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Abstract The considered problem appears when a machining line must be
configured. It is necessary to define the number of workstations and the number
of spindle heads at each workstation to be put in the line in order to produce a given
part. This problem is known to be NP-hard and, as a consequence, the solution time
increases exponentially with the size of the problem. A number of pre-processing
procedures are suggested in this article in order to decrease the initial problem size
and thus shorten the solution time. A new algorithm for calculating a lower bound on
the number of required equipment is also presented. A numerical example is given.

Keywords Pre-processing procedures · Equipment location · Lines configuration ·
Machining transfer lines

1 Introduction

The equipment location in production lines presents a complex combinatorial
problem and effective mathematical tools are required to handle it [12–19]. In the
considered paced serial machining lines, two types of equipment have to be located:
workstations and spindle heads [1]. The goal is to find a configuration having the
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minimal equipment cost and such that a part launched in the beginning of the line can
be completed by visiting sequentially all workstations of the line. The workstations
are linked by an automatic handling device which is used for a synchronous parts
transfer. The time span between two part movements is referred to as the line cycle
time and is denoted T0 [3].

At each workstation, a number of sequentially activated multi-spindle heads are
installed. A multi-spindle head carries multiple tools for performing simultaneously
a set of machining operations [9]. A set of operations assigned to the same spindle
head is referred to as a block of operations (or block). To define the number of multi-
spindle heads to be put at each workstation, the order of their activation and the
set of operations to be performed by each one is a part of the equipment location
problem.

The number of workstations is limited by the available plant area and the
maximum affordable line investment cost. As a consequence, it is constrained by
the maximum authorized value denoted by m0. The number of spindle heads per
workstation is restricted by design and construction constraints and cannot therefore
exceed the maximum authorized value denoted by n0.

The objective of the equipment location problem is to define the number of
required workstations and the number of multi-spindle heads at each workstation
taking into account existing technological constraints (detailed in Section 2) while
minimizing the total investment cost. Various exact and approximate methods have
been already proposed for solving this NP-hard problem [10, 11]. The evaluation of
their performances presented in [8] showed that exact methods are very sensible to
the size of the problem which is defined by the number of operations to be assigned
to spindle heads and workstations as well as by the number of existing constraints.
A first attempt to decrease the size of the problem by aggregating some operations
was made in [2]. In this article, new pre-processing procedures are suggested as well
as an improved algorithm for calculating a lower bound on the number of required
equipment is developed. A numerical example is given in Section 4. Conclusion
remarks are presented in Section 5.

2 Problem Statement

2.1 Cycle Time Constraint

The machining process is defined by a set N of operations required to produce a given
part. Each operation deals with the removal of material and thus needs a cutting tool
which is mounted on a spindle head.

Each operation j ∈ N is characterized by two parameters: required working stroke
length λ j and recommended feed per minute f j. For a spindle head performing a set
of operations N ⊆ N, different technological modes may be used [20]: either a single
speed is applied to all tools [7] or machine attachments may be used to change the
relative speed between the main spindle and the tools performing operations [11]. In
the latter case, the tools of the same spindle head can machine at different speeds.

Let Nkl be the set of operations assigned to block l (spindle head) of workstation
k (Nkl ⊆ N). According to two technological modes described before, one of two
following models for the block time calculation is used.
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Model 1 If each operation is performed at its own speed (by use of machine
attachments), then block time tb (Nkl) is defined by the longest operation of Nkl :

tb (Nkl) = max

{
λ j

f j
: j ∈ Nkl

}
+ τ b ,

where τ b is a constant which gives an additional non-processing time required for the
activation of a spindle head (it does not depend on set Nkl).

This model is also applicable for the case where operation times t j, j ∈ N, are
given instead of machining parameters λ j and f j. Then the block time is calculated
as follows:

tb (Nkl) = max{t j : j ∈ Nkl} + τ b .

