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Robust balancing of straight assembly lines with

interval task times™
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This paper addresses the balancing problem for straight assembly lines where task times are not known
exactly but given by intervals of their possible values. The objective is to assign the tasks to workstations
minimizing the number of workstations while respecting precedence and cycle-time constraints. An
adaptable robust optimization model is proposed to hedge against the worst-case scenario for task times.
To find the optimal solution(s), a breadth-first search procedure is developed and evaluated on
benchmark instances. The results obtained are analysed and some practical recommendations are given.
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1. Introduction

A straight assembly line represents a sequence of work-
stations that function simultaneously. A product item is
released at the first workstation and then visits all work-
stations in a linear order. The transfer of a product item
from a workstation to the next is synchronized via an
automatic material handling system.

The problem here deals with assigning a given set of
elementary tasks V'={1,2, ...,n}, required for completing
a product, to workstations of the line. The objective is to
minimize the number of workstations required taking into
account precedence, exclusion and cycle-time constraints.

The precedence constraints define non-strict partial order
relations among tasks and can be presented by an acyclic
direct graph G = (V, A). An arc (i,j) belongs to A iff task
j must be assigned to a workstation that does not precede
the workstation where task i is assigned. However, this
partial order relation does not exclude assigning tasks i and
j to the same workstation.

The exclusion constraints define the pairs of tasks that
cannot be assigned to the same workstation because of
their technological incompatibility. These constraints are
represented by a family E of pairs of 7 such that the
tasks of a subset ee E cannot be assigned to the same
workstation.
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The cycle-time constraint requires that the time spent by
a product item at a workstation of the line must be less
than a given value T calculated on the basis of the line
throughput required.

When exclusion constraints do not exist, this problem
corresponds to the Simple Assembly Line Balancing Problem
of type 1 (SALBP-1, see Baybars, 1986; Battini ez a/, 2007).

Contrary to previous publications, where the task times
are assumed to be given and fixed, we consider that their
exact values cannot be known a priori and even can vary
during the life cycle of the line. This is a broader and more
realistic assumption. For example, we have some experi-
ence working with a company producing car door locks for
different automotive groups. This company uses automatic
assembly lines. One of their problems is the micro-stoppages
of workstations (from 10 to 30s) that is especially caused
by an error in automatic part positioning (or blocking). In
such cases, an operator has to manually open the workstation
and unblock or reposition the part. The task times are reliable
and fixed, but when a stoppage occurs the corresponding
task time is increased. The micro-stoppages are unforeseeable
but concern only certain tasks. Therefore, an attentive
management is able to give the list of tasks subject to micro-
stoppages and evaluate the minimum and maximum stop-
page time. This is one of many examples where we need to
take into account this and other forms of uncertainties at the
preliminary design stage of assembly lines.

In the literature, to model the variability of task times,
authors used either normally distributed independent
random variables with known means and variances
(Erel et al, 2005; Chiang and Urban, 2006; Urban and
Chiang, 2006; Agpak and Gokgen, 2007; Baykasoglu and
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Ozbakir, 2007; Gamberini ez al, 2009; Ozcan, 2010; see
also Dolgui and Proth, 2010, Chap. 8) or fuzzy numbers
with given membership functions (Tsujimura ez al, 1995;
Gen et al, 1996; Hop, 2006). However, the application of
such models in practice is often impossible because of
insufficient preliminary information in order to deduct the
required probability or possibility distribution functions.
As a consequence, we assume that the task times are given
by intervals of possible values where the lower and upper
bounds determine the minimal and maximal admissible
values of the corresponding task time, respectively.
Distributions of probability cannot be known beforehand.

To the best of our knowledge, this model was first
introduced in line-balancing context for SALBP-2, where
the number of workstations is known and the objective is
to minimize the line cycle time (Hazir and Dolgui, 2011).

A number of studies in optimization under interval and/
or scenario uncertainty exist in the literature. Among the
approaches frequently used, the min-max (or absolute
robust) and min-max regret approaches must be mentioned
(Mausser and Laguna, 1999; Aissi et al, 2009; Gabrel and
Murat, 2010; Dolgui and Kovalev, 2012). The goal of the
min-max approach is to find the solution that minimizes
the worst-case performance, while the min-max regret
approach seeks the solution that minimizes the maximal
deviation from the optimum across all possible scenarios of
problem parameters. The principal weakness of these two
approaches is their ‘conservatism’, since they are based on
the worst-case scenario that may never happen in practice.

