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 a b s t r a c t

This work studies a combinatorial optimization problem encountered in industrial
production planning: the single-item multi-resource lot-sizing problem with inventory
bounds and lost sales. The demand to be satisfied by the production plan is subject
to uncertainty and only probabilistically known. We consider a multi-stage decision
process with a Decision–Hazard–Decision information structure in which decisions are
made at each stage both before and after the uncertainty is revealed. Such a setting
has not yet been studied for stochastic lot-sizing problems, and the resulting problem is
modeled as a multi-stage stochastic integer program. We propose a solution approach
based on an approximate stochastic dynamic programming algorithm. It relies on a
decomposition of the problem into single-stage sub-problems and on the estimation
at each stage of the expected future costs. Due to the Decision–Hazard–Decision infor-
mation structure, each nested single-stage sub-problem is itself a two-stage stochastic
integer program. We therefore introduce a Benders decomposition scheme to reduce the
computational effort required to solve each nested sub-problem, and present a special-
purpose polynomial-time algorithm to efficiently solve the single-scenario second-stage
sub-problems involved in the Benders decomposition. The results of extensive simulation
experiments carried out on large-size randomly generated instances are reported. They
demonstrate the practical benefit, in terms of the actual production cost, of using the
proposed approach as compared to a naive deterministic optimization approach based
on the expected demand.

© 2025 Elsevier B.V. All rights are reserved, including those for text and data mining, AI
training, and similar technologies.

1. Introduction

Production planning and lot-sizing are among the key processes in the field of industrial operations management. Lot-
sizing essentially consists in determining the quantity and timing of production of a set of items on a set of production 
resources, over a finite planning horizon comprising several time-steps. Lot-sizing aims at optimizing the interactions 
between the customer demand for the produced items, the capacity of the production resources generating these items, 
and the use of an inventory to store items produced in advance. The objective is to build a minimum-cost production 
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plan satisfying as best as possible the customers’ demand and complying with the practical limitations of the production 
system. The resulting problem can be represented as a mixed-integer linear program.

This work addresses the single-item multi-resource capacitated lot-sizing problem with inventory bounds and lost 
sales. In this variant of the lot-sizing problem, a set of parallel capacitated resources produce a single type of item, and 
the inventory capacity is bounded. Moreover, any customer demand which cannot be met on time is lost, which incurs a 
linear penalty.

The input data of a lot-sizing problem are often subject to uncertainty. In particular, the customers’ demand to be 
satisfied may be difficult to accurately predict and may thus be only stochastically known at the time when the production 
plan has to be determined. In this work, we investigate a lot-sizing problem with uncertain demand. We assume that the 
information about the actual demand is revealed progressively over time and that production and inventory decisions 
may be regularly updated to adjust the plan to the realized demand. This leads to the use of a multi-stage stochastic 
integer programming approach.

When modeling a multi-stage stochastic optimization problem, it is important to define the information structure, i.e., 
to describe how uncertainty is revealed over time and when decisions are made to adapt to this evolving knowledge. Most 
prior studies on multi-stage stochastic lot-sizing considered that the production and inventory decisions related to a given 
decision stage are determined at each stage once the demand for this stage is revealed (see, e.g., Brandimarte [17], Hu 
and Hu [28], and Quezada et al. [40]). Such a setting corresponds to a Hazard–Decision information structure. However, in 
practice, it may happen that all or part of the production decisions related to a given stage have to be made right before 
the demand for this stage realizes. In this work, we wish to investigate such a setting. More precisely, we consider that 
the setup decisions related to a given decision stage have to be made just before the demand for this stage is disclosed 
while the other decisions related to production quantities, inventory holding and lost sales, can be made afterwards. This 
corresponds to a Decision–Hazard–Decision information structure.

The resulting multi-stage stochastic integer program is particularly challenging to solve. Namely, a first solution 
approach might consist in reformulating the Decision–Hazard–Decision problem as a Hazard–Decision problem with an 
augmented state space. As will be discussed in more detail later on in the paper, this Hazard–Decision problem is however 
numerically intractable in our case. This is why, in this work, we chose not to use such a reformulation. We instead 
introduce a novel solution methodology based on approximate stochastic dynamic programming to directly solve the 
Decision–Hazard–Decision problem. The proposed algorithm requires to solve multiple two-stage stochastic lot-sizing 
problems at each step of the dynamic programming recursion. We thus investigate a Benders decomposition scheme to 
efficiently solve these two-stage stochastic integer programs.

In the remainder of this introductory section, we first describe the use-cases which provided the initial incentive for 
this study. We then provide a brief overview of the articles most closely related to our work. We finally conclude this 
section with a discussion on our contributions.

1.1. Motivations

This work is originally motivated by use-cases in the green hydrogen production industry (see, e.g., Riera et al. [45]). 
Green hydrogen is produced through a water electrolysis process consuming electricity and aiming at splitting water 
molecules into hydrogen and oxygen. The produced hydrogen is termed ‘‘green’’ if the consumed electricity originates 
from renewable energy sources. Green hydrogen production sites thus comprise one or several parallel heterogeneous 
machines (electrolyzers) producing a single type of item (pressurized hydrogen). Technical constraints impose that an 
electrolyzer is either inactive or producing above a given minimum threshold (see, e.g., Baumhof et al. [8]). Green hydrogen 
production planning thus involve setup decisions to determine whether to keep each electrolyzer inactive or to switch it 
on. The hydrogen, once produced, is stored in a tank with a limited storage capacity.

Furthermore, there exist hybrid production sites that use electricity coming both from the regional power grid and from 
local renewable assets directly connected to the site. These production sites seek to ensure the on-time fulfillment of the 
customers’ demand for hydrogen, while using as much as possible the locally generated renewable electricity. When it is 
not available due to the intermittency of renewable energy sources, the production sites may purchase electricity from 
the regional grid. In this use-case, the average amount of renewable power available at each time-step of the production 
plan is uncertain. Furthermore, a production plan must be designed each day to decide on the setups of all production 
units, as well as on the energy consumption on the grid, for each time-step of the following day. This anticipative decision 
on setups and grid consumption is made without the knowledge of the exact future availability of the renewable asset, 
while the remaining production decisions may be adjusted in real time to fit the actual renewable availability. We are 
thus faced with a multi-stage stochastic decision process involving a Decision–Hazard–Decision feature.

The purchasing price of grid electricity is considered to be much higher than the one of the locally generated green 
electricity, most often both for economical and ecological reasons. Consequently, resorting to the grid electricity may be 
associated to a significant penalty cost. Similarly, the inability to fully supply customers on time is penalized. Hence, in 
situations where the renewable availability is not accurately predicted, the uncertainty may lead to significant overcosts. 
Indeed, it may lead either to a costly over-reliance on grid electricity or to the inability to fully supply customers.

This situation is quite similar to a feature frequently encountered in the lot-sizing literature, namely, the use of lost 
sales by which any demand for the end-items which cannot be met on time is heavily penalized in the objective function. 
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We thus focus in this work on a generic single-item multi-resource lot-sizing problem with inventory bounds and lost 
sales in a Decision–Hazard–Decision stochastic setting.

The present work can be seen as a generalization and extension of a previous work carried out by Spitzer et al. [50]. In 
that previous study, the authors address a specific use-case related to the optimization of a hybrid hydrogen production 
plant with uncertain availability of one of its energy sources and consider a stochastic decision process involving only two 
stages. We extend their results to a more generic stochastic lot-sizing problem and to a multi-stage stochastic decision 
process. Moreover, the authors introduce a problem-specific polynomial-time algorithm to efficiently solve the single-
scenario second-stage sub-problems involved in a Benders decomposition. We generalize the use of this algorithm to 
the single-scenario second-stage sub-problems arising in the generic stochastic lot-sizing problem at hand. Finally, the 
numerical experiments led in the previous study are limited to simulations for a particular use-case while we demonstrate 
the benefit of our extended approach for a large variety of randomly generated instances.

1.2. Literature review

We now briefly discuss the research works most closely related to our study.
Deterministic single-item lot-sizing. Single-item lot-sizing problems address various challenges in production planning, and 
are most often modeled as Mixed-Integer Linear Programs (MILP). The reader is referred, for example, to the literature 
review provided by Brahimi et al. [16] for a recent overview on the topic. We focus here on the works involving features 
similar to ours. Lot-sizing for a production system involving a single item and multiple parallel resources is investigated 
among others by Vanderbeck and Wolsey [53], Rapine et al. [44], and Koca and Koksalan [30]. Capacitated lot-sizing 
problem with inventory bounds is studied, for instance, by Erenguc and Aksoy [24] and Akbalik et al. [3]. Lost sales are 
sometimes introduced in lot-sizing models to account for the difficulty in meeting the demand on time due to capacity 
restrictions (see, e.g., Aksen et al. [4]). Finally, the present work is also closely related to the single-item single-resource 
capacitated lot-sizing problems with inventory bounds and lost sales considered by Sandbothe and Thompson [46], Berk 
et al. [10], and Liu and Tu [32].
Robust lot-sizing. A first way to account for uncertainty in lot-sizing consists in relying on robust optimization (see, e.g., 
Bertsimas et al. [11]). Such an approach may be well suited when data availability is too limited to obtain an accurate 
probabilistic representation of the uncertainty, or when computational efficiency is more important than achieving the 
most optimal solution (see, e.g., Alem et al. [5]). It may also be relevant when focusing on the worst possible realization 
of the uncertainty, for example in our case when lost sales should be avoided at any cost due to extremely high penalty 
values. Single-stage robust lot-sizing models are investigated among others by Bertsimas and Thiele [12], Alem et al. [5] 
and Schlenkrich et al. [47]. These models assume that all decisions must be made before uncertainty realization. Models 
based on adaptive robust optimization (see, e.g., Ben-Tal et al. [9]) are proposed among others by Postek and den 
Hertog [38] and Curcio et al. [21]. These models account for adjustable decisions — that is, decisions made only after 
the uncertainty has been revealed. See also Bindenwald et al. [13], for an extensive review of the various approaches to 
multistage lot sizing with uncertain demand, including robust optimization methods.

Multi-stage stochastic programming approaches for production planning problems. Uncertainty in a lot-sizing problem may 
also be handled through a stochastic programming approach. As explained, for example, by Alem et al. [5], stochastic 
programming is appropriate when sufficient data is available to generate scenarios, and when the quality of the solution 
is prioritized over the computational effort. The stochastic lot-sizing problem is a long-standing research topic in the 
literature, with a particular focus on the demand-side uncertainty in a multi-stage setting (see, e.g., Brandimarte [17] and 
Tempelmeier [52]). A review of exact and heuristic methods to solve this problem is presented in what follows.

A first category of exact solution approaches relies on scenario trees to represent the time evolution of the uncertain 
demand, and models the problem as a large-size MILP. This MILP may be solved to exact optimality by a branch-and-cut 
algorithm. However, for this algorithm to be numerically efficient, it is crucial to strengthen the bounds provided by the 
linear relaxation of the problem. Such work exists among others for the single-item capacitated lot-sizing problem (see, 
e.g., Di Summa and Wolsey [23]), and for the multi-item multi-level uncapacitated lot-sizing problem with lost sales (see, 
e.g., Quezada et al. [42]). However, even if it is combined with the use of formulation strengthening techniques, this type 
of solution approaches is numerically efficient only on small scenario trees, and requires prohibitive computation time 
for large instances of the problem. This difficulty can be partly overcome through the use of a scenario-tree reduction 
technique which reduces the size of the MILP model while preserving the most valuable statistical information (see, e.g., 
Hu and Hu [28]).

Stochastic dynamic programming approaches can also be used to optimally solve lot-sizing problems under demand 
uncertainty (see, e.g., Dellaert and Melo [22], Li et al. [31], and Naeem et al. [36]). This type of method carries out a stage-
wise decomposition of the problem and seeks at each stage to determine the best action to be made for each possible state 
of the system in order to minimize a ‘‘cost-to-go’’ function representing the expected future production costs. However, it 
requires to explicitly enumerate all possible states of the system and all the actions that might be taken at each state, and 
to evaluate each state–action combination to select the most cost-efficient one. This strongly limits the application range 
of this method, especially in terms of the number of state–action combinations that can be considered at each stage.
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There exist approximate stochastic dynamic approaches to overcome these limitations (see, e.g., Powell [39]). They rely 
on the approximation of the state–action space or of the cost-to-go function to obtain a tractable reformulation of the 
stochastic problem. Applications for stochastic energy production planning problems are reported in the literature: see, 
for example, Zhang and Nikovski [57] and Xiao [55] for a unit commitment problem, or Cervellera et al. [20] and Zéphyr 
et al. [56] for a hydropower production planning problem. Such an approach is used in this work to solve the stochastic 
lot-sizing problem by successive constructions of an approximate representation of the cost-to-go function at each stage. 
To the best of our knowledge, approximate stochastic dynamic approaches have not yet been studied for multi-stage 
stochastic lot-sizing problems.