Model 2 The second model for the block time calculation is used if a single speed
is applied for all operations performed by a spindle head. In this case, the common
values �(Nkl) and F(Nkl) of working stroke length and feed per minute must be
found for all operations grouped in a block. They are calculated as follows:

�(Nkl) = max{λ j : j ∈ Nkl}, F(Nkl) = min{ f j : j ∈ Nkl}.
Then, the block time is calculated as follows:

tb (Nkl) = �(Nkl)

F(Nkl)
+ τ b .

Since all spindle heads of a workstation are applied sequentially to the part being
machined, workstation time tw(Nk) is calculated as follows:

tw(Nk) =
b k∑
l=1

tb (Nkl) + τw,

where Nk = ∪b k
l=1 Nkl is the set of operations assigned to workstation k, b k is the num-

ber of blocks at workstation k, and τw is a constant (the same for all workstations)
which represents an additional non-processing time required for the part installation
on a workstation.

The workstation time is subject to a productivity constraint and must not be
greater than line cycle time T0, i.e.

max
1≤k≤m

tw(Nk) ≤ T0,

where m is the number of used workstations.

2.2 Operations Assignment Constraints

The incompatibilities among groups of operations, caused by the impossibility to
mount the required tools on the same spindle head or to perform a given group
of operations at the same workstation, prohibit the assignment of such groups of
operations to a common block or workstation. These constraints are called the block
and workstation exclusion constraints, respectively. They are represented by:

– Family Eb containing such sets of operations that cannot be grouped together in
the same block,
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– Family Ew composed of such sets of operations that must not be assigned
together to the same workstation.

To avoid a loss of machining precision, some groups of operations must be exe-
cuted without any part repositions, i.e. necessarily at the same workstation, but not
imperatively in the same block. These constraints are called the workstation inclusion
constraints. They are represented by family Iw consisting of sets of operations such
that all operations of each set must be performed at the same workstation.

The elements of Eb and Ew are minimal sets (with respect to inclusion), i.e. if
e ∈ Eb , then for any proper subset e′ ⊂ e: e′ /∈ Eb and all operations from e′ can be
grouped together into one block (similarly for Ew). On the other hand, the elements
of Iw are maximal sets (with respect to inclusion), i.e. if e ∈ Iw, then for any set e′ ⊂ N
such that e ⊂ e′: e′ /∈ Iw.

Operations are subject to precedence constraints [5]. The particularity of prece-
dence constraints in machining systems lies in the fact that if operation j is a successor
of operation i, then two following cases are authorized: either operations i and j are
performed simultaneously in a common block or the block containing operation j
starts after the completion of the block containing operation i. In any case, operation
j cannot start before the beginning of operation i.

Such a non-strict order relation can be represented by a directed acyclic graph
G = (N, D). Arc (i, j) ∈ N × N belongs to set D if and only if operation j cannot
precede operation i. The following sets can be determined for each operation i ∈ N:

– Set AP(i) of all its predecessors,
– Set I P(i) of its immediate predecessors,
– Set AS(i) of all its successors.

2.3 Solution Representation

A feasible solution of the considered problem can be represented by a collection
{{N11, . . . , N1b 1}, . . . , {Nm1, . . . , Nmb m}}, where m ≤ m0 is the number of worksta-
tions; b k ≤ n0 is the number of blocks for workstation k; Nkl (k = 1, 2, . . . , m;
l = 1, 2, . . . , b k) is the set of operations assigned to the l-th block of the k-th
workstation.

An optimal solution is a feasible solution that minimizes the following function:

C1m + C2

m∑
k=1

b k → min,

where constant C1 represents the cost of installing a workstation which does not
depend on the number of spindle heads located on it. This cost includes the
investment cost for the workstation support, machine body, and space occupation
cost. Each spindle head involves the cost represented by constant C2. It includes the
cost of basic spindle head elements: spindle motor, housing, base, column, spindle
head mounting, and etc.

