io ), t0io being the reference in en to t0i .
Therefore, ∀t0i ∈ en1 ,
ν1 (t0i ) = ν10 (t0i ) = 0 or ↓ Is(t) ≤ ν10 (t0i ) = ν 0 (t0io ) < ν(t0io ) = ν1 (t0i ).
The relation  is then a strong timed simulation over states of the model, whatever the intermediate/atomic/persistent atomic semantics.
t
u
Let us now show that from the same state (M, en, ν), the states reached by
firing two enabling instances of the same transition are s.t. the one reached by the
older enabling instance strongly simulates the other one. It means that applying
FEFF firing choice will preserve the timed traces of (M, en, ν) obtained by NDF
firing choice, whatever the intermediate/atomic/persistent atomic semantics.
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Lemma 3. Let (M, en, ν), (Mf , enf , νf ) and (Mg , eng , νg ) be three states, tf and
tg two distinct enabling instances of the same transition t in M s.t.
tf

tg

(M, en, ν) −→ (Mf , enf , νf ), (M, en, ν) −→ (Mg , eng , νg ) and ν(tf ) ≥ ν(tg ).
Then (Mf , enf , νf )  (Mg , eng , νg ).
Proof. Since tf and tg are two enabling instances of the same transition t, it follows that (see Property 1): Mf = Mg , CF(M, en, tf )−{tf } = CF(M, en, tg )−{tg },
Nw(M, en, tf ) = Nw(M, en, tg ), and tf ∈ CF(M, en, tf ) ⇔ tg ∈ CF(M, en, tg ).
The list enf is obtained from en by eliminating enabling instances of
CF(M, en, tf ) and adding enabling instances of Nw(M, en, tf ). Similarly, the list
eng is obtained from en by eliminating instances of CF(M, en, tg ) and adding
instances of Nw(M, en, tg ). Let us consider two cases: tf ∈
/ CF(M, en, tf ) (which
f
may hold for the persistent atomic semantics) and t ∈ CF(M, en, tf ) (which
always holds for the intermediate and atomic semantics).
1) If tf ∈
/ CF(M, en, tf ) (i.e., tg ∈
/ CF(M, en, tg )) then CF(M, en, tf ) =
g
f
CF(M, en, t ) and Nw(M, en, t ) = Nw(M, en, tg ). It follows that enf = eng
and νf = νg .
2) If tf ∈ CF(M, en, tf ) (i.e., tg ∈ CF(M, en, tg )) then CF(M, en, tf ) − {tf } =
CF(M, en, tg ) − {tg } and Nw(M, en, tf ) = Nw(M, en, tg ). It follows that the lists
enf and eng are equal. In addition, both νf and νg are obtained by eliminating
the same set of clocks values, except those of the fired instances. In νf , the clock
value of the fired instance tf is eliminated but the one of tg is kept. Similarly, in
νg , the clock value of the fired instance tg is eliminated but the one of tf is kept.
In lists enf and eng , transitions appears in increasing order and the enabling
instances of the same transition are ordered from the oldest to the newest one.
Let g 0 and f 0 , with f 0 < g 0 , be the positions in enf and eng of the enabling
instances tg and tf of en, respectively. The enabling instances between positions
f 0 and g 0 are all firable
 instances of t. Then:
νg (t0i )
if i < f 0

0i
0i
0i+1
0i
∀t ∈ enf , νf (t ) = νg (t
) ≤ νg (t ) if f 0 ≤ i < g 0 .


νg (t0i )
otherwise
f
g
As t and t are firable from (M, en, ν), it follows that:
∀i ∈ [f 0 , g 0 [, ↓ Is(t) ≤ νf (ti ) ≤ νg (ti ).
Consequently, ∀t0i ∈ enf , νf (t0i ) = νg (t0i )∨ ↓ Is(t0 ) ≤ νf (t0i ) ≤ νg (t0i ).
Then: (Mf , enf , νf )  (Mg , eng , νg ).
t
u
We can now state the main result of this section:
Theorem 4. Let N be a TPN under multiple-server and threshold semantics.
The FEFF firing choice policy of N strongly timed simulates the NDF firing
choice policy.
Proof. Let S1 =< Q1 , q0 , Σ, →1 > and S2 =< Q2 , q0 , Σ, →2 > be the transition
systems of N under multiple-server and threshold semantics for NDF and FEFF
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firing choice policies, respectively. S1 and S2 have the same initial state q0 =
(M0 , en0 , , ν0 ). The FEFF firing choice means that the oldest enabling instance
of the same transition is fired first. From the initial state q0 = (M0 , en0 , ν0 ), we
have the following relationships between S1 and S2 :
d
d
1) ∀d ≥ 0, (M0 , en0 , ν0 ) →1 (M0 , en0 , ν0 +d) ⇔ (M0 , en0 , ν0 ) →2 (M0 , en0 , ν0 +d).
tg

2) ∀tg ∈ en0 , (M0 , en0 , ν0 ) →1 (Mg , eng , νg ) ⇒
tf

∃tf ∈ en0 s.t. ν(tf ) ≥ ν(tg ), (M0 , en0 , ν0 ) →2 (Mf , enf , νf ).
Using Lemma 3, we can state that (Mf , enf , νf )  (Mg , eng , νg ).
Inductively and thanks to Lemma 2 and Lemma 3, from any states
(M, en, ν1 ) ∈ Q1 and (M, en, ν2 ) ∈ Q2 such that (M, en, ν1 )  (M, en, ν2 ), we
have:
d
d
1) ∀d ≥ 0, (M, en, ν1 ) →1 (M, en, ν1 + d) ⇒ (M, en, ν2 ) →2 (M, en, ν2 + d).
tg