The Stochastic Dual Dynamic integer Programming (SDDiP) algorithm, first introduced by Zou et al. [58] for general 
multi-stage stochastic integer programs, also relies on a stage-wise decomposition of the problem. It basically consists 
in solving a series of single-stage sub-problems taking the form of deterministic MILPs. These sub-problems are linked 
together by expected cost-to-go functions. The main idea of the SDDiP algorithm is to provide near-optimal solutions of 
the initial multi-stage stochastic integer program by iteratively building a piece-wise linear under-approximation of each 
expected cost-to-go function. Solution approaches based on the SDDiP algorithm are proposed by Quezada et al. [40] for 
the single-item uncapacitated lot-sizing problem and by Quezada et al. [41] for a multi-item uncapacitated lot-sizing 
problem with lost-sales. The SDDiP algorithm is an exact solution method whose finite and optimal convergence is 
theoretically guaranteed. However, in practice, it suffers from shortcomings in computational efficiency, mainly because 
its iterative scheme requires numerous cost estimations.

As for heuristic solution approaches, many of them are also based on a stage-wise decomposition of the problem. Curcio 
et al. [21] propose a heuristic to solve their multi-stage capacitated lot-sizing problem in a rolling horizon manner, by 
incrementally fixing decisions at each stage while relaxing integrality constraints at future stages. A similar rolling horizon 
approach is implemented by Balasubramanian and Grossmann [7]. In their solution method, decisions are incrementally 
fixed by solving a sequence of two-stage stochastic programs while rolling forward the time window by one stage at 
each iteration. The two-stage stochastic program solved at a given iteration considers uncertainties and decisions for the 
immediately following stage but not for the stages further beyond. The solution approach proposed in this work also relies 
on solving a series of two-stage stochastic problems. However, it allows each of these two-stage stochastic problems to 
explicitly consider uncertainties and decisions at all future stages through the use of cost-to-go functions, thus providing 
solutions of improved quality.
Decision–Hazard–Decision information structure in multi-stage stochastic programming. Most multi-stage stochastic pro-
gramming models implicitly assume that, at each stage of the decision process, the decisions can be made after the 
realization of all the random parameters related to this stage. Carpentier et al. [18] introduce the term ‘‘Hazard–Decision’’ 
to designate this information structure, while the term ‘‘Decision–Hazard’’ refers to the case where decisions must be 
made before the uncertainty realization. The situation in which decisions are made both before and after the uncertainty 
realization was later called the ‘‘Decision–Hazard–Decision’’ setting (see, e.g., Carpentier et al. [19] and Martinez Parra 
et al. [35]). In particular, Martinez Parra et al. [35] use an approximate stochastic dynamic programming approach to 
address a problem closely related to stochastic unit commitment in a ‘‘Decision–Hazard–Decision’’ setting. The authors 
solve two-stage stochastic problems at each iteration of the dynamic scheme in a similar fashion to what is proposed in 
our work.

Street et al. [51] study a multi-stage stochastic programming model using a Decision–Hazard–Decision information 
structure for hydrothermal scheduling under uncertain water inflows. They compare two formulations of their problem, 
respectively relying on a Decision–Hazard–Decision and a Hazard–Decision information structure. The latter is derived 
from the former by considering, at the previous stage, the decisions to be made at a given stage before uncertainty 
realization. This however leads to a state space of increased size, since all the information on the anticipative decisions 
made at the previous stage must be transferred to the next. The authors propose to solve their problem using the 
stochastic dual dynamic programming (SDDP) algorithm (see, e.g., Shapiro [49]), an approach well known to be efficient 
for hydro power system scheduling under uncertainty (see, e.g., Gjelsvik [25]). Their numerical results show that the 
Hazard–Decision reformulation leads to shorter computing times than the initial Decision–Hazard–Decision formulation. 
This benefit can be partly explained by the moderate increase of the state space dimension caused by the reformulation 
(thanks to the use of aggregate state variables), and by the fact that their problem involves only continuous variables 
(which allows the use of an efficient implementation of the SDDP algorithm). This contrasts with our case. Namely, in our 
problem, using a Hazard–Decision reformulation results in a sharp increase of the state space dimension. Furthermore, 
the presence of binary variables requires the use of the SDDiP algorithm, an algorithm that already has some trouble 
solving large instances of the classic Hazard–Decision problem involving a single state variable. These two aspects make 
the Hazard–Decision reformulation numerically intractable in our case.
Benders decomposition for two-stage stochastic lot-sizing. Formulating the problem explicitly using a Decision–Hazard–
Decision information structure implies that each stage sub-problem is itself a two-stage stochastic lot-sizing problem. Such 
problems are far from prevalent in the lot-sizing literature, noticeable exceptions can be found, for example, in Macedo 
et al. [33] and Hu and Hu [27]. Furthermore, the use of Benders decomposition schemes (see, e.g., Rahmaniani et al. [43]) 
for their efficient resolution is also scarcely documented. The topic, first introduced by Bahl and Zionts [6], remained 
unmentioned for almost three decades. Lately, Benders decomposition algorithms have been applied to solve problems 
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closely related to the lot-sizing problem under demand uncertainty (see, e.g., Adulyasak et al. [1], Witthayapraphakorn 
and Charnsethikul [54], and Gruson et al. [26]). These three approaches assume that all the binary decision variables are 
first-stage decision variables so that the resulting second-stage sub-problems are linear programs. In particular, Gruson 
et al. [26] propose to exploit the fact that, in their case, these second-stage sub-problems have a special structure 
corresponding to the one of a minimum cost flow problem in a network (see, e.g., Bowman [15] and Pochet and 
Wolsey [37]), and that any such problem with integer demand and capacities may in turn have its dual solution be 
found efficiently (see, e.g., Ahuja et al. [2]). This allows a significant reduction of the overall computing time for their 
Benders decomposition algorithm. We implement in this work a Benders decomposition scheme specific to our case with 
a novel polynomial time algorithm to solve the dual sub-problem. This new algorithm has the benefit of not relying on 
the assumption of integer demand and capacities.

1.3. Contributions

The main novelty of this article thus lies in the following three aspects.
Firstly, we investigate a multi-stage stochastic programming model for the single-item multi-resource stochastic lot-

sizing problem with inventory bounds and lost sales under uncertain demand. We consider an information structure in 
which, at each stage, anticipative decisions (setups) are made before the uncertainty is revealed and recourse decisions 
(production quantities, inventory and lost sales) are made afterwards. To the best of our knowledge, such setting in which 
part of the production decisions related to a stage have to be made just before uncertainty realizes at this stage has not 
yet been studied in the context of multi-stage stochastic lot-sizing.

Secondly, we propose to handle the problem while explicitly relying on a Decision–Hazard–Decision information 
structure, since reformulating the problem using a Hazard–Decision one is numerically intractable in our case. This is 
achieved by designing a novel approximate stochastic dynamic programming approach. In this approach, the sub-problem 
to be solved at each decision stage is itself a two-stage stochastic integer program. This one comprises the anticipative 
and recourse decisions to be made at each stage, and seeks to optimize the sum of the immediate production costs to 
be paid at the current stage and of the production costs to be paid in the stages onward. We represent those latter costs 
by an approximate expected cost-to-go function of a single variable: the entering inventory level at the beginning of the 
next decision stage. This approach differs from exact stochastic dynamic programming methods since the decisions to 
be implemented at each stage are determined by solving an optimization problem taking the form of a MILP rather than 
by enumerating all possible state–action combinations. This allows us to consider a much larger number of uncertainty 
scenarios and actions at each stage. The proposed approach also differs from the SDDiP algorithm. This algorithm is 
already numerically cumbersome but still feasible under a Hazard–Decision setting in which each stage sub-problem is 
a deterministic MILP. It may however be computationally intractable under a Decision–Hazard–Decision setting in which 
each stage sub-problem is a two-stage stochastic integer program. Although our proposed approach does not possess 
the same guarantees of optimal convergence as the SDDiP algorithm, it is able to address large and realistic instances of 
the problem in practice. It thus represents an original contribution toward the efficient solving of multi-stage stochastic 
lot-sizing problems under a Decision–Hazard–Decision setting.

Thirdly, we introduce a Benders decomposition scheme to efficiently solve the two-stage stochastic integer programs 
encountered at each step of the approximate stochastic dynamic programming approach, while taking into account a large 
number of demand scenarios. It is made possible only thanks to a convex under-approximation of the cost-to-go functions 
built at each stage of the dynamic programming approach. To the best of our knowledge, this work is the first to propose 
this technique to implement a Benders decomposition scheme within an approximate stochastic dynamic programming 
framework. Furthermore, we introduce a novel cubic-time algorithm to reduce the computational effort needed to solve 
the dual of each of these sub-problems at each iteration of the decomposition scheme. This algorithm does not rely on 
the assumption of integer demand and capacities, as opposed to existing network flow approaches.

The remainder of the paper is organized as follows. Section 2 formally describes the stochastic lot-sizing problem under 
study. Section 3 presents the approximate stochastic dynamic programming approach proposed to solve this problem. The 
Benders decomposition scheme implemented to efficiently solve each two-stage stochastic integer program is discussed 
in Section 4. Finally, the results of our numerical experiments are provided in Section 5. They demonstrate that, even if 
the proposed approach is approximate, it displays practical benefits and is able to provide good quality production plans 
in numerous cases.

2. Problem definition and modeling

This section provides a formal definition of the lot-sizing problem under study. We first present a mixed-integer linear 
programming formulation for the deterministic case. We then extend it to consider a stochastic demand and introduce a 
new multi-stage stochastic programming model to handle this case.
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2.1. Deterministic model

A mathematical model is introduced for the single-item capacitated lot-sizing problem with inventory bounds and lost 
sales. The objective is to find a feasible production plan that minimizes the costs of production, setup, inventory holding 
and lost sales (see, e.g., Sandbothe and Thompson [46]). Borrowing from the nomenclature of Pochet and Wolsey [37], this 
production planning problem is denoted as LS-C-L-SUB for the Lot-Sizing problem with Capacities, Lost-sales and Storage 
Upper Bounds.

We plan the operation of a set N = {1, 2, . . . ,N} of production units over a set T = {1, 2, . . . , T } of time-steps. 
Parameters ht and gt denote respectively the inventory holding cost and lost sales cost for any time-step t ∈ T , while St
corresponds to the storage capacity in t . Parameters pt,n and qt,n denote respectively the production cost and setup cost 
for the production unit n ∈ N  at time-step t ∈ T , while Ct,n corresponds to the production capacity of that unit at that 
time step. Finally, dt denotes the demand at time-step t ∈ T .

We represent, at time-step t ∈ T , the inventory level by a non-negative variable st , the lost sales by a non-negative 
variable lt , the quantity produced on production unit n ∈ N  by a non-negative variable xt,n and the setup state of 
production unit n ∈ N  by a binary variable yt,n. Suppose that the initial inventory level at the beginning of time-step 
0, se, is given, one may formulate the single-item capacitated lot-sizing problem with inventory bounds and lost sales as 
follows.

Problem LS-C-L-SUB : 

min
∑
t∈T

(
ht · st + gt · lt +

∑
n∈N

[
qt,n · yt,n + pt,n · xt,n

])
(1a)

s.t. se +
∑
n∈N

x1,n = d1 − l1 + s1, (1b)

st−1 +
∑
n∈N

xt,n = dt − lt + st , ∀t ∈ T \{1} (1c)

xt,n ≤ Ct,n · yt,n, ∀n ∈ N , ∀t ∈ T (1d)

st ≤ St , ∀t ∈ T (1e)

st , lt ≥ 0, ∀t ∈ T (1f)

xt,n ≥ 0, yt,n ∈ {0, 1}, ∀n ∈ N , ∀t ∈ T (1g)

Objective (1a) is to minimize the total inventory, lost-sales, production and setup costs over the planning horizon. 
Constraints (1b)–(1c) are inventory balance equations: they ensure that, in each time-step, the overall quantity of available 
product, i.e., the starting inventory st−1 plus the quantity produced by the production units 

∑
n∈N xt,n, is equal to the sum 

of the part of the demand that will be actually satisfied dt − lt and of the ending inventory st . Constraints (1d) and (1e) 
ensure that the maximum production and storage capacities are respected in each time-step. Furthermore, constraints (1d) 
ensure that the setup costs are correctly incurred in each time-step when production occurs on a production unit. Finally, 
(1f)–(1g) are variables domain constraints.

