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ON THE REGULARIZATION OF VECTOR INTEGER
QUADRATIC PROGRAMMING PROBLEMS

V. A. Emelichev®’ and E. E. Gurevskii® UDC 519.8

For a vector integer quadratic programming problem, a regularizing operator is proposed that acts on
a vector criterion and transforms a possibly unstable initial problem into a series of perturbed stable
problems with the same Pareto set. The technique of e-regularization is developed that allows
replacing the considered problem by perturbed e-stable problems.

Keywords: multicriteriality, integer quadratic programming, Pareto set, stability, stabilization,
regularization, e-stabilization, e-regularization.

INTRODUCTION

As is well known [1-3], scalar (one-criterion) linear discrete optimization problems are always stable. The existence
of unstable (or ill-posed in the sense of Hadamard) vector discrete optimization problems [1, 2, 4-6] naturally leads to the
necessity of creation of a regularizing operator that is a concrete kind of perturbations of initial data of a discrete problem in
order that, as in the case of a linear programming problem [7, 8], to replace a possibly unstable problem by a series of
perturbed stable ones. The first result in this direction is obtained in [9] in which, based on the theory of cones of promising
directions [1], a regularization is proposed with respect to a vector criterion and constraints of the vector integer linear
programming (ILP) problem of searching for the Pareto set on a bounded set of admissible alternatives. In this case, the
regularization with respect to a vector criterion is based on a scalar perturbation parameter and implies the replacement of a
vector ILP problem by a perturbed problem with the Slater set contained in the Pareto set of the original problem. Later on,
this result is generalized in [10, 11] in which not a scalar but a vector perturbation parameter of the initial data of a problem
is considered that allows the creation of a regularizing operator that transforms a possibly unstable vector ILP problem into a
series of not only stable but also equivalent problems, i.e., problems with the original Pareto set. A discussion and a
comparison of the results of [9, 10] are presented in [2, pp.155-163].

In this article, the methodology developed in [10] is applied to the vector integer quadratic programming (IQP)
problem consisting of searching for Pareto sets. An expedient of regularization and e-regularization of such problems is
proposed.

We note that an expedient is described in [12, 13] for regularization and e-regularization of vector integer linear and
quadratic programming problems with the lexicographic optimality principle.

1. BASIC DEFINITIONS AND LEMMAS

Let us consider a vector (m-criterion) IQP problem of the form
Z™(A,b):min{f(x, 4,b):xe X}, m=>1,

where  f(x, 4,b)=(f,(x, 41,b1), fo(x, A3, b3)seees firn (5, Ap b)), fi:RTx R" >R, are quadratic functions
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(partial criterions), i.e., we have
fi e Ay by )=(A;x,x) + (b, x), ieN,, ={1,2,...,m}.
Here, X cZ" is a given finite set of integral points (column vectors) in R", n>1, A =(a; )eR"" is
a three-index matrix of dimension mxnxn, 4; eR™", ieN,,, are its two-dimensional sections, and b € R™™" is
a matrix with rows b; eR", ieN,,, | X|>1.
We consider the problem Z” (A4, b) as the problem of searching for the Pareto set (the set of efficient points)

P™(A,b) that is specified by the formula
P"(A,b)={xe X :m(x,A,b)=T},
where

w(x, A, b)={x"'e X:q(x,x', 4,b)>0 &q(x,x", A,b)# 0},
q(x,x', A,b)=(qy (x,x', Ay, by ), qa (X, X", Ay, by ),y gy (%, X7, Ay by ),
qi(x' A;, b )= fi(x, A;, b)) = fi (X' A b)), P €N,
0=(0,0,...,0)eR"™.

It is obvious that P! (A4,b) is the set of optimal solutions of a scalar quadratic problem with a large application

domain. Among such problems are quadratic assignment problems and many well-known optimization problems on graphs
that play an important role in designing electronic hardware, in particular, the problems of placement, partitioning, layout,
packing, etc. [14].