To control the degree of conservatism, a new robust
approach was proposed in Bertsimas and Sim (2003). It
was remarked that it is quite improbable that all uncertain
parameters change their values at the same time. Therefore,
the authors assumed that only a subset of parameters could
negatively affect the solution. Formally, each uncertain
parameter is represented by an interval of possible values,
the nominal value of a parameter is the middle of the
interval. For each constraint i, the authors define a
parameter I';>0 that is less than the number of uncertain
parameters of this constraint. A solution is called robust (in
sense of Bertsimas and Sim) if it is optimal among the
solutions that remain feasible when at most I'; parameters
of each constraint can deviate from their nominal values.
This approach has been also applied to other optimiza-
tion problems such as: inventory control (Bertsimas and
Thiele, 2006), project scheduling (Hazir et al, 2011), port-
folio optimization (Moon and Yao, 2011), and production
planning (Alem and Morabito, 2011).

The remainder of the paper is organized as follows. In
Section 2, deterministic and robust optimization models of
SALBP-1 are introduced. A breadth-first search (BFS)
procedure to find optimal solutions for the robust model
proposed is described in Section 3. Experimental results for
benchmark instances are presented in Section 4. Final
remarks and conclusions are given in Section 5.

2. Problem definition
2.1. Deterministic model

In the deterministic model, elementary tasks from the set V'
are associated with a vector t = (11, 2,...,1,) € R} of task
times, where ¢; is the time of task je V" and R is the set of
all positive real numbers. Using the notations introduced
above, the deterministic mathematical model of SALBP-1

is expressed as follows:
m

Minimize sz, (1)
subject to -
i)?ik =1, VeV, (2)
k=1
, kxy < ikxjk, Y(i,j) € A, (3)
=1 k=1

X +xp<l, Wij}eE, Vke{l,2,....m}, (4

> txp<Tozk, Vke{1,2,...,m}, (5)
jev
7zt €{0,1}, Vke{l,2,...,m},

Xijk S {Oa l}a

where m is the maximal admissible number of work-
stations; z equals 1 if station k is opened, 0 otherwise; x;;
equals 1 if task j is assigned to workstation k, 0 otherwise;
(1) represents the objective function; the equality (2)
imposes that each task is assigned to only one workstation;
the precedence constraints are modelled by the inequalities
(3); the inequalities (4) introduce the exclusion constraints;
the inequalities (5) check the cycle-time constraint.

VieV, Vke{l,2,...,m},

2.2. Robust model

As it was mentioned in Section 1, we suppose that each t;,

jeV is given by an interval [a;, b], where 0<a;<b; The

nominal value of the task time is the lower bound of the
interval, while the difference ¢;:= b,—a; represents the limit
level of possible retardations, delays or stoppages for #. It
is obvious that the worst-case scenario of task times
(WCSTT) corresponds to t;=b; for each je V. Since this
situation is quite improbable in practice (or impossible as
in our case of the assembly line for car door locks), several
supplementary assumptions must be taken into account.

We assume that each task j from J can be either
uncertain or deterministic:

e Processing time for an uncertain task can vary and the
case t;= b; is possible for it.

e Processing time for a deterministic task remains fixed
and equals a;.
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The uncertain tasks are not known a priori, but its
number per workstation is limited and linearly depends
on the total number of tasks assigned. To integrate this
conception, we introduce a real-valued parameter 6€[0, 1],
which represents a quota of uncertain tasks per work-
station. Thus, for the model considered, following the
Bertsimas and Sim principle, a solution is called robust
if it is optimal among the solutions that remain feasible
when at most 6|V tasks, for each workstation k, can
become uncertain. Here, V. is the set of tasks assigned to
workstation k.

Obviously, if 0=0 (optimistic case), the problem
becomes deterministic and there are no uncertain tasks; if
0=1 (pessimistic case), all tasks are uncertain and the
worst-case scenario will be considered.

Formally, to introduce the parameter 0, the constraints
(5) in the deterministic model are replaced with (5):

Zajx/k+yk(x)<Tozk7 Vk e {l1,2,...,m}, (5

jev
where
Te(x) = max{Z ¢yl Y k<0 xii v € {0, 1}}
Jjev jev jev

is a knapsack problem that determines the worst-case
scenario of the processing times of the tasks assigned to
workstation k& with respect to parameter 6. Here, binary
variable yy is equal to 1 if task j is considered to be
uncertain in workstation k, 0 otherwise.