With all introduced notations, an instance of the considered problem is denoted
as {N, Top

j ( j ∈ N), τ b , τw, T0, G, Eb , Ew, Iw, m0, n0, C1, C2}. Notation Top
j is used

to cover different types of data that can be known about operations. Even if in
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practice operations are usually given by λ j and f j ( j ∈ N), Top
j = λ j

f j
, they can be also

characterized by their operation times Top
j = t j.

A MIP formulation of this NP-hard problem has been introduced in [4]. Then, a
number of exact and approximate methods have been proposed to solve it. State-
of-the-art solution methods have been presented in [8, 10, 11]. The undertaken
performance evaluations [8] showed that the required computational time to solve
exactly the problem depends on the number of operations to be assigned, on the
number of constraints, and on the used lower and upper bounds. A first attempt to
decrease the number of operations by aggregating some of them was made in [2].
In the next section, new pre-processing procedures are developed. They have four
objectives: firstly, to determine contradictory constraints, if they exist (Section 3.1);
secondly, to reduce the number and the size of the given constraints (Section 3.2);
thirdly, to calculate a lower bound on the total number of blocks and the intervals
of blocks for each operation where it can be assigned (Section 3.3); and finally, to
extract some operations (Section 3.4).

3 Pre-processing Methods

3.1 Input Data Compatibility

There may be problem instances containing contradictory constraints because of
which no feasible solution exists for the corresponding optimization problems. This
can be caused by a mistaken input data. The objective is to detect such cases before
attempting to solve the problem. Four following conditions are suggested to do it,
there is no feasible solution for a problem if at least one of them holds:

Condition 1 There exists j ∈ N such that Top
j > T0 − τw − τ b .

The assignment of operation j even to a workstation with only one block violates
the cycle time constraint. Simultaneous machining allows decrease the total execu-
tion time, but it is not possible to reduce the execution time of any single operation.
As it was shown in Section 2, the block time is equal to the time of the longest
operation included in it.

Condition 2 There exist e1 ∈ Ew and e2 ∈ Iw such that e1 ⊆ e2.
The inclusion constraints require performing all operations belonging to e2 at the

same workstation, while exclusion constraint e1 forbids such an allocation due to
e1 ⊆ e2. It is obvious that a solution respecting the both contradictory constraints
cannot be found.

Condition 3 There exist e1 = {i1, j1} ∈ Ew and e2 = {i2, j2} ∈ Iw such that i1 ∈
AP( j1) and the following conditions hold:

– i2 ∈ AP(i1) or i1 = i2,
– j1 ∈ AP( j2) or j1 = j2.

Exclusion constraint e1 makes impossible to assign any predecessor of i1 and any
successor of j1 to the same workstation. Therefore, a solution respecting contradic-
tory constraints e1 and e2 does not exist.
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Condition 4 There exist e1 = {i, j} ∈ Eb and e2 ∈ Iw such that e1 ⊆ e2 and Top
i +

Top
j > T0 − τw − 2τ b .
Inclusion constraint e2 requires performing operations i and j at the same work-

station. Because of exclusion constraint e1, they cannot be assigned to the same
block. However, if they are assigned to two different blocks of the same workstation,
then the cycle time constraint is violated. Therefore, a solution respecting all given
constraints cannot be found.

3.2 Constraints Transformation

The workstation exclusion constraints can be considered stronger than the block
exclusion constraints, since if two operations cannot be assigned to the same work-
station, they obviously cannot be assigned to the same block. The following trans-
formation of some block exclusion constraints to workstation exclusion constraints
was suggested and proven in [6]: if there exists e = {i, j} ∈ Eb such that Top

i + Top
j >

T0 − τw − 2τ b , then e can be removed from Eb and added to Ew.
Here some new rules for the constraints transformation are suggested. The first

two ones deal with the transformation of the workstation inclusion constraints.

Proposition 1 If there exist e1, e2 ∈ Iw, i, j ∈ e1, and h ∈ e2 such that i ∈ AP(h) and
h ∈ AP( j), then e1 and e2 can be united: e1 = e1 ∪ e2.

