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1. Introduction

We study a robust discrete optimization problem with budgeted uncertainty. A short literature review on this topic is
given in the next section. The studied problem is a special case of the problem introduced by Chassein and Goerigk [15].
In their terminology, the problem can be formulated as follows. Consider elements of a set N = {1, ..., n}, which we call
representatives. Each representative i is associated with an uncertain cost ¢; that belongs to a given interval [c;, ¢; + di]
of non-negative rational numbers. Introduce vector notation v = (v1, ..., v,) for any v. Denote by XV the set of all
n-dimensional 0-1 vectors x with a single 1, |X")| = n. Let I" be a given non-negative rational number. Consider a given

number k € N and the cost vector set U with budgeted uncertainty:

. CGi— ¢
U= {ceR; |cielc,c;+di, ieN, ZT' 51“].
ieN
The problem studied in this paper is denoted as 1-MIN-MAX-MIN. It can be formulated as follows.
Problem 1-MIN-MAX-MIN:

min max min CiX;. (1)
Xxcx(M 1<|x|<k ceU xeX Py
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It might also be convenient to consider an equivalent formulation of this problem. Define set of the cost deviation
ratios as

Z=[z|0§z,-§1,22i§1“].
ieN

An equivalent formulation, in which variables ¢; are replaced with z;, is

min maxmin » (¢; + dizix;.
xcxM 1<|X|<k z€Z xeX -
1

In the problem 1-MIN-MAx-MIN, a set X of at most k alternative solutions (single representative selections, 0-1 vectors
with a single one) has to be determined in the first stage, corresponding to the outer min in (1), with the aim of minimizing
the cost of the final solution (single representative). In the second stage, the adversary, corresponding to the max in (1),
distributes the budgeted uncertain cost over all the representatives so that the cheapest solution among the k chosen
ones has the largest cost.

The 1-MIN-MAX-MIN problem can be used for modeling the min-cost choice of a single Logistics Provider (LP) out of
n candidates for a future shipment. Preliminary agreements can be signed with at most k LPs, the penalty for breaking
these agreements is negligible comparing to the future shipment cost, and the shipment cost is subject to the budgeted
uncertainty such that this cost belongs to a given LP-dependent interval and the total relative cost fluctuation in these
intervals is historically limited by I".

Following [15], we assume that I > 1. If I" < 1, then the cost deviations can be re-set as d; :== I'd;, i € N, and I
can be re-set to 1. Assume also without loss of generality that I < k. If I" > k, then setting ¢; = ¢; + d; for i such that
x; = 1 and x € X is optimal for the adversary for any X € XV, 1 < |X| < k. Therefore, the problem becomes trivial in
this case: optimal set X consists of the single vector x with x; = 1, where index i corresponds to the minimal cost upper
bound ¢; + d;.

Chassein and Goerigk [15] study a generalization of the problem 1-MIN-MAX-MIN in which p > 1 representatives have
to be selected at once, that is, each feasible 0-1 vector contains exactly p number of ones. We denote such generalization of
the problem 1-MIN-MAX-MIN as p-MIN-MaX-MIN. Chassein and Goerigk call the problem p-MIN-MAX-MIN as the selection
problem and propose a solution approach that is to solve O(n?*~') linear programming problems. They also describe an
O(n*logn) time algorithm for a special case of k = 2 (Section 4.3 in [15]). The existence of a polynomial-time algorithm
for any of the problems p-MIN-MAx-MIN and 1-MIN-MAX-MIN, in which k is an arbitrary number, remained unknown. In
Section 3 we propose an O(n? logn) time algorithm for the problem 1-MIN-MaxX-MIN, in which k is an arbitrary number.

2. Literature review

Optimization problems with budgeted uncertainty have become a popular research topic recently. Below we give a
short review of several relevant publications. The concept of budgeted uncertainty was introduced by Bertsimas and
Sim [7,8]. According to this concept, for a cost minimization problem, the cost vector can be any vector from a set of
scenarios. This set includes cost vectors which are within a given range, called uncertainty budget, from a nominal cost
vector. The bibliography of this line of research includes the following works.