Note that problem LS-C-L-SUB is NP-hard even if there is a single production unit (N = 1), an unlimited storage 
capacity (St = +∞ for all t ∈ T ), and no lost sales (lt = +∞ for all t ∈ T ). The proof is based on a reduction from 
the single-item single-resource capacitated lot-sizing problem with general time-varying production capacities (see, e.g., 
Bitran and Yanasse [14]).

2.2. Stochastic model

Most often, the information on the demand is obtained through imperfect forecasting procedures and is thus subject to 
uncertainties. Consequently, the actual demand value is not known at the beginning of the planning horizon but is rather 
gradually revealed over time. The realized value of the demand may be higher or lower than the initially forecasted value, 
leading to costly over-production or lost sales.

In this work, we assume that new information about the actual demand becomes available at the end of K  predefined 
time-steps denoted by {T 1, T 2, . . . , T K

}. Furthermore, we consider the case where anticipative setup decisions must 
be made for all time-steps belonging to {T k

+ 1, . . . , T k+1
} at the end of time-step T k before the actual demand over 

{T k
+ 1, . . . , T k+1

} is revealed.
This leads to a decomposition of the planning horizon T  into a set of K = {1, 2, . . . , K } smaller time intervals. Time 

interval T k, k ∈ K, is defined as T k
= {T k

+ 1, . . . , T k+1
}. Let ̃dt be the random variable representing the demand at 

time-step t . We assume that the actual value of ̃dt for each time-step t ∈ T k is disclosed  at the end of time-step T k.
In line with the periodical decision making and revelation of the actual demand, we model this production planning 

problem as a multi-stage decision process involving K  decision stages, such that the stage k ∈ K corresponds to time-
interval T k. Indeed, all decisions are not made once and for all at the beginning of the planning horizon. Instead, some of 
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them are postponed to later points in times when more information on the demand become available. In this work, we 
thus assume that the production planning decisions relative to any stage may be postponed up to that stage.

At each stage, anticipative decisions are thus made before the uncertainty is revealed while other decisions may be 
made afterwards at the last moment. Hence, we consider an information structure in which each stage k comprises two 
decision sub-stages. The first sub-stage corresponds to the anticipative decisions made right at the end of time-step T k, 
when the demand is known up to time-step T k but not yet for time-steps in T k. These are the setup decisions relative to 
stage k, i.e., relative to the time-steps in T k. The second sub-stage corresponds to the decisions to be made once the actual 
value of the demand is revealed for each time-step in T k. These decisions define the production quantity, the inventory 
level and the lost sales throughout T k. They can be seen as recourse actions taken to ensure that the setup decisions made 
in the first sub-stage lead to a feasible production plan.

The dynamics of the decision-making process can thus be described as follows:

Setup decisions for t ∈ T 1
→ Observation of (̃dt )t∈T 1 →  Recourse actions for t ∈ T 1

· · · Setup decisions for t ∈ T k
→ Observation of (̃dt )t∈T k →  Recourse actions for t ∈ T k

· · · Setup decisions for t ∈ T K
→ Observation of (̃dt )t∈T K →  Recourse actions for t ∈ T K

Following the terminology used by Carpentier et al. [19] and Martinez Parra et al. [35], our stochastic problem relies on a 
Decision–Hazard–Decision setting in which decisions relative to a given stage are to be made before and after observing 
the uncertainty realization for this stage.

In terms of uncertainty modeling, we assume that the discrete-time stochastic process describing the demand evolution 
over time is stage-wise independent. This means that the random demand vector observed at stage k, (̃dt )t∈T k , is 
independent of its past realizations 

(
(̃dt )t∈T 1 , (̃dt )t∈T 2 , . . . , (̃dt )t∈T k−1

)
. Furthermore, at each stage k, we represent the 

potential realizations of the demand over time-interval T k by a discrete set of scenarios Uk of known probability 
distribution. Scenario u ∈ Uk thus corresponds to a possible realization (du,Tk+1, du,Tk+2, . . . , du,Tk+1 ) of the demand during 
stage k. Note that dependencies between the random demand values within a given stage are allowed, i.e., at stage k the 
random variables (̃dt )t∈T k  do not have to be independent.

The above description leads to a mathematical modeling of the multi-stage stochastic programming problem through 
the following dynamic programming formulation involving recursive equations. Note that a similar approach was used 
by Naeem et al. [36] and Quezada et al. [41], to formulate multi-stage stochastic lot-sizing problems.

Problem MS-LS-C-L-SUB: 
min

∑
t∈T 1

∑
n∈N

qt,n · yt,n + Eu∈U1

[
r1(xu, su, lu)+ Γ 2(su,T2 )

]
(2a)

s.t. se +
∑
n∈N

xu,1,n = du,1 − lu,1 + su,1, ∀u ∈ U1 (2b)

su,t−1 +
∑
n∈N

xu,t,n = du,t − lu,t + su,t , ∀u ∈ U1, ∀t ∈ T 1
\{1} (2c)

xu,t,n ≤ Ct,n · yt,n, ∀n ∈ N , ∀u ∈ U1, ∀t ∈ T 1 (2d)

su,t ≤ St , ∀u ∈ U1, ∀t ∈ T 1 (2e)

xu,t,n, su,t , lu,t ≥ 0, ∀n ∈ N , ∀u ∈ U1, ∀t ∈ T 1 (2f)

yt,n ∈ {0, 1}, ∀n ∈ N , ∀u ∈ U1, ∀t ∈ T 1 (2g)

Given a stage k, function rk gives the total costs of production, inventory holding and lost sales at the current stage k
depending on the value of variables x, s and l. Hence, rk(x, s, l) =

∑
t∈T k (ht · st + gt · lt +

∑
n∈N pt,n · xt,n). As for function 

Γ k(·), it is recursively defined as the value function of the single-stage sub-problem referred to as problem Pk(σ k) for an 
entry inventory level σ k at time-step T k

+ 1:
Problem Pk(σ k): 

Γ k(σ k) = min
∑
t∈T k

∑
n∈N

qt,n · yt,n + Eu∈Uk

[
rk(xu, su, lu)+ Γ k+1(su,Tk+1 )

]
(3a)

s.t. σ k
+

∑
n∈N

xu,Tk+1,n = du,Tk+1 − lu,Tk+1 + su,Tk+1, ∀u ∈ Uk (3b)

su,t−1 +
∑
n∈N

xu,t,n = du,t − lu,t + su,t , ∀u ∈ Uk, ∀t ∈ T k
\{T k
+ 1} (3c)

xu,t,n ≤ Ct,n · yt,n, ∀n ∈ N , ∀u ∈ Uk, ∀t ∈ T k (3d)

su,t ≤ St , ∀u ∈ Uk, ∀t ∈ T k (3e)

x , s , l ≥ 0, ∀n ∈ N , ∀u ∈ Uk, ∀t ∈ T k (3f)
u,t,n u,t u,t
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yt,n ∈ {0, 1}, ∀n ∈ N , ∀u ∈ Uk, ∀t ∈ T k (3g)

where Γ K+1(·) ≡ 0.
Function Γ k(·) is the expected cost-to-go function estimating the future expected total costs at stage k and beyond 

depending on the state of the system at the beginning of stage k. In our case, the decision stages are weakly coupled 
to each other. Indeed, the only coupling comes from the fact that the ending inventory at stage k becomes the entering 
inventory at stage k+1. Hence, the corresponding state space at each stage is of dimension 1 and only comprises the entry 
inventory level. Consequently, function Γ k(·) only depends on the inventory level at the beginning of stage k, i.e., it is a 
function of σ k

∈ [0, STk ]. Note that Γ K+1(·), the expected cost-to-go function at the last stage, is equal to 0 everywhere, 
since the production is not planned beyond stage K .

Problem MS-LS-C-L-SUB thus consists in a sequence of nested single-stage production planning sub-problems. The 
sub-problem to be solved at stage k, i.e., problem Pk(·), aims at finding the optimal production decisions for the current 
stage, given a value of the entering inventory level σ k and an expected cost-to-go function Γ k+1(·) providing an estimation 
of the future production costs as a function of the inventory level at the end of stage k.

Furthermore, problem Pk(·) is itself a stochastic programming problem involving two decision sub-stages as mentioned 
above. The first sub-stage decisions correspond to the setup variables yt,n. The second sub-stage decisions corresponds to 
the recourse actions taken after the demand is revealed. They are modeled by the production quantities variables xu,t,n, 
the inventory level variables su,t , and the lost sales variables lu,t for each considered uncertainty scenario u. The objective 
function (3a) aims at minimizing the sum of the immediate setup costs to be paid at stage k, of the expected cost of the 
recourse actions taken at stage k, and of the future expected costs beyond stage k. For each scenario u ∈ Uk at the stage 
k ∈ K, rk(xu, su, lu) represents the cost of the recourse actions as a function of the value of the second sub-stage variables 
xu, su and lu, while Γ k+1(su,Tk+1 ) estimates the costs beyond stage k as a function of the ending inventory su,Tk+1 .

Constraints (3b)–(3f) can be seen as second sub-stage constraints. They ensure that the recourse actions taken in each 
scenario u comply with the setup decisions made at the first sub-stage and with the limited storage capacity, and that 
these decisions lead to a time evolution of the inventory consistent with the realization of the demand in scenario u. Note 
that in our setting, the recourse is relatively complete: for any value of the entering inventory σ k, of our first sub-stage 
setup decisions, and of the stochastic demand realization, there exist feasible recourse actions at stage k and later.

Our end goal is to determine the optimal setup decisions for the first stage, while taking into account all possible 
uncertainty realizations and subsequent recourse actions. This could be done directly by solving problem MS-LS-C-L-SUB 
if a closed-form expression of the expected cost-to-go function Γ 2(·) were available. This is however not the case, therefore 
we investigate in the following section a way to solve Problem MS-LS-C-L-SUB through a backward dynamic programming 
recursion iteratively building an approximation of the expected cost-to-go function Γ k(·) at each stage k.

Note that there exists an alternative formulation to problem MS-LS-C-L-SUB that would fit a Hazard–Decision 
information structure. In this case, we would have to consider all the setup decisions relative to stage k as anticipative 
decisions made at stage k−1 and to handle them as state decisions. These decisions correspond to determining the setup 
state of each resource n ∈ N  for each time-step t ∈ T k, which means that the dimension of the state space would be 
increased from 1 to 1 + N · |T k

|. This would lead to significant numerical difficulties due to the necessity to consider 
an exponential number 2N·|T k

| of resource setup state  combinations while building the approximation of the expected 
cost-to-go functions. We thus rely in what follows on the Decision–Hazard–Decision formulation presented in this section.

3. An approximate stochastic dynamic programming approach

For any given stage k ∈ K, optimally solving problem Pk(·) would require to compute the exact value of the expected 
cost-to-go function Γ k+1(·), for any possible value of the inventory level at time-step T k+1. Furthermore, one would have 
to efficiently integrate that knowledge into the formulation of problem Pk(·). This is made especially difficult by the fact 
that Γ k+1(·) is generally a non-linear, non-continuous function defined on a continuous domain [0, STk+1 ], for which no 
obvious closed-form expression is available.

We thus introduce in this section an approximate stochastic dynamic programming approach for this problem. It 
is based on a backward recursion in which a piece-wise linear approximation of each expected cost-to-go function is 
iteratively built, starting from the last stage and going back to the first (see, e.g., Powell [39]).

In what follows, we first describe some general characteristics of the expected cost-to-go function. We then explain 
how the piece-wise linear approximation of each expected cost-to-go function is constructed. Finally, this approximation 
is leveraged to reformulate each problem Pk(·), k ∈ K, as a mixed-integer linear program and to solve MS-LS-C-L-SUB 
through an approximate stochastic dynamic algorithm.

Let us first discuss the overall characteristics of the cost-to-go function Γ k+1(·) for a given stage k. If we assume that the 
setup costs qt,n are null for each production unit n ∈ N  and each time-step t > T k+1 beyond stage k, the exact expected 
cost-to-go function Γ k+1(·) is the value function of a linear program and is thus a convex piece-wise linear function 
(see, e.g., Shapiro [49]). However, considering positive setup costs beyond the end of stage k introduces discontinuities in 
Γ k+1(·).