Almost all the well-known branch-and-bound algo-
rithms developed for the deterministic case of SALBP-1
(see Scholl, 1999, Chap. 4) are based on local lower bound
calculation techniques that are not really suitable for the
problem considered here. Thus, a new branch-and-bound
method is suggested in the next section.

3. Branch and bound algorithm

The branch-and-bound algorithm is based on a systematic
exploration of all candidate solutions by developing an
enumeration tree. In our context, the tree has the following
structure. Each /evel of the tree is composed of nodes
corresponding to partially constructed solutions. Thus, for
example, level k contains all the partial solutions in which
k-th workstation is already loaded. Level 0 uniquely
contains the root of the tree represented by an empty
solution. Leaf nodes express either dominated partial
solutions or optimal ones.

To find optimal solutions, BFS is used. That is, starting
from the root, all possible partial solutions of level 1 are
first generated and evaluated. Then all partial solutions of
level 2 are generated from the non-dominated solutions of
level 1. This continues until all the generated nodes of the
current level are leaf nodes.

3.1. Construction of partial solutions

To give the details of the BFS strategy, we must first
introduce some notations:

e [, is the set of all partial solutions of level £,
o 1/} is the set of tasks of workstation k for solution s.

The following dominance rule is used to reduce search
space.

Proposition 1 (Dominance rule) [If s; and s, belong
to Ly, k=1 such that U, V' DU V>, then s, is
dominated.

Proof Let us introduce the following auxiliary notation:
0O(s, k) is the set of feasible complete solutions in which
the first k workstations are identical to those of solution s.
Then the proposition is equivalent to the following.
Prove that min{w*:se€ Q(s, k)} <min{w’:s€ O(s», k)}, where
w® is the number of workstations of solution s. Assume
on the contrary that there is s'e€Q(s», k) such that
w' < min{w* : s € Q(s1,k)}. Then, construct solution s” as
follows:

o 1" =V foreach ie{l, ...,k},

o 13" =V\U for each i€ {k+1,...,w"}, where

U=U_ VUL, Ve,

we conclude that w* = w* and s” € Q(s,, k). This contra-
dicts the suggestion assumed. [

To construct L from L, set W) is used. At the
beginning, it is composed of all the non-dominated partial
solutions of L. Thereafter, each solution from W, is
considered and all possible loads of (k 4 1)-th workstations
are generated from it. All the partial solutions generated in
this way constitute L, , ;. Then the next level is considered.
This continues until all tasks are assigned and an optimal
solution is obtained.

The load of (k-+1)-th workstation of a solution
se W, is formed by assigning step-by-step as many
tasks as possible (Jackson dominance rule, see Jackson,
1956). To choose a task to be assigned to V7, |, the so-called
Candidate List C#(s,k + 1) is created. List CL (s, k+ 1)
contains all the tasks that can be assigned to workstation
k+1 of solution s. This list is generated in the following
manner: the set of unassigned tasks is looked through and
task jis added to C.# (s, k + 1) if all following conditions are
satisfied:!

e all predecessors of j have been already assigned,

'Without loss of generality, it is assumed that tasks’ order numbers in
the graph of the precedence constraints are topologically sorted.
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e the order number of j is greater than the order number
of all the tasks already assigned to workstation k+ 1
(to avoid task permutations),

e j is not linked by exclusion constraints with other tasks
already assigned to workstation k+ 1,

e assigning j to workstation k+ 1 does not violate the
cycle-time constraint with respect to WCSTT:

> a,-+max{Zc,-UC V,ﬁu{j},|U|<9-|Vj,U{j}}gTo.

iV Ui} ieU

If CL(s,k+1)= J, no more tasks can be assigned
to workstation k+ 1, s is moved from W), | to L, .
If CL(s,k+1)# &, new |CL(s,k+ 1)| solutions are
generated from s by adding only one task j € CL(s,k + 1)
to V7 at a time. All such solutions are added to Wy 1, s
is deleted from Wj ;. This continues until W, is an
empty set. An overall scheme of this approach is given
by the following algorithm.

ke—1Vi <0, L <O, W « {s};

repeat

repeat

Consider any s € Wy;

Construct list CL(s, k);

if CL(s, k) # D then

foreach j € CL(s, k) do

/* Construct a new partial
solution s’ x/

s’ « s,Add jto Vs

if U VY =V then
return s’ /* Optimal solution is

found */

else
| Add s’ to Wy

else
| Add sto L
Delete s from Wy;
until W, = @;
Compose Wy, by the non-dominated partial solutions
from Ly;

ke—k+1
until false;

In the next section, this method is evaluated on
benchmark instances.