Poss [27] introduced an extension of the budgeted uncertainty concept in [7,8], the so-called variable budgeted
uncertainty, and applied it to an uncertain knapsack problem. Goerigk and Hartisch [19] proposed a generalization of
the min-max regret concept which they called balanced regret, and applied it to some general combinatorial problems
with more attention paid to a selection problem.

Alves Pessoa et al. [4] and Di Puglia Pugliese et al. [18] studied a resource constrained shortest path problem with
budgeted uncertainty. Agra et al. [ 1] applied the budgeted uncertainty concept to a lot-sizing problem, a traveling salesman
problem with time windows, a scheduling problem and an inventory routing problem, and Ayoub and Poss [5] — to the
telecommunication network design under demand uncertainty.

Single machine scheduling problems with budgeted uncertainty were studied by Ales et al. [3], Silva et al. [28] and
Bougeret et al. [13], parallel machine scheduling problems — by Bougeret et al. [11,12] and Albers and Janke [2], flow shop
scheduling problems — by Levorato et al. [24,25], and a cyclic scheduling problem — by Hamaz et al. [23]. Bruni et al. [ 14],
Bold and Goerigk [9,10] and Bendotti et al. [6] concentrated on a resource-constrained project scheduling problem with
budgeted uncertainty. Mattia and Poss [26] applied budgeted uncertainty to solving a robust network loading problem.

Chassein et al. [16] introduced several robust item selection problems with budgeted uncertainty. They developed
combinatorial polynomial time algorithms for special cases and suggested mixed-integer programming (MIP) formulations
for the most general continuous and discrete cases. The MIP formulations for the continuous problems were proved to be
polynomially solvable. Goerigk et al. [22] proved that the discrete problems are NP-hard in the ordinary sense. Chassein
and Goerigk [15], Chassein et al. [17] and Goerigk et al. [20,21] investigated the same budgeted uncertainty setting as in the
problem 1-MIN-MAX-MIN on the examples of a knapsack problem, an unconstrained combinatorial optimization problem,
a matroid maximization problem, a selection problem and a shortest path problem. Their O(n*logn) time algorithm for
the selection problem can be used to solve the special case k = 2 of the 1-MIN-MAX-MIN problem.
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Fig. 1. Example of 1-MIN-MAX-MIN, in which n =4, i® =2 and i' = 3.

3. Properties and O(n? log n) time algorithm for 1-MIN-MAX-MIN

We begin with several useful observations on the properties of the problems close to the problem 1-MIN-MAX-MIN.
Denote problem 1-MIN-Max-MIN with a fixed set X € XV, 1 < |X| < k, as 1-MAX-MIN(X).

Observation 1. If problem 1-MAx-MIN(X) is solvable in O(T) time, then the respective problem 1-MIN-MAX-MIN is solvable
in O(nkT) time.

Proof. Follows from the fact that the number of subsets X € XV such that |X| < kis Y () =om"). o

It is convenient to denote a solution of the problem p-MIN-MAX-MIN as an ordered triple (X, c, x), where X € X®),
¢ € U and x € X. In the robust optimization literature, only the first-stage decision X is called a solution, and ¢ and x
are called policies of the adversary and the decision maker, respectively. The adversarial policy ¢ depends on X and the
second-stage decision x depends on ¢ and X.

Observation 2. If the requirement of selecting exactly p representatives is replaced by the requirement of selecting at least p
representatives, then there exists an optimal solution of the problem p-MIN-MAX-MIN, in which exactly p representatives are
selected.