These discontinuities arise for a discrete set of break-point values of the entering inventory. These values are such 
that the production in a given time-step may be entirely replaced by inventory use so that no more setup costs are to be 
362



V. Spitzer, C. Gicquel, E. Gurevsky et al. Discrete Applied Mathematics 379 (2026) 355–378
Fig. 1. Illustration of the exact cost-to-go function.

paid in this time-step. At each of these break-point values, function Γ (·) presents a step discontinuity, corresponding to 
a sharp decrease in the cost due to the elimination of a setup in the production plan. As a result, Γ (·) is continuous and 
convex between two break-points, but not necessarily across one. In other words, function Γ (·) is a piece-wise continuous 
piece-wise convex function.

A cost-to-go function is illustrated in Fig.  1. Here, the cost-to-go function Γ k+1(·) is defined on a bounded interval 
[0, STk+1 ], with a single step discontinuity at inventory level sTk+1 = σ , such that Γ k+1(·) is continuous and convex in 
intervals [0, σ ) and [σ , STk+1 ] but not in interval [0, STk+1 ].

We derive from that study that a piece-wise linear function may be effective to approximate the expected cost-to-go 
function. Let us assume that, for a given stage k ∈ K, we are able to compute the value of the expected cost-to-
go function Γ k+1(·) for any given entering inventory value σ k+1

∈ [0, STk+1 ]. We propose to construct a piece-wise 
linear approximation Γ̃ k+1(·) of Γ k+1(·), by decomposing the interval [0, STk+1 ] into a finite set Ik+1

= {1, . . . , Ik+1}
of sub-intervals.

Let δk+1i  denote the width of interval i ∈ Ik+1, then σ k+1
i = σ k+1

i−1 + δk+1i  is the inventory level value corresponding to 
the supremum of sub-interval i ∈ Ik+1, with σ k+1

0 = 0 and σ k+1
Ik+1
= STk+1 . Let Γ k+1

i  represent the value of function Γ k+1(·)
evaluated in σ k+1

i , i.e., Γ k+1
i = Γ k+1(σ k+1

i ). The slope of the piece-wise linear approximation of Γ k+1(·) over interval 
i ∈ Ik+1 is then given by κk+1

i = (Γ k+1
i − Γ k+1

i−1 )/δk+1i .
Finally, the approximate cost-to-go function Γ̃ k+1(·) is defined over [0, STk+1 ] by

Γ̃ k+1(s) = Γ k+1
0 +

∑
i∈Ik+1

Γ̃ k+1
i (s)

with function Γ̃ k+1
i (·), i ∈ Ik+1, given by:

Γ̃ k+1
i (s) =

⎧⎪⎨⎪⎩
0,  if s < σ k+1

i−1 ,

(s− σ k+1
i−1 ) · κk+1

i ,  if s ∈ [σ k+1
i−1 , σ k+1

i ],

0,  if s > σ k+1
i .

Note that function Γ̃ k+1(·) is generally neither an under- nor an over-approximation of the expected cost-to-go function 
Γ k+1(·). In case the exact function Γ k+1(·) is convex, Γ̃ k+1(·) is naturally an over-approximation of Γ k+1(·). However, in 
any other case, in particular when the exact function Γ k+1(·) presents some discontinuities as discussed above, function 
Γ̃ k+1(·) is only piece-wise convex and is not guaranteed to be an over-approximation of Γ k+1(·).

This is illustrated by Fig.  2. Following the example in Fig.  1, we build an approximation of the cost-to-go function 
Γ k+1(·) over the bounded interval [0, STk+1 ]. To this aim, the interval [0, STk+1 ] is decomposed into four sub-intervals 
[0, σ k+1

1 ], [σ k+1
1 , σ k+1

2 ], [σ k+1
2 , σ k+1

3 ] and [σ k+1
3 , STk+1 ]. Then, function Γ k+1(·) is evaluated at each break-point in {0, σ k+1

1 , 
σ k+1
2 , σ k+1

3 , STk+1}. Finally, the piece-wise linear approximation Γ̃ k+1(·) is derived from these evaluations as discussed 
above. Clearly, Γ̃ k+1(·) is piece-wise convex, here respectively in intervals [0, σ k+1

1 ] and [σ k+1
1 , STk+1 ]. However, over the 

whole interval [0, STk+1 ], it is neither convex nor an under- or over-approximation of function Γ k+1(·).
By replacing Γ k+1(·) by its approximation ̃Γ k+1(·) in the objective function of problem Pk(·) and using an incremental 

method to handle the piece-wise linear function Γ̃ k+1(·), we obtain the following formulation of the approximate 
single-stage sub-problem to be solved at stage k, denoted as problem P̃k(σ k).
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Fig. 2. Illustration of the approximate piece-wise linear cost-to-go function.

Problem P̃k(σ k): 

min
∑
t∈T k

∑
n∈N

qt,n · yt,n + Eu∈Uk

⎡⎣rk(xu, su, lu)+ Γ k+1
0 +

∑
i∈Ik+1

κk+1
i · wu,i

⎤⎦ (4a)

s.t. (3b)–(3g),∑
i∈Ik+1

wu,i = su,Tk+1 , ∀u ∈ Uk (4b)

zu,i−1 ≥ zu,i, ∀i ∈ Ik+1
\{1}, ∀u ∈ Uk (4c)

wu,i−1 ≥ δk+1i−1 · zu,i, ∀i ∈ Ik+1
\{1}, ∀u ∈ Uk (4d)

wu,i ≤ δk+1i · zu,i, ∀i ∈ Ik+1, ∀u ∈ Uk (4e)

zu,i ∈ {0, 1}, wu,i ≥ 0, ∀i ∈ Ik+1, ∀u ∈ Uk (4f)

The incremental model used to handle the piece-wise linear function Γ̃ k+1(·) originates from the work of Markowitz 
and Manne [34] and computes the value of this function as the sum of incremental quantities in each segment. This 
formulation involves a continuous variable wu,i and a binary variable zu,i for each scenario u ∈ Uk and each segment 
i ∈ Ik+1. More precisely, variable zu,i is equal to 1 if su,Tk+1 ≥ σ k+1

i−1 , i.e., if segment i is involved in the computation of 
Γ̃ k+1(su,Tk+1 ), and zu,i = 0 otherwise. Variable wu,i represents the incremental amount of inventory in interval [σ k+1

i−1 , σ k+1
i ]

used to compute su,Tk+1 .
Constraints (4b) thus compute for each scenario u the ending inventory value su,Tk+1  as the sum, over all segments 

i ∈ Ik+1, of the incremental amount wu,i of inventory used in segment i. Constraints (4c) ensure, for each scenario u, that, 
if segment i is involved in the computation of ̃Γ k+1(su,Tk+1 ), then all segments to its left are also involved. Constraints (4d) 
guarantee that segment i− 1 is fully used, i.e., that wu,i−1 = δk+1i−1 , if segment i is used. Constraints (4e) impose that wu,i

stays below its maximum acceptable value δk+1i  if segment i is used and is equal to 0 otherwise. Finally, in the objective 
function (4a), the value of Γ̃ k+1(su,Tk+1 ) in scenario u is computed as the sum, over each segment i, of the incremental 
cost in each  segment i ∈ Ik+1, i.e., Γ̃ k+1(su,Tk+1 ) = Γ k+1

0 +
∑

i∈Ik+1 κk+1
i · wu,i.

The use of the proposed piece-wise linear approximation of Γ k+1(·) allows us to unnest the two minimization problems 
involved in the objective function of Pk(σ k). The approximate problem P̃k(σ k) is namely a stand-alone MILP which can 
be solved directly, e.g., by a mathematical programming solver. This means that, if we are able to compute the value of 
the expected cost-to-go function Γ k+1(·) for any given entering inventory value σ k+1 at a given stage k+ 1 ∈ K, then we 
are able to compute the value of Γ̃ k(·) for any entry inventory value σ k by solving problem P̃k(σ k).

A key observation is that, for any inventory level σ k+1, the optimal objective of problem ̃Pk+1(σ k+1) is an estimation of 
the value Γ k+1(σ k+1). Hence, function Γ k+1(·) can be estimated by solving P̃k+1(·) at each break-point σ k+1

i  for i ∈ Ik+1

and by building the corresponding piece-wise linear approximation. Since Γ K+1(·) ≡ 0, it is thus possible to dynamically 
deduce a piece-wise linear approximation of all expected cost-to-go functions, starting from the last stage K  and going 
backward up to the first stage, by solving multiple MILPs at each stage.
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This dynamic procedure leads to a description of the approximate expected cost-to-go function ̃Γ 2(·), under the form of 
a constant initial value Γ 2

0  and a slope κ2
i  on each sub-interval i ∈ I2 of length δ2i  of interval [0, ST2 ]. From this description, 

we obtain the following approximate formulation of problem MS-LS-C-L-SUB.
Approximate Problem MS-LS-C-L-SUB : 

min
∑
t∈T 1

∑
n∈N

qt,n · yt,n + Eu∈U1

⎡⎣r1(xu, su, lu)+ Γ 2
0 +

∑
i∈I2

κ2
i · wu,i

⎤⎦ (5a)

s.t. (2b)–(2g),∑
i∈I2

wu,i = su,T2 , ∀u ∈ U1

zu,i−1 ≥ zu,i, ∀i ∈ I2
\{1}, ∀u ∈ U1 (5b)

wu,i−1 ≥ δ2i−1 · zu,i, ∀i ∈ I2
\{1}, ∀u ∈ U1 (5c)

wu,i ≤ δ2i · zu,i, ∀i ∈ I2, ∀u ∈ U1 (5d)

zu,i ∈ {0, 1}, wu,i ≥ 0, ∀i ∈ I2, ∀u ∈ U1 (5e)

The approximate dynamic stochastic programming algorithm proposed to solve the Approximate Problem MS-LS-C-L-
SUB is formally described below.
Algorithm 1: Approximate stochastic DP algorithm to solve problem MS-LS-C-L-SUB

Input: Parameters (q, h, g, p, se, d, C, S), set K of stages, time interval T k for each k ∈ K, number of segments Ik
for each k ∈ K.

Output: Setup decisions to be implemented for Stage 1.
1 Set k← K  and Γ̃ K+1(·)← 0.
2 while k > 1 do
3 Find value Γ k

0  (and resp. Γ̃ k
0 ) by solving problem P̃k(0).

4 Sample Ik inventory values, (σ k
i )i∈Ik , from interval [0, STk ] such that σ k

0 = 0 and σ k
Ik
= STk .

5 for i ∈ Ik do
6 Find value Γ̃ k

i  by solving problem P̃k(σ k
i ).

7 Set δki ← σ k
i − σ k

i−1 and κk
i ← (Γ̃ k

i − Γ̃ k
i−1)/δ

k
i .

8 Set k← k− 1.
9 Solve Approximate Problem MS-LS-C-L-SUB and retrieve setup decisions involved in Stage 1.

Since the problem has a relatively complete recourse, the solution provided by Algorithm 1, i.e., the setup decisions 
relative to all time-steps in T 1, is guaranteed to be a feasible solution of Problem MS-LS-C-L-SUB. This solution is 
nevertheless a sub-optimal solution of Problem MS-LS-C-L-SUB, the quality of which is difficult to accurately measure. 
Furthermore, it is difficult to estimate how the error propagates from the expected cost-to-go function estimate Γ̃ k(·) to 
the one at the previous stage ̃Γ k−1(·). However, the accuracy level of the piece-wise linear approximate of each expected 
cost-to-go function Γ k(·), k ∈ K, directly depends on the number of break-points Ik used for its construction. In other 
words, the number of break-points Ik is a heuristic measure of the precision of the proposed solution method. Increasing Ik
will thus have a direct positive impact on the accuracy of the estimation of the cost-to-go function Γ k(·), and consequently 
on the quality of the first-stage solution provided by Algorithm 1.

4. A time-efficient Benders decomposition algorithm

Running Algorithm 1 requires to solve 
∑K

k=2 I
k
+ 1 mixed-integer linear programs (MILP): one to solve each 

approximate problem P̃k(σ k
i ), k ∈ {2, . . . , K }, i ∈ Ik, and one to solve the approximate problem MS-LS-C-L-SUB. As 

discussed above, the number of segments Ik used to approximate each expected cost-to-go function Γ k(·), k ∈ {2, . . . , K }, 
should be as high as possible to ensure a good quality of the obtained first-stage solution. Consequently, a significant 
number of MILPs has to be solved over the course of Algorithm 1.

Furthermore, each approximate problem P̃k(σ k
i ) is itself a two-stage stochastic program whose size is broadly 

proportional to the number of scenarios in the set Uk. As a large number of scenarios may be needed to accurately 
represent the uncertainty distribution, this means that each of the 

∑K
k=2 I

k
+ 1 MILPs to be solved during Algorithm 

1 involves a large number of variables and constraints. This may lead to significant numerical difficulties and prohibitive 
computation times.