4. Computational experiments

The experiments were carried out on Intel Celeron 550
(2 GHz, 1 GB RAM). The algorithm suggested has been

Table 1 Benchmark instances
Name n Ty |E| oS, %
Small size
Bowman 8 26 4 75.00
Jackson 11 11 10 58.18
Jaeschke 9 10 4 83.33
Mansoor 11 67 7 60.00
Mertens 7 10 2 52.38
Medium size
Buxey 29 38 54 50.74
Gunther 35 61 81 59.50
Heskia 28 163 342 22.49
Mitchell 21 20 39 70.95
Lutzl 32 2100 83 83.47
Roszieg 25 20 32 71.67
Sawyer 30 38 75 44.83
Large size
Hahn 53 2663 228 83.82
Lutz2 89 16 21 77.55
Lutz3 89 113 150 77.55
Tonge 70 235 572 59.42
[6,9] [4.6]
)
O O
[5,7] [5,7]
(9)
@/ 11

Figure 1 Precedence constraints with interval task times of
Jackson instance.

developed in C++ and evaluated on three series of bench-
mark data sets (see http://www.assembly-line-balancing.de)
presented in Table 1, where

e OS 2%- 100% is the order strength of the
precedence  constraints  represented by  graph

G=(V,A).

For each instance, 11 tests have been executed with
parameter 0 from {0.0,0.1, ..., 1.0}. For each task jeV,
task time lower bound a; has been initiated by the nominal
task time value f; from the corresponding benchmark
instance, while upper bound b; has been set as 1.5¢;.
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Table 2 CPU time (s) for medium size instances

Test name 0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0
Buxey 0.06 0.08 0.14 0.14 0.08 0.11 0.11 0.09 0.08 0.08 0.08
Gunther 0.02 0.02 0.06 0.03 0.03 0.02 0.03 0.02 0.02 0.02 0.02
Heskia 27.01 26.89 1437.7 682.14 209.53 44.58 64.5 5.8 4.63 4.81 247
Mitchell 0 0 0 0 0 0 0.02 0 0 0
Lutzl 0 0 0 0 0.02 0 0 0 0 0 0
Roszieg 0 0 0 0 0 0 0 0 0 0
Sawyer 0.25 0.25 0.38 0.39 0.23 0.25 0.27 0.27 0.31 0.33 0.2

L

: /!
Ly 7 8 9 37 ? ZE R A (2
Ls (f AD :8: 37 a;

Lo 40

Figure 2 Enumeration tree of the breadth-first search for
Jackson instance.

Below, an illustrative example for Jackson instance is
given. The graph representing the precedence constraints
with interval times for 11 tasks is demonstrated in Figure 1.
The following initial data are used: EF={{l,4}, {l,8},
{3,5}, {3, 11}, {6, 7}, {7, 8}, {7,9}, {7, 11}, {8, 10}, {10, 11}}
and 0=0.5. Figure 2 shows the branching process of BFS,
where the nodes represent only the load of the work-
stations constructed at the corresponding level, dotted
nodes reflect the last workstations of dominated partial
solutions. Here, an optimal solution s contains six work-
stations V={1,2}, V5=1{4,5}, V5={3,7}, Vi={6,8},
Vi={10}, V¢=1{9,11}. Note also the effect of the
dominance rule (Proposition 1). For the example pre-
sented, more than half of the partial solutions are
dominated at each level starting from the second.

Tables 2 and 3 represent the CPU time for medium and
large size instances, respectively. The optimal number of
workstations with respect to parameter 0 for small, medium,
and large size instances are illustrated in Tables 4-6,
respectively. The resolution time for small size instances is
not presented, since each test was solved in less than 0.15s.

Analysing the results obtained, we conclude that almost
all the tests for medium size instances are solved in less
than 0.4s. Only for the Heskia instance is the CPU time
rather great. Nevertheless, it does not exceed 228.19s on
average. The graph of CPU times for this instance with

Table 3 CPU time (s) for large size instances

Test 00 01 02 03 0.4
name

05 06 07 08 09 1.0

Hahn 002 0 0 0 0.02 0.02 0 0.02 002 0 0.02
Lutz2 21.36 21.53 14.86 37.45 116.25 3.8 391 7.44 7.73 7.69 2.78
Lutz3 052 0.53 234 17.86 3.16 0.75 0.74 1.58 1.88 2.64 1.30
Tonge 027 025 097 1.06 1.80 3.22 4.42 3.52 3.17 3.38 4.02