Proof. Consider an optimal solution (X°, c°, x°) of the problem p-MIN-Max-MIN in which at least p representatives have
to be selected. Update set X° so that if ZL] x; = h > p for a vector x € X°, then re-set arbitrary h — p elements of this
vector from x; = 1 to x; = 0. Denote the updated set as X’. We have now 2?21 x; = p for each x € X’. Consider a vector
x € X and the respective updated vector X' € X'. Observe that ) ,_y ¢iX} < >,y Cix; holds for any ¢ € U, which implies
that a solution (X', ¢/, x”) is also optimal with respect to the problem p-MIN-MAX-MIN, in which at least p representatives
have to be selected, for a certain ¢’ € U and x” € X'. O

Corollary 1. The “unconstrained problem” (Section 4.1 in Chassein and Goerigk [15]), in which no constraint is placed on
the set of 0-1 vectors X selected in the first stage of the problem p-MIN-MAX-MIN, admits a trivial optimal solution with
X ={(0, ..., 0)}. The respective adversarial optimal policy is to choose any cost vector ¢ € U.

Denote an optimal solution of the problem 1-MIN-Max-MIN as an ordered triple (X*, c*, x*), where X* < X,
c* € U and x* € X*, and denote its optimal objective function value, which is calculated by (1), as A*. Denote
Diin := min;en{¢; + d;}. For a given set X C XU, introduce the set of indices (alternative representatives)

N(X)={i € N | x; = 1 for some x € X}.

There is a one-to-one correspondence between elements of the sets X and N(X). Re-number the representatives so that
¢y <--- < ¢, and after the re-numbering, denote by i® the smallest index such that ¢ +dpo = Dmin and by i' the largest
index such that ¢;; < Dpyy if it exists. If ¢; > Dy for all i € N, then define i' = i°. We proceed with proving important
properties of the problems 1-MIN-MAX-MIN and 1-MAxX-MIN(X). The proofs are supported by Fig. 1.

Lemma 1. There exists an optimal solution of 1-MIN-MAX-MIN that satisfies the following properties.

(i) If A* = Dpin = € + do, then (X*, c*, x*) is an optimal solution, where X* = {x*}, x* is the 0-1 vector with single 1 in
position i°, c§, = cp +dp and ¢ = ¢;, i € N\{i°}.

(”) A* =< Dmin-

(iii) If A* < ¢;, then x; = 0 for all x € X*, that is, i € N\N(X™).

(iv) If A* < Dpin, then N(X*) C {1, ..., i'}, IN(X*)| = |X*| < k.
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Proof. Property (i) is proved by noting that Z:eN f' =1 < I', and the cost of the solution (X*, c*, x*) is equal to Dpjp.
Property (ii) is proved by a contradiction method. Cénsider an optimal solution (X*, c*, x*) and assume that A* > Dmln
Denote by x° the 0-1 vector with single 1 in position i®. Set X° = {x } and observe that the cost of a solution (X?, c, x°)
does not exceed Dy, for any feasible cost vector c. Therefore, (X*, c*, x*) is not optimal, and the assumption A* > Dy,
is wrong. For property (iii), if A* < ¢; and (X*, c*, x*) is an optimal solution, then it is easy to see that x{' = 0, since
otherwise A* > ¢; by the definition of A*. As a consequence, a solution (X*\ {x}, ¢*, x*), where x; = 1, is also optimal for
1-MIN-MaX-MIN. Property (iv) directly follows from property (iii), since if A* < Dpin, then A* < ¢, for any i > i' by the
definition of i'. O

Property (iv) of Lemma 1 implies that there exists an optimal solution of 1-MIN-MAX-MIN in which no representative
i > il is selected as an alternative. It is convenient to denote an optimal solution of the problem 1-Max-MIN(X) as an
ordered pair (C(X), )), where ¢®) € U and x® € X, and denote by AX) its optimal objective function value, which is
calculated as AX) = max,cy Minyex > icn CiXi. For solving the original problem 1-MIN-MAX-MIN, we are interested in the
sets X € X( such that properties (ii), (iii) and (iv) of the problem 1-Max-MIN(X) are satisfied when X and AX) replace
X* and A* in Lemma 1.