In order to overcome this difficulty, we propose in this section to leverage the block-decomposable structure of each 
approximate problem P̃k(σ k

i ). Indeed, this structure is particularly suitable for a Benders decomposition approach. To im-
plement this decomposition scheme, we propose to further approximate the expected cost-to-go functions, transforming 
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the presented approach into an inherently heuristic method. It is nevertheless proving effective in providing good solutions 
within a reasonable computation time for large-size instances of the problem, which would be otherwise numerically 
intractable.

In what follows, for the sake of readability, we drop index k and consider a generic approximate problem denoted as 
P̃ with a fixed entry inventory value se. Firstly, we present a reformulation of this problem highlighting its decomposable 
structure. Secondly, we introduce a convex under-approximation of the expected cost-to-go function and reformulate 
the second-stage sub-problems as linear programs. Thirdly, we derive from that reformulation a classical Benders 
decomposition scheme. Finally, we show how the dual of each relaxed second-stage sub-problem can be efficiently solved 
in polynomial time.

4.1. Reformulation of the generic problem P̃

Problem P̃ consists in planning production over a set T = {1, . . . , T } of time-steps. Parameter se denotes the initial 
inventory value, i.e., the inventory level at the beginning of time-step 1. The possible realizations of the stochastic demand 
over T  are represented by a set of scenarios U = {1, . . . ,U}. The impact of the production planning decisions on the future 
costs are represented by the piece-wise linear approximate expected cost-to-go function ̃Γ (·). The allowed  interval for the 
ending inventory value [0, ST ] is cut out into I sub-intervals, and each sub-interval i ∈ I is described by its two extreme 
points [σi−1, σi], with σ0 = 0 and σI = ST . The piece-wise linear function Γ̃ (·) is defined over the set I = {1, . . . , I} of 
sub-intervals, so that its slope over sub-interval i ∈ I of width δi = σi − σi−1 is denoted by κi. Finally, the value Γ̃ (0) of 
expected cost-to-go function for a zero value initial inventory level is denoted by Γ0.

Problem P̃ can be formulated using only the first-stage decision variables yt,n as follows: 

min
∑
t∈T

∑
n∈N

qt,n · yt,n + Eu∈U

[
Γ0 + Q(y, u)

]
(6a)

s.t. yt,n ∈ {0, 1}, ∀t ∈ T , ∀n ∈ N (6b)

Here, Q(y∗, u) denotes the optimal value of the second-stage sub-problem to be solved for scenario u ∈ U when the 
production setup is given by y∗. This sub-problem aims at finding the optimal recourse decisions for the realization of 
a single scenario u ∈ U . Hence, its variables are not indexed by the scenario number, and the sub-problem S̃P(y∗, u) is 
defined as follows :

Sub-problem S̃P(y∗, u): 

Q(y∗, u) = min
∑
t∈T

(
ht · st + gt · lt +

∑
n∈N

pt,n · xt,n

)
+

∑
i∈I

κi · wi (7a)

s.t. se +
∑
n∈N

x1,n = du,1 − l1 + s1, (7b)

st−1 +
∑
n∈N

xt,n = du,t − lt + st , ∀t ∈ T \{1} (7c)

xt,n ≤ Ct,n · y∗t,n, ∀n ∈ N , ∀t ∈ T (7d)

st ≤ St , ∀t ∈ T (7e)∑
i∈I

wi = sT , (7f)

zi−1 ≥ zi, ∀i ∈ I\{1} (7g)

wi−1 ≥ δi−1 · zi, ∀i ∈ I\{1} (7h)

wi ≤ δi · zi, ∀i ∈ I (7i)

st , lt ≥ 0, ∀t ∈ T (7j)

xt,n ≥ 0, ∀n ∈ N , ∀t ∈ T (7k)

zi ∈ {0, 1}, wi ≥ 0, ∀i ∈ I (7l)

This second-stage sub-problem thus seeks to find the recourse actions (quantity to be produced, inventory level and 
lost-sales) to be taken at each time-step in T  so as to find a feasible production plan complying both with the demand 
realization in scenario u and with the first-stage setup decisions y∗. Its objective function (7a) aims at minimizing the 
sum of the immediate costs, i.e., the production, inventory, and lost-sales costs over the planning horizon T , and of the 
future expected costs, i.e., the costs to be paid beyond the planning horizon.

Reformulation (6a)–(6b) clearly shows that, if the setup decisions are fixed, problem ̃P decomposes into U independent 
single-scenario sub-problems. However, due to the presence of the binary variable zi, each of these sub-problems is an 
MILP. Directly applying a Benders decomposition scheme on problem P̃ is therefore not straightforward as it requires to 
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ˆ

Fig. 3. Illustration of the convex approximate piece-wise linear cost-to-go function.

formulate the dual of each sub-problem. We thus discuss in the following subsection a convex under-approximation of 
Γ̃ (·), which will allow us to formulate the second-stage sub-problem as linear program.

4.2. Continuous approximation of the second-stage sub-problem

The proposed continuous approximation of the second-stage sub-problem relies on a convex under approximation of 
the approximate cost-to-go function Γ̃ (·).

As discussed in Section 3, the exact expected cost-to-go function Γ (·) is discontinuous piece-wise continuous piece-
wise convex. This observation leads to the assumption that a convex piece-wise linear approximation of the cost-to-go 
function may be constructed with fair precision, despite its original non-convex shape. Hence, we propose to replace the 
approximate cost-to-go function Γ̃ (·) by a convex piece-wise linear under-approximation of Γ̃ (·) denoted as function 
Γ̂ (·).

Such a function is obtained by constructing the convex hull of the set of break-points of Γ̃ (·), {(σi, Γ̃ (σi)) : i ∈ I}, 
using, for example, Jarvis algorithm (see Jarvis [29]), and by selecting the subset of break-points of Γ̃ (·) belonging to this 
convex hull. Let {(σ̂i, Γ̃ (σ̂i)) : i ∈ Î} be the subset of ̂I (̂I ≤ I) break-points of Γ̃ (·) belonging to this convex hull, with 
σ0 = 0 and ̂σ̂I = ST . The set of points {σ̂i : i ∈ Î} defines a second sub-division of interval [0, ST ]. Γ̂ (·) is constructed as 
a piece-wise linear function such that, for each i ∈ Î, Γ̂ (·) is linear over each sub-interval [σ̂i−1, σ̂i] of length ̂δi, with a 
slope ̂κi = (Γ̃ (σ̂i))− (Γ̃ (σ̂i−1))/̂δi.

This is depicted by Fig.  3. Following the example in Fig.  2, we consider the set of break-points of Γ̃ (·) comprising 
(0, Γ̃ (0)), (ST , Γ̃ (ST )) and (σi, Γ̃ (σi)) for all i ∈ {1, 2, 3}. We retain only  those belonging to the convex hull of this set, i.e., 
(0, Γ̃ (0)), (σ2, Γ̃ (σ2)), (σ3, Γ̃ (σ3)) and (ST , Γ̃ (ST )), and use them to define the convex piece-wise linear function ̂Γ (·) over 
the bounded interval [0, ST ]. Fig.  3 shows that Γ̂ (·) is an approximation of the exact cost-to-go function Γ (·), as well as 
a convex under-approximation of the approximate cost-to-go function Γ̃ (·).

We now replace function Γ̃ (·) by its convex under-approximation Γ̂ (·) in the objective function of S̃P(y∗, u). As Γ̂ (·)
is convex,  the ̂I segments will always be considered in the correct order in the incremental model used to handle ̂Γ (·) as 
a piece-wise linear function in the mathematical formulation. This means that the binary variables z are redundant and 
can be eliminated from the formulation. We can thus reformulate the second-stage sub-problem as the following linear 
program denoted as

Sub-problem ŜP(y∗, u): 

Q̂(y∗, u) = min
∑
t∈T

(
ht · st + gt · lt +

∑
n∈N

pt,n · xt,n

)
+

∑
i∈Î

κ̂i · wi (8a)

s.t. se +
∑
n∈N

x1,n = du,1 − l1 + s1, (8b)

st−1 +
∑
n∈N

xt,n = du,t − lt + st , ∀t ∈ T \{1} (8c)

xt,n ≤ Ct,n · y∗t,n, ∀n ∈ N , ∀t ∈ T (8d)

s ≤ S , ∀t ∈ T (8e)
t t
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∑
i∈Î

wi = sT , (8f)

wi ≤ δ̂i, ∀i ∈ Î (8g)

st , lt ≥ 0, ∀t ∈ T (8h)

xt,n ≥ 0, ∀n ∈ N , ∀t ∈ T (8i)

wi ≥ 0, ∀i ∈ Î (8j)

If the exact cost-to-go function Γ (·) was convex, function ̂Γ (·) would be an approximation of Γ (·) as precise as function 
Γ̃ (·). However, as previously mentioned, positive setup costs introduce non-convexities in function Γ (·). Replacing Γ̃ (·)
by Γ̂ (·) will thus lead to an inevitable degradation in the precision of the representation of the future costs in problem 
P̃ , especially when the setup costs are high compared to the production and holding costs. Thus, the proposed convex 
under-approximation might under-perform when applied to extreme cases where setup costs dominate production.

Nonetheless, this convex under-approximation leads to the formulation of a continuous second-stage sub-problem and 
the implementation of a Benders decomposition scheme. From a computational point of view, it enables the consideration 
of large instances with a high number of scenarios, i.e., with a more detailed modeling of the probability distribution of 
the uncertain demand. Hence, the loss of accuracy in terms of representation of the future costs is counterbalanced by 
a precise representation of the uncertainty at each stage. This original contribution may also apply for more general 
multi-stage stochastic decision–hazard–decision problems.

4.3. Benders decomposition algorithm

We discuss how to solve the approximation of problem P̃ obtained by replacing Q(y∗, u) by the convex under-
approximation Q̂(y∗, u) for each scenario u ∈ U . Let us denote by problem P̂ the following problem: 

min
∑
t∈T

∑
n∈N

qt,n · yt,n + Eu∈U
[
Γ0 + Q̂(y, u)

]
(9a)

s.t. yt,n ∈ {0, 1}, ∀t ∈ T , ∀n ∈ N (9b)

ŜP(y∗, u) is a linear program whose dual problem D̂SP(y∗, u) is given by: 

Q̂(y∗, u) = max
{

se · α1 +
∑
t∈T

[
−du,t · αt −

∑
n∈N

Ct,n · y∗t,n · βt,n

− St · ηt

]
−

∑
i∈Î

δ̂i · µi

}
(10a)

s.t. − αt+1 + αt − ηt ≤ ht , ∀t ∈ T \{T } [st ] (10b)

λ+ αT − ηT ≤ hT , [sT ] (10c)

− αt − βt,n ≤ pt,n, ∀n ∈ N , ∀t ∈ T [xt,n] (10d)

− αt ≤ gt , ∀t ∈ T [lt ] (10e)

− λ− µi ≤ κ̂i, ∀i ∈ Î [wi] (10f)

µi ≥ 0, ∀i ∈ Î (10g)

ηt ≥ 0, ∀t ∈ T (10h)

βt,n ≥ 0, ∀t ∈ T , ∀n ∈ N (10i)

where

• α ∈ RT  are the dual variables of constraints (8b)–(8c),
• β ∈ RT×N

+  are the dual variables of constraints (8d),
• η ∈ RT

+
 are the dual variables of constraints (8e),

• λ ∈ R is the dual variable of constraint (8f),
• µ ∈ RI

+
 are the dual variable of constraints (8g).