Proof Because of precedence relations, operation h must be assigned only after
operation i and before operation j. Inclusion constraint e1 requires performing
operations i and j at the same workstation. As a result, i, h, and j as well as all other
operations from e1 and e2 have to be assigned to the same workstation in order to
respect these inclusion and precedence constraints. 	


Proposition 2 If there exists e ∈ Iw and i, j, h ∈ e such that i ∈ AP( j) and j ∈ AP(h),
then operation j can be deleted from e: e = e \ { j}.

Proof Operation j can be deleted from e, since its assignment to the same worksta-
tion as i and h are provided by the precedence constraints. 	


Propositions 1 and 2 aim in reducing the number and the size of the workstation
inclusion constraints. Proposition 3 deals with the elimination of such inclusion
constraints where the creation of macro-operations is possible.

Proposition 3 If there exists e = {i, j} ∈ Iw such that Top
i + Top

j > T0 − τw − 2τ b ,
then operations i and j have to be assigned to the same block and can be replaced
by a macro-operation.

Proof Inclusion constraint e requires performing operations i and j at the same
workstation. Since Top

i + Top
j > T0 − τw − 2τ b , it is not possible to assign i and j to

two different blocks without violating the cycle time constraint. Therefore, in order
to respect inclusion constraint e and the cycle time constraint, operations i and j have
to be assigned to the same block. This means that the assignment of operation i( j)
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defines the assignment of operation j(i) and, as a consequence, they can be replaced
by a macro-operation. 	


Finally, the exclusion constraints can be transformed by analyzing the precedence
relations.

Proposition 4 If there exist e ∈ Eb (Ew) and i, j, h ∈ e such that i ∈ AP( j) and j ∈
AP(h), then operation j can be deleted from e.

Proof For respecting constraint e, it is sufficient that at least one operation from
e is not assigned to the same block (workstation) as others. In any case, it cannot
be operation j, since it is impossible to assign operations i and h to the same block
(workstation) without assigning operation j to the same block (workstation) because
of the precedence constraints. This allows removing operation j from e. 	


Proposition 5 If there exist e1 = {i1, j1} and e2 = {i2, j2} such that

– i1 ∈ AP( j1),
– i2 ∈ AP(i1) or i1 = i2,
– j1 ∈ AP( j2) or j1 = j2,

and one of the following cases holds:

1. e1, e2 ∈ Eb ,
2. e1, e2 ∈ Ew,
3. e1 ∈ Ew, e2 ∈ Eb ,

then e2 can be removed either from Eb (Cases 1, 3) or from Ew (Case 2).

Proof Exclusion constraint e1 makes impossible to assign any predecessor of i1 and
any successor of j1 to the same block (workstation). Thus, all additional constraints
concerning the impossibility of such assignments are impertinent and can be deleted.
In the third case it is obvious that if operations i1 and j1 cannot be assigned to the
same workstation, then any predecessor of i1 and any successor of j1 can be assigned
neither to the same workstation nor to the same block. 	


3.3 A Lower Bound Calculation

The first method for calculating lower bounds on the number of workstations and
on the number of blocks has been proposed in [4]. In this paper, a new improved
algorithm is presented to calculate more precisely a lower bound on the number of
required blocks. To obtain this bound, the numbers of the earliest q−

j and the latest
q+

j blocks, where operation j can be assigned, are used. Since all existing blocks are
applied sequentially to the part being machined, one can number the blocks in the
order of their application to the part. It is supposed that there are n0 blocks per
workstation and, as a consequence, the first block of the first workstation has number
1, the first block of the second workstation number n0 + 1, the first block of the k-th
workstation number (k − 1)n0 + 1 and so on until m0n0 which is the upper bound on
the number of blocks and the last number attributed to the last possible block of the
last possible workstation.
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The distance between operations i and j, denoted d(i, j), is calculated in the
following way:

d(i, j) =

⎧⎪⎨
⎪⎩

2, if {i, j} ∈ Ew,

1, if {i, j} ∈ Eb ,

0 otherwise.