Lemma 2. If properties (ii)-(iv) are satisfied for X* = X and A* = AX), then there exists an optimal solution (¢*, x*)) of
the problem 1-MaX-MIN that satisfies the following properties.
(v) For each i € N\N(X), if A% < ¢,, then ¢’ = ¢,

(vi) For each i € N(X), relation ¢; < C(X) A(X) < ¢; + d; is satisfied, and optimal vector xX) is any vector from X.
A( )—c
(vii) If A% < Dryin, then 3=y =5 = I', and equivalently, A™) = (I + ZieN(x) D Tienw)
Proof. Property (v) is proved by noting that if i € N\N(X) then re-setting c := ¢; keeps the new solution optimal.

Assume that properties (i)-(iv) are satisfied (for X and A®)) and the first statement of property (vi) is not. This latter
assumption can also be re phrased such that the minimal and maximal values among C(X) i € N(X), are different. Denote

C(X) = MiNjenx) c( and c = MaXen(x) C, ) If the first statement of property (vi) is incorrect, then

max{c,, ¢} < AN = Céx) < Cl(, < Dmin < min{c, + dq, ¢, + dp}.

x)_ .00 H_x)

Re-setting (increasing) Cflx) = cflx) C"d +Z“ - dq, and re-setting (decreasing) c,(jx) = cl(,x) bd +2‘; - dp leads to

max{c,, ¢;} < ¢ = c™ < Dpin < min{c, + da, ¢, + dp}.

X, X, ) X _c )
This also does not change ”7a4’ + & F7 and consequently, the left-hand side ),y -—— of the budget constraint.
1

By repeating this re-setting argument at most |[N(X)| — 1 times, we come to an optimal solution of 1-MaX-MIN(X) with
A% = MmiNjen(x) c,.X = MaXen(x) cix , as it is required in the first statement of property (vi). Since by this statement
D ien CiXi = AX) for any x € X, then any vector from X is optimal, as it is required in the second statement of this
property.
To prove property (vii), consider an optimal solution of 1-MAX-MIN(X) satisfying properties (ii)-(vi) such that
X)_e.
K= AW, € N(X) ¢ = ¢, i € N\N(X), and assume that Y, oy =~ = = I° < I'. Observe that

i d;

Sienio | A% + <=L — ¢;) | di = I'. Therefore, increasing the costs to become ¢’ := min { ¢; + d;, A%) + L
erwm @ YieNey

for i € N(X) either leads to an optimal solution satisfying properties (ii)-(vi) and ZieN(X) % = T, or to the case

AX) = D, already described in property (i) for X* = X. O
Introduce a collection X4 of sets X € XV such that N(X) C {1, ..., i}, IN(X)| = |X| < k, and i € N\N(X) if A < c;.

Lemma 3. The following properties of the problem 1-MIN-MAX-MIN are satisfied.
(viii) If A* < Dpn, then set X* satisfying Property (vii) is a maximizer of the function max,  ,(a*) {ZieN(X) ATTQ }:

max [Z A*djg"}= Z %:F

A*
Xext 4D L) ieN(X*)

A

(ix) Let ¢; < A < Dpin. Relation maxXGXm){ZieN(X) %} < I' is satisfied if and only if A < A*.

Proof. Assume that property (viii) is wrong, i.e., A* < Dmi, and there exists X’ € x4") € X( such that

y 4 >ZA_C:. )

ieN(X’) ieN(X*)
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Fig. 2. Functions fi(A), ¢; < A < ¢;+di, i € {1,..., i'}, for the example in Fig. 1. If k = 2, then N(X"14l) = (1}, N(X"2:43]) = N(xM3.A4]) =
N(xWaAsly = (1,2}, N(XV‘S AGJ) ={2, 3} Vertical lines correspond to the points Ay, ..., A,. Horizontal lines correspond to the values 0 and 1 of the

functions fi(A).

Consider problem 1-Max-MIN(X’) with the fixed set X'. Clearly, ZieN(X’) % < I' and A* < A(X’) by the definition
of A*. If A* = A(X’), then I" > Z:eN(x’ % = ZieN(X’) %75", and (2) is wrong. If A* < A(X’), then, based on (2) and
on the fact that 3,y Tt is increasing in A, we have to obtain

p=27—C<Z Z%fn

iEN(X*) di ieN(X iEN(X’) !

which is a contradiction. Thus, maxy  ,(a*) {ZieN(X) %,_gl} = D ienexr) %72" =1T.