For any pair (4,5) e R™ " x R™*" the following inclusion is takes place:

P™(A4,b)c SI"™ (4, b). (1)

Here, S1” (4, b) is the Slater set (the set of weakly efficient points),

SI"(A4,b)={xeX:0(x,4,b)=T},
where
o(x,A,b)={x"eX:VieN, (q;(x,x', A;,b; )>0)}.

In what follows, we will use the denotation P™ (4,b)=X\P" (4,b).

The lemma formulated below directly follows from the above denotations.

LEMMA 1. If, for any vector x 6197(A, b), the inclusion m(x, A,b)c o(x,C,d) is true, then we have
SI"™(C,d)c P" (A,D).

For any natural number &, we specify norms /,, and /; in the space R” that are determined, respectively, by the

formulas k
| yll=max{|y;|:ieNgh [yl =D |yil.
i=1

By the norm of a matrix we understand the norm of the vector composed of its components.
LEMMA 2. For any ieN,, and x,x'eX, the following inequality is true:

: R
q;i (xx" A b ) <A+ (DD e =x" [

In fact, using the obvious inequalities
VB eR™" VxeR" (|(Bx.x)[<|BI|-[Ix]17).

VeeR" VxeR" ([(e,x) |<|lc||[|x]], )

VxeZ" VX eZ" (|lx—x'|]s <|lx—x"|%),
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we easily derive the inequalities

g (e, Ay b )< 1q; (6, Ag by )| < (A (x=x' ), x =) [+ by x =) |

1271 1271

2 2
<A 1] e =x [+ 11Dy ] [l =x" [l < (LA [+ 111D 1] =x"[[ -

We call the problem Z™ (A4,b) stable (T;-stable with respect to a vector criterion in the terminology of [2, 4-6]) if

there is a number & >0 such that we have
V(A0 )eZE() (P"(A+A ,b+b )= P"(4,b)), ()
where the set of perturbing pairs Z(e) is specified by the equality

E(e)={(4",0") eR™™ " x R™ ™ vmax {[| 4[|, [|b' ||} <&}.

As is obvious, the problem Z” (4, b) is stable if we have P" (4,b)=O. In what follows, we exclude this case from

consideration and call the problem for which we have P™ (4,b)# @ nontrivial.

It is obvious that, in the particular case when m =1, the Pareto set coincides with the Slater set and, hence, according
to [5], the scalar IQP problem is stable. In this connection, we assume that the number of partial criterions m > 2.

In what follows, the following well-known result [5] will be required.

LEMMA 3. There is a number & > 0 such that, for any pair (4", ' ) € Z(¢), the following inclusion is fulfilled:

SI™(A+A",b+b ) SI"™ (4,b).
In other words, Lemma 3 asserts that a vector IQP problem of finding the Slater set is always stable.

Let (C,d)eR™ " x R™",
We call a mapping ¢:R"™ 7" x R™*" — R"™ " x R™" specified by the rule

V(A4,b) e RPN X R™M (p(A,b)=(A+C,b+d))

a (C,d)-operator. Thereby, a (C,d)-operator transforms any problem Z" (A,b) into the problem Z" (A+C,b+d).
We say that a (C, d )-operator stabilizes a problem Z"" (A, b)if there is a number ¢ > 0 such that the following formula

is true:
V(A',b )eZ() (P"(A+C+ A", b+d+b")c P" (4,b)). 3)
We will use the denotation R, ={ueR:u>0j}.

For any vector A=(1;,45,...,4,,)eR? and any number 7>0, we consider a three-index matrix
C(A4,A,7)eR™™" with identical sections .
C; =t) Ay A;, ieN,,
k=1

and a matrix d(b,A,7)eR"™" with identical rows
m
di :Tzlkbk’ lENm
k=1

Then the following equalities are obvious:
m
q;(.x',C;,d; )=TY Apqp(x,x', A by ), i€N,,. 4)
k=1
These equalities imply two equivalent obvious statements that are formulated in the form of the lemma presented
below.
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LEMMA 4. Let x,x'eX, let AeRY, and let 7>0. If g¢(x,x,4,b)=0, then we have
q(x,x', A+C(A,A,7),b+d(b,A,7))=0. If g(x,x', A+C(A,A,7),b+d(b,A,T))# 0, then we obtain g(x,x', 4,b)= 0.