Table 4 Workstations number evolution for small size

instances

Test 0.0 0.1 0.2 03 04 05 0.6 0.7 08 09 1.0
name

Bowman 4 4 4 4 4 5 5 5 5 5 5
Jackson 5 5 5 5 5 6 6 6 6 6 8
Jaeschke 4 4 4 4 5 6 6 6 6 6 7
Mansoor 3 3 3 4 4 5 5 5 5 5 5
Martens 3 3 3 3 3 5 5 5 5 5 5

Table 5 Workstations number evolution for medium size
instances

Test 00 0.1 02 03 04 05 06 0.7 0.8 09 1.0
name

Buxey 9 9 9 10 11 11 11 11 11 11 14
Gunther 9 9 9 10 10 12 12 12 12 12 14
Heskia 7 7 7 7 8 8 8 8 8§ 8 10
Mitchel 6 6 6 6 7 8 & 8§ 8 8 8
Lutzl 8§ 8 9 10 10 10 10 10 10 10 12
Roszieg 7 7 7 8 8 &8 8 9 9 9 10
Sawyer 9 9 9 10 10 11 11 11 11 11 14
Table 6 Workstations number evolution for large size
instances
Test 00 0.1 02 03 04 05 06 0.7 0.8 09 1.0
name

Hahn g§ 8 8§ % &8 9 9 9 9 9 11
Lutz2 32 32 32 33 35 42 42 43 43 43 49
Lutz3 17 17 18 18 19 21 21 21 21 21 24
Tonge 22 22 22 22 23 24 24 24 24 24 26
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Figure 3 CPU time for the Heskia instance.
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Figure 5 Average number of workstations for three series.

respect to values of 6 is shown in Figure 3. When we look
at large size instances, the average CPU time of their tests
does not exceed 30.31s. The corresponding CPU time
graph is given in Figure 4. The spikes of the CPU times in
Figures 3 and 4 for #=0.2 and 0 = 0.4, respectively, can be
attributed to the sudden increase in the size of the

enumeration tree. Whereas for two extreme cases, 0 =0
and 0 =1, a different CPU time curve is observed. Indeed,
if #=0, workstations with relatively greater number of
assigned tasks are generated and, as a consequence, this
leads to enumeration trees with rather small number of
levels. When 0=1, a moderate number of small-scale
nodes are constructed at each level. This is caused by
essential decreasing alternatives to assign tasks to work-
stations. Therefore, the branching process from one level to
another one is rapidly implemented.

Figure 5 shows the graph of the average number of
workstations for small, medium, and large size instances
with respect to 0. To study the effect of 0, an indicator

Wi — Wi

Q =avgs 10 lel

was introduced. Here, Z,, = {1,2,...,n}, w; is the number
of workstations in the optimal solution found for 6 =i/10.
Indicator Q seeks the average relative augmentation of the
number of workstations with respect to 0. Concerning O,
we conclude that there is no significant difference in its
progression (Q is respectively equal to 0.04, 0.04, and 0.03),
in spite of the fact that the graphs corresponding to small
and medium size instances are smoother than for the
larger-sized ones. This illustrates the robustness of the
model proposed with regard to the parameter 0 and size of
problem instances.

5. Conclusions

In this paper, a robust model for SALBP-1 with interval-
given task times was proposed. To solve this model, a
branch-and-bound procedure was developed and evaluated
on benchmark instances.

The model presented includes a workstation-oriented
real parameter 0€[0, 1]. It offers to designers the possibility
to find a compromise between the optimistic (6 =0) and
pessimistic (0= 1) cases. In practice, this value can reflect
the risk level non-accepted by a decision maker.

For the case of random micro-stoppages at work-
stations, as for the assembly line producing car door locks,
the parameter 6 can be viewed as the probability of
forecasted stoppages of a workstation per cycle. In practice,
testing several values of 0 is recommended.

Note that the approach proposed could be used for a
decision support at the preliminary stage of assembly line
design. It can also be useful for decision makers when they
have to choose investment strategies.

A future research perspective is to seek for tight lower
and upper bounds for branch-and-bound techniques.
Another way is to extend the robust model proposed to
assembly lines with a more complex structure such as
U-shaped or mixed-model assembly lines.

Note that the introduced robust counterpart of SALBP-
1 can be easily extended to the more generalized case where
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the value of 0 depends on workstation. This generalization
can be successfully applied in practice under the condition
that a decision maker can distinguish precisely a work-
station with different levels of variability of task times.

Acknowledgements—We thank Chris Yukna for his help in editing the
English language used in this paper.
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