Let us denote by Π (u) the polyhedron corresponding to the feasible space of D̂SP(y∗, u). Let E(u) be the finite set of 
extreme points of Π (u) and (αϵ, βϵ, ηϵ, λϵ, µϵ) be an extreme point belonging to E(u). An optimal solution of D̂SP(y∗, u)
can be found at one of these extreme points. We can thus reformulate D̂SP(y∗, u) as 

Q̂(y∗, u) = max
ϵ∈E(u)

⎧⎨⎩se · αϵ
1 +

∑[
−du,t · αϵ

t −
∑

Ct,n · y∗t,n · β
ϵ
t,n − St · ηϵ

t

]
−

∑
δ̂i · µ

ϵ
i

⎫⎬⎭ . (11)

t∈T n∈N i∈Î

368



V. Spitzer, C. Gicquel, E. Gurevsky et al. Discrete Applied Mathematics 379 (2026) 355–378
We replace Q̂(y, u) in the objective function of problem P̂ by its expression (11) and introduce a continuous variable 
Qu to linearize the obtained expression. This leads to the following reformulation of problem P̂ . 

min
∑
t∈T

∑
n∈N

qt,n · yt,n + Eu∈U

[
Γ0 + Qu

]
(12a)

s.t. yt,n ∈ {0, 1}, ∀t ∈ T , ∀n ∈ N (12b)

Qu ≥
∑
t∈T

∑
n∈N

π ϵ
u,t,n · yt,n + ρϵ

u , ∀ϵ ∈ E(u), ∀u ∈ U (12c)

where coefficients π ϵ
u,t,n and ρϵ

u are defined by:

π ϵ
u,t,n = −Ct,n · β

ϵ
t,n, (13)

ρϵ
u = se · αϵ

1 +
∑
t∈T

[
−du,t · αϵ

t − St · ηϵ
t

]
−

∑
i∈Î

δ̂i · µ
ϵ
i . (14)

Formulation (12a)–(12c) has the advantage of involving a number of variables much smaller than the initial formulation 
of problem ̂P . However, adding a priori all constraints (12c) into the formulation requires to explicitly enumerate, for each 
scenario u ∈ U , all the extreme points belonging to the set E(u), which is numerically impractical.

The Benders decomposition approach thus seeks to overcome this difficulty by iteratively constructing a convex piece-
wise under-approximation of each function Q̂(y∗, u). This under-approximation is obtained by iteratively adding a subset 
of constraints (12c) in the formulation.

More precisely, the Benders decomposition algorithm starts by solving a relaxation of formulation (12a)–(12c) in 
which all constraints (12c) have been removed. This relaxation is called the master problem. Once the corresponding 
first-stage decisions (y∗,Q ∗) are made, the algorithm solves a sequence of single-scenario sub-problems ŜP(y∗, u). For 
each scenario u, the dual solution of sub-problem ŜP(y∗, u) is used to generate a constraint (12c). If this constraint is 
violated by (y∗,Q ∗), it is added to the formulation of the master problem as an optimality cut in order to improve the 
current under-approximation of function Q̂(·, u). The algorithm then proceeds with resolving the master problem using 
its improved formulation and generating new optimality cuts till no more violated optimality cuts can be found.

Running this Benders decomposition algorithm thus requires to repeatedly solve a large number of single-scenario 
dual sub-problems. Consequently, the time efficiency of the algorithm heavily depends on the computation time needed 
to solve each single-scenario dual sub-problem D̂SP(y∗, u). This topic is addressed in the following subsection.

4.4. Polynomial-time algorithm to solve the second-stage sub-problem

We present in this subsection a polynomial-time algorithm with guaranteed worst-case cubic complexity to efficiently 
solve each single-scenario dual sub-problem D̂SP(y∗, u). We start by rewriting problem D̂SP(y∗, u) as an equivalent 
minimization problem: 

Q̂(y∗, u) = −min
{
−se · α1 +

∑
t∈T

[
du,t · αt +

∑
n∈N

Ct,n · y∗t,n · βt,n

+ St · ηt

]
+

∑
i∈Î

δ̂i · µi

}
(15a)

s.t. αt+1 − αt + ηt ≥ −ht , ∀t ∈ T \{1} (15b)

ηT − αT − λ ≥ −hT , (15c)

αt + βt,n ≥ −pt,n, ∀t ∈ T , ∀n ∈ N (15d)

αt ≥ −gt , ∀t ∈ T (15e)

λ+ µi ≥ −κ̂i, ∀i ∈ Î (15f)

µi ≥ 0, ∀i ∈ Î (15g)

ηt ≥ 0, ∀t ∈ T (15h)

βt,n ≥ 0, ∀t ∈ T , ∀n ∈ N (15i)

In order to design a polynomial algorithm, we first highlight that this dual problem may be formulated as an 
optimization problem comprising a reduced number of variables and linear constraints but involving a piece-wise linear 
objective. In the following, we denote by [·]+ the operator max{0, ·}.

Firstly, notice that variable µi, i ∈ Î, is only constrained by (15f) and (15g). Since its coefficient ̂δi is positive in the 
objective function to be minimized, one has µ = [−κ̂ − λ]+ in any optimal solution. The associated costs may thus be 
i i
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written as a piece-wise linear function involving only variable λ:

cµ(λ) =
∑
i∈Î

δ̂i · µi =
∑
i∈Î

δ̂i · [−κ̂i − λ]+.

Secondly, observe that for all t ∈ T  and n ∈ N , ηt and βt,n are non-negative variables depending only on constraints 
(15b)–(15c) and (15d) respectively. Hence, for t ∈ T \ {T }, one has βt,n = [−αt − pt,n]+ and ηt = [αt − αt+1 − ht ]

+ by 
optimality assumption since coefficients St and Ct,n · y∗t,n are positive in the objective function. The associated costs at the 
time-step t ∈ T \ {T } may thus be written as a piece-wise linear function involving only variables αt and αt+1:

ct (αt+1, αt ) = du,t · αt +
∑
n∈N

Ct,n · y∗t,n · βt,n + St · ηt

= du,t · αt +
∑
n∈N

Ct,n · y∗t,n · [−αt − pt,n]+ + St · [αt − αt+1 − ht ]
+.

Using similar arguments, the optimal value of the variables βT ,n, n ∈ N , and ηT  at time-step T  is given by βT ,n =

[−αT − pT ,n]
+ and ηT = [αT + λ− hT ]

+. The associated costs at time-step T  may then be written as a piece-wise linear 
function involving only variables αT  and λ:

cT (λ, αT ) = du,T · αT +
∑
n∈N

CT ,n · y∗T ,n · βT ,n + ST · ηT

= du,T · αT +
∑
n∈N

CT ,n · y∗T ,n · [−αT − pT ,n]
+
+ ST · [αT + λ− hT ]

+.

Finally, at time-step t = 1, an additional linear cost is represented by ce such that ce(α1) = −se · α1.
Problem D̂SP(y∗, u) can then be reformulated using only T + 1 variables, i.e., variables αt , t ∈ T , and variable λ, and a 

set of T  linear constraints defining lower-bounds on variables αt , t ∈ T . This reformulation involves a piece-wise linear 
objective function and is given by: 

Q̂(y∗, u) = −min

⎧⎨⎩ce(α1)+
∑

t∈T \{T }

ct (αt+1, αt )+ cT (λ, αT )+ cµ(λ)

⎫⎬⎭ (16a)

s.t. αt ≥ −gt , ∀t ∈ T (16b)

Since the objective function (16a) is piece-wise linear, its minimum value is found at one of its break-points. Hence, one 
may solve problem D̂SP(y∗, u) by evaluating its objective function at each of these break-points and by selecting the one 
providing the best value.

We thus now focus on enumerating these break-points. All are generated by the use of [·]+ operators in the objective 
function as well as by the lower bound on variables α. Let Λ be the finite set of break-point values for variable λ. Let Ãt
be the finite set of break-point values for variable αt , t ∈ T , including break-points generated by [·]+ operators in the 
objective and below the lower bound −gt defined in constraint (16b). These sets are defined according to the following 
observations:

• For all t ∈ T , the only constraint on variable αt is its lower bound defined by constraint (16b). This lower bound 
thus defines a break-point −gt ∈ Ãt .
• For all t ∈ T  and n ∈ N , the non-linear term [−αt − pt,n]+ generates a break-point −pt,n ∈ Ãt for variable αt .
• For all t ∈ T \{T }, the non-linear term [αt − αt+1 − ht ]

+ generates break-points depending on both variables αt and 
αt+1. It follows that for any break-point at+1 ∈ Ãt+1 for variable αt+1, there exists a break-point at+1 + ht ∈ Ãt
for variable αt . Conversely, for any break-point at ∈ Ãt for variable αt , there exists a break-point at − ht ∈ Ãt+1
for variable αt+1. However, this does not lead to an exponential explosion in the number of break-points in Ãt . 
Namely, the break-point at ∈ Ãt generates the break-point at − ht ∈ Ãt+1, which itself regenerates the break-point 
at − ht + ht = at ∈ Ãt .
• For t = T , the non-linear term [αT + λ − hT ]

+ generates break-points depending on both αT  and λ. It follows that 
for any break-point b ∈ Λ for variable λ, there exists a break-point −b+ hT ∈ ÃT  for variable αT .

These observations enable the definition of the finite set of possible break-points for variable αt , t ∈ T , Ãt = Pt ∪Gt ∪Λt , 
with

Pt =

{
−pt ′,n −

t−1∑
t ′′=t ′

ht ′′ +

t ′−1∑
t ′′=t

ht ′′ : t ′ ∈ T and n ∈ N
}
,

Gt =

{
−gt ′ −

t−1∑
ht ′′ +

t ′−1∑
ht ′′ : t ′ ∈ T

}
,

t ′′=t ′ t ′′=t
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Λt =

{
−b+

T∑
t ′=t

ht ′ : b ∈ Λ

}
.

Finally, remember that constraint (16b) imposes a lower bound −gt on variable αt , for all time-steps t . Hence, it is 
not possible to consider any break-point below that bound. Let us denote by At the finite set of feasible break-points for 
variable αt : it is defined by At = {max{−gt , a} : a ∈ Ãt}.

The finite set Λ of feasible break-points for variable λ is defined according to the following observations:

• For all i ∈ Î, variable λ admits a break-point −κ̂i ∈ Λ because of the non-linear term [−κ̂i − λ]+ in the objective 
function.
• For t = T , the non-linear term [αT + λ − hT ]

+ generates break-points depending on both αT  and λ. It follows that 
for any break-point aT ∈ ÃT  for variable αT , there exists a break-point −aT + hT ∈ Λ for variable λ.

Hence, Λ may be defined as
Λ = {−κ̂i : i ∈ Î} ∪ {−a+ hT : a ∈ PT } ∪ {−a+ hT : a ∈ GT } ∪ {−a+ hT : a ∈ ΛT }.

Notice that {−a+ hT : a ∈ ΛT } = {b− hT + hT : b ∈ Λ} = Λ. We deduce that
Λ = {−κ̂i : i ∈ Î} ∪ {−a+ hT : a ∈ PT } ∪ {−a+ hT : a ∈ GT }.

Let A denotes the cartesian product of all sets At , t ∈ T . Problem D̂SP(y∗, u) is equivalent to 

Q̂(y∗, u) = −min
α∈A
λ∈Λ

⎧⎨⎩ce(α1)+
∑

t∈T \{T }

ct (αt+1, αt )+ cT (λ, αT )+ cµ(λ)

⎫⎬⎭ . (17)

Note that the size of each break-point set At and Λ is linear in the number of time-steps T  and linear pieces ̂I . Hence, 
problem (17) becomes exponentially difficult to solve, since it requires that all possible combinations of break-points of 
all sets be enumerated.

Nevertheless, problem (17) can be equivalently reformulated under the following recursive form: 

Q̂(y∗, u) = − min
α1∈A1

{
ce(α1)+ v1(α1)

}
, (18)

where vt (·) represents the cost-to-go function at the time-step t ∈ T  and is defined over R by:

vT (a) = min
λ∈Λ

{
cT (λ, a)+ cµ(λ)

}
, (19)

vt (a) = min
αt+1∈At+1

{
ct (αt+1, a)+ vt+1(αt+1)

}
, ∀t ∈ T \{T } (20)

Problem D̂SP(y∗, u) can thus be solved dynamically using a backward recursion. First, one may solve problem (19) for 
all possible break-point values a ∈ AT , by enumerating in each case all possible break-point values λ ∈ Λ. Then, the 
values of function vT (·) for all break-points in AT  are known, and it is possible to proceed in the recursion by solving 
problem (20) for all possible break-point values a ∈ AT−1 by the enumeration of all possible break-point values in AT . 
Hence, we proceed backward by enumerating the break-point values for variables α from the last time-step T  to the first 
one.

The set Λ as well as each set At for t ∈ T  are of worst-case size O(N · T + Î). To solve problem (17) by means of a 
dynamic recursion over problems (18)–(20) requires the double enumeration of two break-point sets at each time-step. 
Therefore the following proposition holds. 

Proposition 1.  Consider the dual problem (15a)–(15i) with T  time-steps, N production units and I linear pieces. It is 
dynamically solved in O

(
T · (N · T + I)2

)
 time complexity.

Retrieving the optimal values α∗t , t ∈ T , and λ∗ is straightforward. For all t ∈ T , i ∈ Î and n ∈ N , the optimal values 
of µ, β , and η are obtained according to previous observations such that µ∗i = [−κ̂i − λ∗]+, β∗t,n = [−α∗t − pt,n]+, and 
η∗t = [α

∗
t − α∗t+1 − ht ]

+ if t < T , otherwise η∗T = [α∗T + λ∗ − hT ]
+.