Note that X4 € 44" if ¢, < A" < A” < Dy, Indeed, it can be seen from Fig. 1 that if X € x(4™) (X corresponds to
a subset of lines crossing the vertical line A = A*), then X € x4 for any A such that A* < A < Dy,,. In order to prove
part “only if” of property (ix), assume that maxy¢ y(a) [ZieN(X) Ad;f"] < I'. Furthermore, assume that the part “only if” is
wrong, that is, A* < A. The latter inequality implies X* € (%) and

Y A b ma [ AT ey AE

()
jeNxt) XeX! % hienmy 1 fEN(X*) i

Since function Z,eN X) % is increasing in A for any fixed X, the above relations imply A < A*. This contradiction
proves the part “only 1f’ For the part “if”, consider value A such that ¢; < A < A* < Dpj,. Relation A < A* implies

x4 ¢ x4 and max w5 < max S o 28 < maxy_pan ]S 2al_r. o
= Xex(4) ieN(X) " d; = Xex(4) ieN(X) ~ d; Xex(4%) ieN(X) " d; =4

Our further discussion is supported by Fig. 2.

Consider linear functions f;(A) = A;f" defined for ¢; < A < ¢; + d;, and therefore, having values 0 < fi(4) < 1,
i e {1,...,i'}. Observe that if these functions do not intersect for any A € (A, B), ¢y <A <B<DpnandA < A* <B,
then the set X* in property (viii) is independent of A* and it is uniquely determined by the at most k upper lines in
the interval (A, B). Denote this set as X'**l. By properties (viii) and (ix), if Yy i1 A;f" < I < Yinwinmy —g - then
X* = X"Bl and by property (vii),

c
I+ 3 ienpaian) g ]

A* — — AlABI
. .
ZieN(X[A~B]) d;

Let A4, ..., Ay, be a strictly increasing sequence of all distinct A-points from the set of points consisting of the point
Dpin, points ¢;, i € {1,...,i'}, and A-points of intersection of the lines fi(A), i € {1,...,i'}, within the rectangle
with the bottom left corner (c,, 0) and the top right corner (Dmin, 1). We have u < 0(n?). Since intervals [A,, Ay41],
v e {1,...,u— 1}, cover the range [c;, Dmin) Of A* in the case A* < Dy;n, and linear functions fi(A), i € {1, ..., i}, do
not intersect for any A € (A,, Ay+1), we know that

Apr1 — ¢
* — mi , Ay, Api1] vi1 — & ”
A mln{Dmm, <r51<1£1 1{A ‘ I < Z a . 3)

ieN(xtv-Avial)
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If ZieN(Xmu,l.Au]) A“d_f" < I', then A* = Dp;, and solution (X*, c*, x*) in property (i ( ) of Lemma 1 is optimal. Otherwise,

A* is attained at the smallest index v for which the condition I" < ZieN(X[AU.AU+1]) v S is satisfied. If this index is v*,
1

then a solution (X Av+1] ¢* x*) is optimal, in which ¢ = Al Al j e N(XWAoAval) o = ¢, i € N\N(XPAs-Aveial)
and x* is any vector from X" 4*+11, We further describe an approach to find v*.

Introduce mid-points M, = LtAuit of the intervals [A,,Avi1], v € {1,...,u — 1}. Denote by N, the set of functions
fi(A) which are present in the A-interval [A,, A,11],ie. N, ={ie {1,...,i'} |0 < fi(M,) < 1}, v € {1,...,u— 1}. Define
a “budget constraint function”

A—c; A—cC.:
T(A) = i | =,
( ) Z di SCI{B\?KR %: di

ieN(xMv-Avt1l)

if Ae(A),Ap1l,vef{l,...,u—1},and T(A;) = 0.