The earliest block q−
j , where operation j can be assigned, is found by Algorithm 1,

where jcur indicates if a new iteration must be carried out, jmin is a supplementary
variable,

Qmax( j) = max
{
q−

i ⊕ d(i, j) : i ∈ AP( j), min
{
q−

i , q−
h

} ⊕ d(i, h) : i, h ∈ I P( j)
}
,

q ⊕ d =
⎧⎨
⎩

⌈
q
n0

⌉
n0 + 1, if d = 2,

q + d otherwise,

and

W(q) =
(⌈

q
n0

⌉
− 1

)
n0 + 1

calculates the number of the first block of the workstation to which block q is
assigned. Here �s
 is the smallest integer value greater than or equal to s.

To compute the latest block q+
j , where operation j can be assigned, Algorithm 2

is used.
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Then, obtained values can be refined by applying Algorithm 3. For this purpose,
set O(q) is at first calculated. Set O(q) contains all operations that can be assigned to
block q, i.e.

O(q) = {
j : q ∈ [

q−
j , q+

j

]}
.

Algorithm 3 employs some additional notations which need to be introduced.
Condition (q−

j − 1) mod n0 �= 0 verifies if q−
j is the first block of a workstation or

not, where a mod b is used to get the remainder of the division of an integer a by
an integer b , qcur indicates if a new iteration must be carried out, q∗ keeps the initial
value of q−

j , AL contains studied operation j and the operations connected with it
by the workstation inclusion constraints.

Thus, a lower bound on the number of blocks and workstations is respectively
calculated as: ∣∣∣∣∣

{
q−

j : q+
j ≤ n0

⌈
q−

j

n0

⌉
, j ∈ N

}∣∣∣∣∣ ,
⌈

max{q−
j : j ∈ N}
n0

⌉
.
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The obtained sets O(q) can be also used to verify the pertinence of certain con-
straints. Let N∗

kl contain all operations that can be assigned to block l of workstation
k. Such sets can be easily obtained from sets O(q): N∗

kl = O(q), where k = ⌈ q
n0

⌉
,

l =
{

n0, if q mod n0 = 0,

q mod n0 otherwise.

Proposition 6 If the f irst model for the block time calculation is used (see Section 2.1)
and for workstation k:

n0∑
l=1

(
max
i∈N∗

kl

Top
i + τ b

)
≤ T0 − τw (1)

or if the second model is used and for workstation k:

n0∑
l=1

(
max

i, j∈N∗
kl

λi

f j
+ τ b

)
≤ T0 − τw, (2)

then the cycle time constraint for workstation k is not pertinent.

Proof It is easy to see that the left-hand side of Eqs. 1 or 2 is an upper bound of the
execution time on the k-th workstation. This means that real workstation time tw(Nk)

can exceed neither this value nor, as a consequence, line cycle time T0. Therefore,
for workstation k the cycle time constraint is impertinent and can be removed from
the model. 	


Note If Eqs. 1 or 2 holds for all k = 1, . . . , m0, then either the cycle time constraint
must be removed from the problem’s model or T0 can be decreased.

Proposition 7 If the f irst model for the block time calculation is used and for work-
station k:

n0∑
l=1

(
min
i∈N∗

kl

Top
i + τ b

)
> T0 − τw (3)

or if the second model is used and for workstation k:

n0∑
l=1

(
min

i, j∈N∗
kl

λi

f j
+ τ b

)
> T0 − τw, (4)

then the constraint on the number of blocks for workstation k is impertinent.

Proof It is easy to see that the left-hand side of Eqs. 3 or 4 is a lower bound of
the execution time on the k-th workstation. This means that real workstation time
tw(Nk) cannot be less than this value and, as a consequence, if n0 blocks are opened
at this workstation, the cycle time constraint will not be respected. Therefore, it
can be concluded that in any feasible solution less than n0 blocks will be opened
at workstation k. Thus, a new maximum authorized number of blocks must be set for
workstation k such that Eqs. 3 or 4 will be no more satisfied. 	
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Using the suggested procedures, some problem instances can be easily simplified.
Another interesting approach for reducing the problem size is to extract some
operations. The extraction of operations is considered in the next subsection.