2) ∀tg ∈ en, (M, en, ν1 ) →1 (Mg , en, νg ) ⇒ ∃tf ∈ en s.t.
tf

ν(tf ) ≥ ν(tg ), (M, en, ν2 ) →2 (Mf , enf , νf ) and (Mf , eng , νf )  (Mg , eng , νg ).
Therefore, S2 strongly timed simulates S1 .
t
u
4.2

FEFF vs NDF wrt timed language

We can now extend the previous results to timed language acceptance consideration.
Theorem 5. Let N be a TPN under multiple-server and threshold semantics.
The timed language of N is the same for both NDF and FEFF firing choice
policies.
Proof. Let S1 =< Q1 , q0 , Σ, →1 > and S2 =< Q2 , q0 , Σ, →2 > be the transition
systems of N under multiple-server and threshold semantics for NDF and FEFF
choice policies, respectively. Lemma 1 states that S1 strongly timed simulates
S2 . Theorem 4 states that S2 strongly timed simulates S1 . Therefore, S1 and S2
have the same timed language.
t
u
4.3

FEFF vs NDF wrt timed bisimulation

The previous subsections prove that for the multiple-server and threshold semantics, there is a strong timed co-simulation between the NDF and FEFF firing
choice policies. We will now show that this strong timed co-simulation is not a
timed bisimulation.
Let us consider the TPN N of Fig. 5. Let S1 =< Q1 , q0 , Σ, →1 > and
S2 =< Q2 , q0 , Σ, →2 > be the transition systems of N under multiple-server
and threshold semantics for NDF and FEFF choice policies, respectively.
We consider the following run. At date 1, we fire the transition a and then we
let 1 more time unit elapse. For both firing choice policies, this run is possible and
leads to the same state q3 , where there are two tokens in place P2 with different
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P1

P2

[1, 1]
a

[1, 2]
b

Fig. 5. A TPN N

1

a

1

ages 1 and 2: q0 → q1 → q2 → q3 with →∈ {→1 , →2 }. From this state, with the
NDF firing choice policy, both enabling instances of b are fired. The firing of the
b
instance of b with the youngest token of P2 leads to the state q4 (q3 →1 q4 ). To
mime this behavior, from q3 , the FEFF choice policy has to fire the transition b
b
with the oldest token of P2 leading to the state q5 (q3 →2 q5 ). Now from state
1
q5 , the FEFF firing choice policy allows to wait 1 time unit (q5 →2 q6 ), whereas
the transition b must fire immediately with the NDF firing choice policy from
b
q4 (q4 →1 q7 ). Then, q4 and q5 are not strongly timed bisimilar.
4.4

Discussion

The NDF firing choice policy is the more conservative safety-wise choice and
corresponds in general to the semantics we want to use for model checking or
control purposes. However, since all firable instances may fire in any order, the
number of runs may lead to a state space explosion. To avoid to compute all
runs, the simpler alternative, First Enabled First Fired (FEFF), where only the
oldest instance may fire, leads to a much more compact state-space. We show
with the following example of Fig. 6 how FEFF generates fewer runs than NDF
but preserves all the timed traces of NDF.

P1

n tokens

[0, n − 1]
c

P3

P2
a
[1, 1]

b
[0, 0]

Fig. 6. A TPN illustrating the interest of the FEFF choice policy

We consider only the runs producing the trace (ab)n ω of duration n. Since
the prefix (ab)n takes also n time units, the duration of ω is 0. In all runs, the
only state reachable after this prefix is q1 with a marking with one token in
P1 , n tokens in P3 and no token in other places. As a shorthand and since the
markings will now change only in place P3 , we can denote the state by the age of
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each n tokens enabling c. For q1 , the oldest token is c1 = n − 1 and the newest is
cn = 0 and q1 = {c1 = n − 1, c2 = n − 2, c3 = n − 3 . . . , cn = 0}. All the instances
of c are firable from q1 since the timed interval of c is [0, n − 1]. For FEFF, we
obtain one only run by firing c1 then c2 then c3 . . . then cn whereas for NDF
we obtain all the n! combinations of all the instances leading to the same state
qf . We illustrate these runs with n = 3 in Figure 7. All these n! runs of NDF
produce the same trace (ab)n (c)n where ω = (c)n is in null time, which is also
the trace produced by the only run of FEFF.
c3
c2
q0

c
1

ab

1

ab

1

1

ab

q1

c3

c1

qf

c2
c3

c3

c1

c2

c2
c1
Fig. 7. Runs with NDF

5

Conclusion

In this paper, we first presented and discussed different semantics of multienabledness for time Petri nets. Then, we considered the threshold semantics in
both contexts single-server and multiple-server semantics and investigated some
questions relative to the expressiveness. We showed that multiple-server semantics adds expressiveness, in terms of timed bisimulation, relatively to single-server
semantics.
For the multiple-server semantics, different firing choice policies may be
used to manage the multiple instances of the same transition such as NonDeterministic (NDF) choice and First Enabled First Fired (FEFF) choice. In
the NDF firing choice, the firable instances of the same transition are fired in
all possible orders, which may cause a blow-up of the state space. In the FEFF
choice, these instances are fired in only one order: from the oldest ones to the
more recent ones. We proved that both semantics are not bisimilar but actually
simulate each other with strong timed simulations, which in particular implies
that they generate the same timed traces. Consequently, a TPN under NDF or
FEFF policies has the same linear (timed) properties but FEFF leads to more
compact state space. FEFF is then very appropriate to deal with linear timed
properties of time Petri nets.
As immediate perspective, we will investigate the extension of the results
established in this paper, to the case of age-semantics.
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