It is possible to calculate N(X™»-4v+11) and consequently T(A), using the mid-points since the functions do not intersect
in the interval (A,, Ay41). Note that, since A € (A,, A,+1] in the above definition, the unique set N(X4v+11) out of the two
candidate sets N(Xv+1-4v+21y and N(X"v+11) is used to calculate T(A) at the intersection point A,,1, v € {1,...,u—1}.

Lemma 4. T(A) is increasing piece-wise linear function.

Proof. The function T(A) is linear increasing for A in the same interval [A,, Ay,+1], v € {1, ..., u — 1}. Furthermore, it is
continuous because Ny € N, C --- C N,_1. Therefore, it is increasing piece-wise linear. O

The following lemma demonstrates that a bisection search can be used to find index v* at which inner minimum in
(3) is attained if it exists.

Lemma 5. IfT(A) <TI for c; < A < Dpin, then A* > A, else A* < A. In particular, if T(A,) < I" for some v, 1 <v <u,
then A* > A,, else A* < A,.

Proof. This lemma is a re-statement of property (ix) in Lemma 3 in terminology of the function T(A). O

Our discussion justifies the following algorithm for the problem 1-MIN-MAX-MIN. Recall that 1 < I" < k.

Algorithm A.

Step 1 Re-number representatives such that ¢; < .- < ¢,. Calculate indices i® and i!, points Ay, ..., A, and value T(A,).
If T(A,) < I', then output optimal solution (X*, c* x*) with the cost Diin = cjo + dp = Au as in property (i) of
Lemma 1 and stop. If T(A,) > I', then define initial lower and upper bounds on the index v* asL =1and U = u
and perform a bisection search over indices v € {1, ..., u} in Step 2.

Step 2 Calculate v = MJ If v = L, then perform Step 3, else perform the following computations. Calculate set

N(X"v-4v411y and value T(M, ). If T(M,) < I', then re-set L := v and repeat Step 2. If T(M,) > I", then re-set U := v
and repeat Step 2.

Step 3 Find optimal solution (X*, ¢*, x*) with cost value A* such that X* = XWAnl ¢* = A* i € N(X*), ¢/ = ¢,
ie N\N(X*), A* = (I' + X v %)/ DN dl,-’ x* is any vector from X*, and stop.

Step 1 requires O(n? log n) time to calculate O(n?) intersection points of n lines and sort the distinct intersection points
A, in the increasing order. The number of iterations of the bisection search in Step 2 is at most O(log n), and each iteration
needs O(n) time to find at most k < n largest values of n linear functions at the mid-point M, and to further calculate
T(M,). Step 3 needs O(n) time to retrieve an optimal solution associated with the last verified point M,. Thus, the overall
running time of Algorithm A is O(n? log n).

Comment 1. For the case of T(A,) < I' in Step 1, extending X* = {x*} by arbitrary k — 1 vectors from X() does not make the
optimal solution (X*, c*, x*) worse.

4. Conclusion

We have studied a robust cost minimizing single representative selection problem with budgeted uncertainty, denoted
as 1-MIN-MAx-MIN. This problem is a two-stage decision problem. A set of at most k alternative representatives should
be determined in the first stage and a single alternative representative should be selected in the second stage, after the
representatives worst costs are realized. The deterministic version of this problem is trivial — selecting a representative
with the minimum cost is optimal.

The problem 1-MIN-MAX-MIN is a special case of the problem studied by Chassein and Goerigk [15], in which p
representatives have to be selected. An O(n*logn) time algorithm was presented in [15] for the special case of the
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more general problem, in which the number of alternative solutions is k = 2. We proposed an O(n? log n) algorithm
for the problem 1-MIN-MAX-MIN, thus showing that the case of the more general problem with arbitrary k and p = 1
is polynomially solvable. It is interesting to know whether the O(n® logn) time complexity can be reduced, whether the
solution technique for p = 1 can be extended for p > 2, and what is the complexity status of the more general problem
with variable k and p > 2.

Data availability

No data was used for the research described in the article.
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