3.4 Operations Extraction

Taking into account two possible techniques for the block time calculation presented
earlier, the following notation is used to compare the times of two operations: Top

i ≤
Top

j . For the first model of the block time calculation, notation Top
i ≤ Top

j means that

either ti ≤ t j or λi
fi

≤ λ j

f j
. For the second model, it means that λi ≤ λ j and fi ≥ f j.

Proposition 8 If Top
i ≤ Top

j and Nkl is the block where operation j is assigned, then
the assignment of operation i to Nkl does not change block time tb (Nkl).

Proof If the first model of the block time calculation is used, then we have

tb (Nkl ∪ {i}) = max

{
max

h∈Nkl\{ j}
λh

fh
,
λ j

f j
,
λi

fi

}
+ τ b

=︸︷︷︸
Top

i ≤Top
j

max

{
max

h∈Nkl\{ j}
λh

fh
,
λ j

f j

}
+ τ b = tb (Nkl).

Similarly, for the second model we obtain

tb (Nkl ∪ {i}) =
max

{
max

h∈Nkl\{ j}
λh, λ j, λi

}

min
{

min
h∈Nkl\{ j}

fh, f j, fi

} + τ b

=︸︷︷︸
Top

i ≤Top
j

max
{

max
h∈Nkl\{ j}

λh, λ j

}

min
{

min
h∈Nkl\{ j}

fh, f j

} + τ b = tb (Nkl).

Therefore, the assignment of operation i to Nkl does not change block time
tb (Nkl). 	


Proposition 9 If there exists j ∈ N such that AP( j) = AS( j) = ∅ and for any e ∈ Iw

we have j /∈ e, then operation j can be removed from N if there exists i ∈ N such that
Top

i ≥ Top
j and

{
k :

n0⋃
l=1

N∗
kl

⋂
E( j) �= ∅

}⋂ {
k : i ∈

n0⋃
l=1

N∗
kl

}
= ∅, (5)

where

E( j) =
⋃

{e∈Ew∪Eb : j∈e}
e \ { j}

is the set of operations linked by exclusion constraints with operation j.
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Proof Let Nkl be the block in a feasible solution where operation i is assigned. If
operation j is assigned to the same block, the cycle time constraint remains respected
according to Proposition 8. The precedence and inclusion constraints cannot be
violated, since they do not concern operation j. The exclusion constraints hold, since
no operation from E( j) is assigned to workstation k because of condition 5. As a
result, no problem constraint is violated by the assignment of operation j to the same
block as operation i. As a consequence, operation j can be assigned to this block a
posteriori and thus removed from set N. 	


Note It is sufficient to find at least one operation i that respects the conditions of
Proposition 9 to remove operation j from N. If there are several operations that
respect these conditions, then operation j can be assigned in a final solution to the
same block with any of such operations.

An operation j can be included at most in one constraint e∗ ∈ Iw. Let Oin( j) be the
set of all operations with which operation j must be assigned to the same workstation:

Oin( j) =
⋃

i,h∈e∗
(AP(i) ∩ AS(h))

⋃
e∗ \ { j}.

Obviously, if operation j cannot be assigned to the same workstation with an
operation i, then each h ∈ Oin( j) cannot be also assigned to the same workstation
as operation i.

Proposition 10 If there exists j ∈ N such that

– AP( j) = AS( j) = ∅,
– j ∈ e∗, e∗ ∈ Iw,

and there exists i ∈ Oin( j) such that

1. Top
i ≥ Top

j ,
2. for each e ∈ Eb with j ∈ e there exists e′ = {i, h} ∈ Eb , where h ∈ e \ { j},
then j can be deleted from N with

– Replacing e∗ by e∗ \ { j},
– Replacing j by i for each e ∈ Ew such that j ∈ e,
– Deleting all e ∈ Eb such that j ∈ e.