We conclude that the single-scenario second-stage problem can be solved in cubic complexity.

5. Numerical experiments

We introduced in the previous sections two approximate stochastic dynamic algorithms for solving problem MS-LS-
C-L-SUB. The first one relies on the piece-wise linear approximation of the expected cost-to-go functions presented in 
Section 3, its precision thus directly depends on the number of break-points used to approximate these functions at each 
decision stage. The second one corresponds to a variant of the first algorithm proposed in Section 4. In this variant, the 
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two-stage stochastic integer sub-problems found at each iteration of the algorithm are heuristically solved by a Benders-
based decomposition scheme: this might reduce the computation time of the algorithm but at the cost of a potential 
deterioration of the solution quality.

We provide in this section the results of computational experiments carried out on randomly generated instances of 
the problem. The main objective of these experiments is to assess the effectiveness of our two algorithms by comparing it 
with the one of a naive deterministic optimization model without knowledge on the demand uncertainty. In what follows, 
we first introduce the setting used to randomly generate instances. We then present in more detail the experimental setup 
used for our numerical experiments. Finally, we report the outcome of the receding horizon simulations carried out on 
large-size instances. Overall, these results show the practical benefit, in terms of the quality of the solution, of using the 
proposed solution approaches rather than a simpler deterministic production planning model.

5.1. Instances generation

In our experiments, we use randomly generated instances of various sizes. The size of an instance is broadly 
proportional to the number T  of time-steps in the planning horizon, the number K  of decision stages, the number N of 
production units and the number U of scenarios used to represent the possible demand realizations at each decision stage. 
Note that for the sake of simplicity, we consider that each decision stage k ∈ K is of identical length TK . Furthermore, we 
assume that the number of scenarios used at each stage k ∈ K is the same: |Uk| = U = R

T
K , where R denotes the number 

of discrete realizations considered for the demand in a given time-step. We generated instances using the combinations 
of the following parameters: (T , K ,N,U) ∈ {(36, 12, 1, 27), (36, 12, 4, 27), (25, 5, 1, 1024)}.

For each considered instance size, we generate several sets of instances differing from each other with respect to some 
key indicators. These ones depend on the average demand D, the average setup cost Q , the average production cost P , 
the average holding cost H and the average lost sales cost G. They are defined as follows:

• The Cost to Produce ratio (CP) represents the setup-to-production ratio: CP = Q
C ·P . It corresponds to the minimum 

value of the ratio between the setup costs and the linear production costs in a period in which production occurs. 
In our experiments, we consider values of CP in {1, 10}.
• The Economic Order Quantity (EOQ ) represents the cost-per-order ratio: EOQ =

√
2·D·Q
H . EOQ  can be seen as a 

measure of the benefits to produce ahead of time. A low value of EOQ  namely corresponds to situations in which 
anticipating the production of a demand several time-steps in advance is penalized by high inventory holding costs 
and is thus not profitable. In contrast, a high value of EOQ  corresponds to situations where the setup costs are high 
as compared to the inventory holding costs so that using large lot sizes, thereby anticipating the production of a 
demand several time-steps in advance, can be a good production planning policy. In our experiments, we consider 
values of EOQ  in {4, 14}.
• The Lost Sales Penalty ratio (LSP) represents the losses induced by an unmet demand as a percentage of the costs 

to meet that demand: LSP = G
C ·P+Q . In our experiments, we consider values of LSP in {1.25, 2}.

A set of instances is thus defined by a combination of the parameters (T , K ,N,U) broadly determining its size and by 
a combination of the key indicators (CP, EOQ , LSP). Each considered set comprises 25 instances, each one being randomly 
generated as follows:

• The value of the average demand D is arbitrarily set to 1.
• The demand uncertainty follows a discrete uniform distribution law DU

( 3·D
4 , 5·D

4

)
 over a finite set of R equi-

probable outcomes. The set Uk of uncertainty scenarios corresponds to the collection of all possible combinations of 
uncertainty realizations at the stage k ∈ K.
• The production capacity is assumed to be time-invariant and machine-invariant. It is defined such that the utilization 

rate is equal to 80%, i.e., Ct,n = C = 1.25 · DN , for each production unit n ∈ N  and each time-step t ∈ T .
• The storage capacity is also assumed to be time-invariant. It is defined such that the utilization rate is equal to 20%, 

i.e., St = S = 0.2 · C for each time-step t ∈ T .
• The average setup cost Q  is arbitrarily set to 1. The value of the average production cost P and average inventory 

holding cost H are then deduced from the value of the indicators CP and EOQ  for this set of instance.
• The setup and production costs are time- and machine-dependent. The production (resp. setup) cost on the unit 

n ∈ N  at the time-step t ∈ T , pt,n (resp. qt,n), is randomly sampled from the uniform distribution U
( P
2·N , 3·P

2·N

)
 (resp. 

U
( Q
2·N , 3·Q

2·N

)
).

• The inventory holding cost is also time-varying. The inventory holding cost at time-step t ∈ T , ht , is randomly 
sampled from the uniform distribution U

(H
2 , 3·H

2

)
.

• The lost sales cost is assumed to be time-invariant. Its value is set according to the one of the lost sales penalty 
indicator for the current set of instances, i.e., gt = LSP · (C · P + Q ) for each time-step t ∈ T .

All test instances are made available in an open-access repository.1

1 https://zenodo.org/records/15772804.
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5.2. Experimental setup

In our numerical experiments, we aim at assessing the practical benefit of using the models and solutions approaches 
discussed in Sections 2–4 for lot-sizing under uncertain demand in a Decision–Hazard–Decision setting. To this end, we 
propose to use a receding-horizon framework to simulate as realistically as possible the multi-stage decision process 
involving a sequence of decision making and uncertainty realizations. This receding-horizon simulation is implemented 
for a given initial number of stages such that decisions are made stage after stage from the first one to the last one, 
without further extending the horizon as the simulation progresses. An example of this simulation setting can be found, 
for example, in Sereshti et al. [48], where the authors use this framework to assess two-stage stochastic lot-sizing models.

Each experiment consists in simulating the application, over all stages, of the first-stage planning decisions obtained 
by using one of the considered production planning approaches, and in recording the total ‘‘true cost’’ incurred when 
applying these first-stage decisions in a stochastic environment. Note that the ‘‘true cost’’ considered in this simulation is 
not the objective function of the optimization model, but the sum over time of the actual cost incurred by the application 
of the first-stage planning decisions over a ‘‘true scenario’’.

More precisely, the simulation procedure can be described as follows:

1. We first generate a true scenario representing the actual realization of the demand over the whole simulation 
horizon comprising K  stages. This true scenario is randomly sampled from the same discrete uniform distribution 
law as the one used to generate the scenario sets Uk, k ∈ K.

2. We set the value of the ‘‘true cost’’ TC to 0, the value of the current stage k to 1, and the value of the entering stock 
σ 0 to se.

3. We then use one of the production planning approaches described below to build a production plan over a horizon 
involving stages from k to K  and taking into account the entering inventory σ k−1. This production plan determines 
in particular the setup value of each production unit for each time-step of stage k.

4. The demand for all time-steps belonging to stage k realizes and is assumed to be equal to that of the true scenario 
built at Step 1.

5. Based on the setup decisions determined at Step 3 and on the demand realizations uncovered at Step 4, a 
sub-problem is solved to identify the best recourse actions to be made for stage k.

6. The total actual cost for stage k (comprising the costs of the setup decided at Step 3 and the cost of the recourse 
actions taken at Step 5) is recorded and added to the value of the true cost TC . The actual ending inventory at stage 
k is recorded in σ k.

7. If k = K , we stop. Otherwise, we increase k by one and go back to Step 3.

Regarding the production planning approaches used at Step 3 of the simulation procedure, several alternatives are 
considered:

• A perfect-information deterministic production planning model in which the demand to be satisfied is equal to 
the one of the true scenario built at Step 1. This corresponds to the very optimistic situation where we would 
have a perfect information on the demand over the whole horizon. This model takes the form of the small-size 
MILP (1a)–(1g), which is solved directly by a mathematical programming solver at each iteration of the simulation 
procedure. The obtained value of the true cost, denoted by VPI , corresponds to the lowest achievable production cost 
and will be used as a reference to compare the performance of the other studied production planning approaches.
• A naive deterministic production planning model in which the demand to be satisfied in each time-step is equal 

to the average demand D. This corresponds to the situation where we neither know the actual demand in advance 
nor leverage the information of the demand uncertainty distribution. This model takes the form of the small-size 
MILP (1a)–(1g), which is solved directly by a mathematical programming solver at each iteration of the simulation 
procedure. The obtained value of the true cost is denoted by VN , and the avoidable overcost related to the uncertainty 
is expressed as a percentage of the lowest achievable production cost by means of a gap GAPN  computed such that 
GAPN = (VN − VPI )/VPI .
• A multi-stage stochastic programming model corresponding to the one presented in Section 2. This matches the 

situation where the knowledge of the distribution probability of the stochastic demand is explicitly exploited during 
the production planning process. At iteration k of the simulation procedure, this model involves K + 1− k decision 
stages, and uses a discrete set of U scenarios at each stage to model the possible realizations of the demand. 
This model is solved by the approximate stochastic dynamic programming algorithm described in Section 3. It is 
designated as the approximate dynamic method in the remainder of this section. The obtained value of the true cost 
is denoted by VAD, and the avoidable overcost related to the uncertainty is expressed as a percentage of the lowest 
achievable production cost by means of a gap GAPAD computed such that GAPAD = (VAD − VPI )/VPI .
• The same multi-stage stochastic programming model also solved by the approximate stochastic programming 

algorithm described in Section 3. But we now use the Benders decomposition scheme introduced in Section 4 to 
heuristically solve the two-stage stochastic integer programs encountered at each iteration of this algorithm. It is 
designated as the approximate dynamic decomposition method in the remainder of this section. The obtained value of 
the true cost is denoted by VADD, and the avoidable overcost related to the uncertainty is expressed as a percentage 
of the lowest achievable production cost by means of a gap GAP  computed such that GAP = (V − V )/V .
ADD ADD ADD PI PI
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All the solution methods are implemented in Python, using the Pyomo library to model the mathematical programs and 
CPLEX.12.10 to solve them. For the sake of simplicity, the approximate stochastic programming algorithm is implemented 
using the same number of break-points to build the piece-wise linear approximation of the expected cost-to-go function 
at each stage, i.e., Ik = I , for each stage k ∈ K. We consider values of I in {1, 10, 25}. Furthermore, note that the 
polynomial-time algorithm, used to solve the second-stage sub-problems, involved in the Benders decomposition scheme 
(see Section 4.4), is implemented in C++ with parallelization on the enumeration of all elements of the break-point sets.

For each instance set, we report the following performance measures:

• The average value, over the corresponding 25 instances, of the gaps GAPN , GAPAD and GAPADD between the true cost 
obtained with the corresponding approaches and the true cost obtained with the perfect-information approach.
• The average computing time in seconds, over the corresponding 25 instances, needed to solve the multi-stage 

stochastic programming model at the first iteration of the simulation procedure, using the approximate stochastic 
programming algorithm with and without decomposition. This computation time is namely representative of 
the overall time required to carry out Step 3 at each iteration of the receding-horizon simulation. Namely, we 
denote by CTAD the average computing time of the dynamic approach without decomposition, while CTADD−PA and 
CTADD−LP  represents the average computing time of the dynamic approach with decomposition, respectively using 
the polynomial algorithm developed in Section 4.4 and a general-purpose linear programming solver to address each 
single-scenario second-stage sub-problem.

5.3. Results

Instances with a large number of decision stages and a small number of scenarios at each stage. As a first step, we focus on 
the results obtained for the 16 instance sets corresponding to a decision process involving a rather large number of short 
decision stages (T = 36 time-steps and K = 12 stages for T/K = 3 time-steps per stage) and a small number of scenarios 
at each stage (U = 27).

Setup costs and production costs are equivalent for a parameter CP of value close to one while setup costs are much 
more important than production costs for greater values, leading to a production prone to operate at full capacity. A higher 
value of parameter EOQ  improves the potential benefits to produce in advance and to store items. Production is much 
more tolerant to penalties when the parameter LSP is low, while solutions could otherwise be overly conservative. Finally, 
a greater value of parameter I has a direct impact on the precision of the approximate cost-to-go function constructed 
at each stage, leading to a solution of potentially improved quality. Hence, different parameter values lead to different 
optimal production plans. We consider the following combination of parameters to account for various categories of 
instances: CP ∈ {1, 10}, EOQ ∈ {4, 14}, LSP ∈ {1.25, 2}, and I ∈ {1, 10, 25}.