Proof Let Nkl be the block in a feasible solution where operation i is assigned.
According to Proposition 8, the assignment of operation j to block Nkl leaves the
cycle time constraint respected. The precedence constraints cannot be violated, since
they do not concern operation j. The initial inclusion constraint e∗ will be respected,
since all h ∈ Oin( j) are assigned to workstation k and operation j will be assigned
to the same workstation. The workstation exclusion constraints will hold because
of modified constraints Ew. The block exclusion constraints will hold in accordance
with condition 2 of Proposition 10. As a result, no problem constraint is violated by
the assignment of operation j to the same block as operation i. As a consequence,
operation j can be assigned to this block a posteriori and thus removed from set N.

The aggregation of operations having AP( j) �= ∅ or AS( j) �= ∅ was considered
in [2]. 	
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Table 1 Operations parameters

j 1 2 3 4 5 6 7 8 9 10

λ j 45 45 18 28 32 45 28 13 18 54

f j 8.33 8.33 7.5 5.83 5.33 9 9.33 8.67 9 6

Top
j 5.4 5.4 2.4 4.8 6 5 3 1.5 2 9

j 11 12 13 14 15 16 17 18 19 20

λ j 20 20 14 16 16 18 23 24 15 24

f j 10 10 9.33 8 8 9 7.67 15 15 16

Top
j 2 2 1.5 2 2 2 3 1.6 1 1.5

4 Numerical Example

To illustrate the suggested algorithms, an illustrative example is given. Set N consists
of 20 operations. Their machining parameters are given in Table 1. The precedence
graph is shown in Fig. 1.

The inclusion and exclusion constraints are as follows: Iw = {{16, 17, 20}}, Eb =
{{1, 2}, {2, 4, 7}, {3, 4}, {4, 6}, {4, 8}, {8, 15}, {10, 11}, {16, 17}}, Ew = {{5, 11}, {5, 12},
{13, 17}, {14, 17}, {18, 19}}. Other problem parameters are as follows: τw = 7, τ b = 3,
T0 = 25, m0 = 3, n0 = 3, C1 = 5,000, C2 = 3,000.

The application of procedures presented in Section 3.1 does not find any data in-
compatibility. The application of the pre-processing methods suggested in Section 3.2
lets undertake two modifications. According to Proposition 4, operation 4 can be
deleted from constraint {2, 4, 7} ∈ Eb . And according to Proposition 5, constraint
{13, 17} can be deleted from Ew.

To apply the algorithms proposed in Section 3.3, the values of function d(i, j)
are calculated. The result is shown in Table 2, where the empty cells contain 0.
Algorithm 1 is then run to compute q−

j . It gives the results presented in Table 3.
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Table 3
[
q−

j , q+
j

]
, j ∈ N obtained with Algorithms 1 and 2

j 1 2 3 4 5 6 7 8 9 10

q−
j 1 1 2 1 2 2 2 2 2 2

q+
j 3 3 3 4 3 3 6 5 6 6

j 11 12 13 14 15 16 17 18 19 20

q−
j 2 4 4 4 4 7 7 4 4 7

q+
j 6 6 6 6 6 9 9 9 9 9

Treating the workstation inclusion constraints, Algorithm 1 has changed only the
value of q−

16 from 4 to 7. Then, the values of q+
j are calculated with Algorithm 2. The

obtained results are given in Table 3 as well.
According to Table 3, sets O(q) are as follows: O(1) = {1, 2, 4}, O(2) = {1, 2, 3,

4, 5, 6, 7, 8, 9, 10, 11}, O(3) = {1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11}, O(4) = {4, 7, 8, 9, 10, 11,

12, 13, 14, 15, 18, 19}, O(5) = {7, 8, 9, 10, 11, 12, 13, 14, 15, 18, 19}, O(6) = {7, 9,

10, 11, 12, 13, 14, 15, 18, 19}, O(7) = {16, 17, 18, 19, 20}, O(8) = {16, 17, 18, 19, 20},
O(9) = {16, 17, 18, 19, 20}.

Algorithm 3 is applied and changes the value of q+
2 from 3 to 2, since

q+
2 −1∑

q=W(q+
2 )

min
i∈O(q)

{
Top

i + τ b } = min
i∈O(1)

{
Top

i + τ b } + min
i∈O(2)

{
Top

i + τ b }

= 4.8 + 3 + 1.5 + 3 = 12.3 > T0 − τw − τ b − Top
2

= 25 − 7 − 3 − 5.4 = 9.6,

the value of q+
5 from 3 to 2, since

q+
5 −1∑

q=W(q+
5 )

min
i∈O(q)

{
Top

i + τ b } = min
i∈O(1)

{
Top

i + τ b } + min
i∈O(2)

{
Top

i + τ b }

= 4.8 + 3 + 1.5 + 3 = 12.3 > T0 − τw − τ b − Top
5

= 25 − 7 − 3 − 6 = 9,

the value of q+
6 from 3 to 2, since

q+
6 −1∑

q=W(q+
6 )

min
i∈O(q)

{
Top

i + τ b } = min
i∈O(1)

{
Top

i + τ b } + min
i∈O(2)

{
Top

i + τ b }

= 4.8 + 3 + 1.5 + 3 = 12.3 > T0 − τw − τ b − Top
6

= 25 − 7 − 3 − 5 = 10,
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Table 4 [q−
j , q+

j ], j ∈ N modified by Algorithm 3

j 1 2 3 4 5 6 7 8 9 10

q−
j 1 1 2 1 2 2 2 2 2 4

q+
j 3 2 3 4 2 2 6 5 6 5

j 11 12 13 14 15 16 17 18 19 20

q−
j 2 4 4 4 4 7 7 4 4 7

q+
j 6 6 6 6 6 9 9 9 9 9

the value of q−
10 from 2 to 4, since

q−
10−1∑

q=W(q−
10)

min
i∈O(q)

{
Top

i + τ b } = min
i∈O(1)

{
Top

i + τ b }

= 4.8+3 = 7.8 > T0 −τw −τ b −Top
10 = 25−7−3−9 = 6,

and the value of q+
10 from 6 to 5, since

q+
10−1∑

q=W(q+
10)

min
i∈O(q)

{
Top

i + τ b } = min
i∈O(4)

{
Top

i + τ b } + min
i∈O(5)

{
Top

i + τ b }

= 1 + 3 + 1 + 3 = 8 > T0 − τw − τ b − Top
10

= 25 − 7 − 3 − 9 = 6.

All these modifications are shown in Table 4. According to these modifica-
tions, sets O(q) are as follows: O(1) = {1, 2, 4}, O(2) = {1, 2, 3, 4, 5, 6, 7, 8, 9, 11},
O(3) = {1, 3, 4, 7, 8, 9, 11}, O(4) = {4, 7, 8, 9, 11, 12}, O(5) = {7, 8, 9, 10, 11, 12, 13,

14, 15, 18, 19}, O(6) = {7, 9, 11, 12, 13, 14, 15, 18, 19}, O(7) = {16, 17, 18, 19, 20},
O(8) = {16, 17, 18, 19, 20}, O(9) = {16, 17, 18, 19, 20}. Due to Algorithm 3, the po-
sition of operations 5 and 6 can be defined: they must be necessary assigned to the
second block of the first workstation.

5 Conclusions

The problem of equipment location in machining serial lines has been studied. This
problem is known to be NP-hard and, as a consequence, the required solution time
exponentially increases with the size of the problem. A number of pre-processing
procedures have been proposed in order to decrease the problem size and simplify
its solution. These procedures are based on the problem constraints analyzing. Such
an analysis allows deleting some constraints, transforming other ones and even
extracting certain operations. The future works will concern extending this approach
for other optimization problems appearing while designing machining lines.
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