The results are displayed in Table  1 for the case with N = 1 production unit and in Table  2 for the case with N = 4
production units.

These results first show that using a piece-wise linear approximation of the expected cost-to-go function involving 
I ∈ {10, 25} break-points instead of a simpler linear approximation corresponding to I = 1 has a strong positive impact 
on the quality of the obtained production plan. Namely, the average value of GAPAD over the 16 considered instance sets 
is significantly reduced from 3.9% when I = 1 to 1.9% when I = 10 and to 1.8% when I = 25. Furthermore, increasing I
from 10 to 25 leads to a reasonable increase of the average computation time from 25.3 s to 99.7 s.

Let us now compare the performance of the proposed approximate stochastic dynamic approach (i.e., the AD approach) 
implemented with I = 25 break-points with the one of the naive deterministic approach. We observe that the average 
value of GAPN , over the 16 considered instance sets, is equal to 3.0% while the one of GAPAD is equal to 1.8%. This means that 
by using the AD approach instead of the naive one, we are able to divide the overcost of the production plan caused by the 
demand stochasticity by an average factor of nearly 2. Furthermore, we note that this overcost reduction is particularly 
important when the value of the indicators CP , EOQ  and LSP is high. Namely, for the two instance sets corresponding 
to (CP, EOQ , LSP) = (10, 14, 2), we are able to divide the average overcost by a factor of 3 (from GAPN = 4.5% to 
GAPAD = 1.5%). Using the proposed AD approach to plan production is thus particularly beneficial if the production of 
a demand needs to be anticipated one or several time-steps in advance because the setup costs are high, in situations 
where generating storage does not represent a large risk since holding costs are marginal, and when a poor anticipation 
of the demand satisfaction leads to expensive lost sales due to production capacity limitations.

Regarding the approximate dynamic decomposition (ADD) approach, on these sets of instances, it provides an overall 
performance similar to the one of the AD approach. We note that GAPADD = GAPAD when I = 1, which is expected as the 
cost-to-go function used by the AD approach is linear in this case and thus equal to its convex approximation built by the 
ADD approach. Furthermore, when I is increased to 10 or 25, the gaps obtained by the AD and ADD approaches are close 
to each other. This indicates that the convex approximation of the cost-to-go function carried out in Section 4.2 does not 
negatively impact the practical quality of the obtained production plan.

Finally, the average computing time reported by the approximate stochastic dynamic (AD) approach and the approx-
imate dynamic decomposition with polynomial algorithm (ADD-PA) approach are very similar. Note however that the 
approximate dynamic decomposition approach with standard LP solver (ADD-LP) has a far worse average computing 
time, with it being ten times slower than the previous two approaches on average. The Benders decomposition approach 
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Table 1
Simulation results for the instances with T = 36, K = 12, N = 1 and U = 27.
 CP EOQ LSP I GAPN (%) GAPAD (%) GAPADD (%) CTAD (s) CTADD−PA (s) CTADD−LP (s) 
 10 14 1.25 1 1.04 2.39 2.39 1.6 4.7 77.0  
 10 0.88 0.84 15.3 27.3 455.0  
 25 0.85 0.84 73.8 72.4 1076.8  
 10 4 1.25 1 1.70 3.95 3.95 1.91 5.0 79.7  
 10 1.34 1.40 16.6 26.0 440.5  
 25 1.48 1.50 79.3 67.9 1024.0  
 10 14 2 1 3.23 2.65 2.65 1.6 4.2 70.4  
 10 1.13 0.97 21.4 28.2 471.6  
 25 1.06 0.96 77.3 74.3 1144.7  
 10 4 2 1 3.85 6.02 6.02 1.9 4.3 70.8  
 10 3.01 2.91 19.3 25.8 412.7  
 25 2.85 2.93 106.9 67.6 1012.1  
 1 14 1.25 1 0.6 1.96 1.96 1.5 4.3 80.4  
 10 0.48 0.41 17.4 26.9 325.9  
 25 0.48 0.44 64.1 71.8 728.4  
 1 4 1.25 1 1.15 2.66 2.66 2.0 5.0 76.7  
 10 0.92 1.03 17.1 25.5 416.8  
 25 0.88 1.02 84.4 66.4 993.9  
 1 14 2 1 1.83 2.71 2.71 1.6 4.1 67.5  
 10 0.88 0.79 21.7 28.1 436.9  
 25 0.78 0.79 76.2 74.1 1043.7  
 1 4 2 1 3.22 3.55 3.55 1.8 3.7 61.3  
 10 1.73 1.78 19.8 26.3 404.0  
 25 1.71 1.81 75.8 69.2 969.6  

Table 2
Simulation results for the instances with T = 36, K = 12, N = 4 and U = 27.
 CP EOQ LSP I GAPN (%) GAPAD (%) GAPADD (%) CTAD (s) CTADD−PA (s) CTADD−LP (s) 
 10 14 1.25 1 3.64 4.16 4.16 2.1 5.7 71.3  
 10 1.48 1.34 36.5 40.6 468.8  
 25 1.34 1.31 114.2 109.6 1104.2  
 10 4 1.25 1 3.84 5.59 5.59 2.3 6.9 84.1  
 10 3.33 3.31 24.4 37.4 415.4  
 25 3.12 3.15 127.3 102.2 985.9  
 10 14 2 1 5.67 4.32 4.32 2.1 6.1 78.4  
 10 1.88 1.75 41.7 43.3 479.6  
 25 1.67 1.69 131.8 111.4 1134.0  
 10 4 2 1 7.00 7.27 7.27 2.4 6.5 75.3  
 10 5.75 5.83 28.8 35.8 403.0  
 25 5.42 5.48 152.3 91.5 781.8  
 1 14 1.25 1 1.58 3.02 3.02 2.2 6.8 83.1  
 10 0.90 0.94 34.2 48.6 505.5  
 25 0.87 0.91 109.7 124.4 1195.0  
 1 4 1.25 1 2.36 3.62 3.62 2.2 7.0 86.6  
 10 1.81 1.84 26.0 41.8 449.4  
 25 1.80 1.85 94.9 105.6 1073.8  
 1 14 2 1 2.68 3.05 3.05 2.1 6.2 81.0  
 10 1.62 1.43 36.4 45.6 519.1  
 25 1.40 1.45 117.8 121.3 1214.5  
 1 4 2 1 4.55 4.75 4.75 2.3 7.0 56.7  
 10 3.10 3.16 27.4 38.4 458.1  
 25 3.01 3.26 109.5 105.4 1107.1  

investigated in Section 4 thus seems to have a limited added value when the number of scenarios U involved in each 
two-stage stochastic integer sub-problems is small, as is the case here. Moreover in that case, the special-purpose 
polynomial algorithm designed in Section 4.4 appears to be more beneficial than a standard LP solver when solving each 
single-scenario second-stage sub-problem in the decomposition approach.
Instances with a small number of decision stages and a large number of scenarios at each stage. We now consider 2 instance 
sets corresponding to a decision process involving a rather small number of long decision stages (T = 25 time-steps and 
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Table 3
Simulation results for the instances with T = 25, K = 5, N = 1 and U = 1024.
 CP EOQ LSP I GAPN (%) GAPAD (%) GAPADD (%) CTAD (s) CTADD−PA (s) CTADD−LP (s) 
 10 14 2 10 4.16 1.75 1.88 5183.6 282.3 7437.4  
 25 Na 1.82 >6 h 720.1 17377.9  
 1 14 2 10 1.99 1.37 1.40 4850.3 307.7 7878.2  
 25 Na 1.40 >6 h 786.7 18811.9  

K = 5 decision stages with T/K = 5 time-steps per stage) and a large number of scenarios at each stage (U = 1024). The 
results are presented in Table  3. Note that we focus only on the case where the setup costs are high as compared to the 
inventory holding costs and the lost sales costs are high as compared to the production costs. As discussed above, this 
corresponds to the situations where it may be beneficial to produce the demand several time-steps in advance and to 
store it in-between two decision stages, i.e., to situations where the expected cost-to-go functions will play an important 
role in the building of the production plan.

Results from Table  3 confirm the good performance of both the AD and ADD approaches in terms of solution quality 
as compared to the naive approach. We thus obtain an average gap of GAPAD = 1.56% (resp. GAPAD = 1.64%) with the AD 
(resp. ADD) approach with I = 10, which is significantly smaller that the average gap of GAPN = 3.08% obtained with 
the naive approach. However, we observe that the AD approach leads to prohibitively long computation times, especially 
when the number of break-points I is increased to 25. In contrast, the ADD approach with polynomial algorithm (ADD-PA) 
displays a much shorter average computation time, with it being at least ten times faster than the AD approach and the 
ADD approach with LP solver (ADD-LP).

We observe that the Benders decomposition scheme introduced in Section 4 is a key element to ensure the computa-
tional tractability of the approximate stochastic dynamic algorithm when the number of scenarios used at each stage is 
high and when the number of break-points used in the cost-to-go function approximation increases. Moreover, we notice 
that the Benders decomposition improves the average computation time only thanks to the special-purpose polynomial 
algorithm designed in Section 4.4.

To conclude, the computational results presented in this section show that the proposed approximate stochastic 
dynamic approaches are able to solve instances of realistic size, and to provide production plans of good quality within a 
manageable computing time. In particular, these approaches were shown to be efficient for instances with a large number 
of stages and scenarios.

6. Conclusion

This work addressed a variant of the single-item multi-resource lot-sizing problem under demand uncertainty. 
We investigated a multi-stage stochastic integer programming approach for this problem and considered a Decision–
Hazard–Decision information in which, at each stage of the decision process, decisions must be made both before and 
after the actual demand realizes. We proposed an approximate stochastic dynamic programming approach to solve this 
problem. This approach relies on a backward recursion to build a piece-wise linear approximation of the expected cost-
to-go function found at each stage, starting from the last stage and going back to the first one. Building this approximation 
requires to solve a large number of two-stage stochastic integer programs. In order to tackle instances involving a large 
number of scenarios at each stage, we proposed to use a convex under-approximation of the cost-to-go functions built by 
the approximate stochastic dynamic algorithm. This enables the design a Benders decomposition method to heuristically 
solve the two-stage stochastic integer programs encountered at each iteration of the algorithm. The numerical results of 
our simulations show the practical benefits of the proposed approach. In particular, we were able to divide, on average, 
the overcosts caused by the demand stochasticity by a factor of nearly 2 as compared to a naive deterministic optimization 
approach based on the expected demand. Furthermore, the computing time required to solve each instance remains 
compatible with an industrial use, and this even for realistic instances involving a large number of stages and scenarios 
per stage.

This work presents several interesting research perspectives. From a practical point of view, it could be worthwhile 
to extend this work to be able to consider several industrially relevant features such as demand correlation between 
decision stages, demand backlogging, or production of multiple end-items. All these extensions would require however 
to handle expected cost-to-go functions depending not on a single continuous variable as it the case here but on a set of 
continuous variables. This would complicate the construction of the piece-wise linear approximation of the expected cost-
to-go function, however it would still be numerically tractable at least for small to medium-size instances. In particular, 
note that the requirement that the state variables should be bounded is not that strong as theoretical bounds can often be 
obtained from the analysis of the studied problem (e.g., for capacitated lot-sizing problems, theoretical inventory bounds 
may be deduced from the bounds on production capacity). Furthermore, we could also consider a situation involving other 
stochastic input parameters for the production planning problem, such as the production capacity availability or the price 
and availability of the energy sources supplying the machines.
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From a theoretical point of view, a possible perspective could be to establish precision bounds to measure the accuracy 
of the approximation of the expected cost-to-go function built at each iteration, and to more precisely control the quality 
of the solution provided by approximate stochastic dynamic programming approach. Such an approach was designed 
for particular cases (see, e.g., Zéphyr et al. [56]). It however remains to be extended to stochastic integer programming 
problems under a Decision–Hazard–Decision setting such as the lot-sizing problem investigated here.

Finally, the polynomial time algorithm designed to solve the single-scenario second-stage sub-problem at each stage 
could be adapted for similar continuous production planning problems. Such is the case in the work of Spitzer et al. [50], 
of which the present study is an extension: a similar yet simpler problem specific to their use-case is solved using a 
polynomial time algorithm close to the one proposed here.

Data availability

Data is made available in a DOI repository indicated in the manuscript.
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