Let 4,CeR™™" and let b,d eR"". We call problems Z" (A4,b) and Z" (C,d) equivalent if we have
P™(A4,h)=P™(C,d) . In this case, we write Z"" (4,b)~Z" (C,d). We say that a (C, d )-operator regularizes a problem
Z"(A4,b) if we have Z" (4,b)~Z" (A+C,b+d) and the problem Z" (4 +C,b+d) is stable. It is obvious that the
(C, d)-operator regularizes the problem Z™ (A4,b) if it stabilizes, it and we have Z" (4,b)~Z" (A+C,b+d).

2. STABILIZATION AND REGULARIZATION

The matrices C(4,4,7) and d(b,4,7) considered in Sec. 1 allow one to use the (C(4,4,7),d(b, A, 7T))-operator in
what follows.

THEOREM 1. The (C(4,2,7),d(b, A, 7))-operator stabilizes a vector nontrivial IQP problem Z" (A4, b), m>2, for

any A eRZ and 7>0 and, at the same time, we have
SI"(A+C(A,A,1),b+d(b,2,7))c P™ (A4,b). (5)

Proof. Taking into account the nontriviality of the problem Z” (A4,b), we conclude that there is a vector

xeP™(A,b). Then we have m(x, 4,b)# < and, for any solution ¥ em(x, 4,b), using inequalities (4), we obtain
qi(x’x,5Ai +Ci’bi +di )zqi(xax,ﬁAi’bi )+qi(x’xlsci’di)

m
>q; (x,x",C;,d; )=T) Arqp(x,x', Ay, by )>0, ieN,,.
k=1

Therefore, according to the definition of the set o(x, A+C(A,A,7),b+d(b,A,71)), we have x' eo(x,4+C(4,A,71),
b+d(b,A,1)). Thus, the following relationships are true:

VxeP" (A,b) m(x, A, b)C 0(x, A+C(A, A7), b+d(b,1,7)).

From this, by virtue of Lemma 1, we derive inclusion (5).
Next, according to Lemma 3, there is a number & >0 such that we have

V(A', b )eE(e) (SI"(A+C(A, A, 1)+ A", b+d(b,A,T)+b)
c SI" (4+C(4,A,7),b+d(b,A,7))).
Hence, taking into account inclusions (1) and (5), we conclude that
Je>0 V(4,0 )eZ() (P"(A+C(A,A,T)+ A, b+d(b,A,T)+b )= P" (4,b)),

ie., the (C(A4,A,1),d(b,A,7))-operator stabilizes the problem Z™ (4,b).
Theorem 1 is proved.
Hereafter, we will use the denotations

Apin =min {g; (x,x", 4;,b; )>0:x,x' €X,i €N} Aoy =max{||x—x'[|2:x,x"e X},

Amin

Cml AN 4][+][B])A

4

max
Since the problem Z™ (A,b) is assumed to be nontrivial, we have || 4 ||+ |/b]|>0 and A, >0.
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THEOREM 2. For any vector 4 e RY and any number 7 that satisfies the inequalities
0<7<y, (6)

the (C(A4,4,1),d(b, A, 7))-operator regularizes a vector nontrivial IQP problem Z™ (A4,b), m>2.
Proof. According to Theorem 1, the (C(A4,A,7),d(b, A,T))-operator stabilizes the problem Z” (4, b). Therefore, to

prove Theorem 2, it remains to show that we have
Z"(A+C(A,A,1),b+d(b,A,7))~Z" (A4,b). (7
Inclusions (1) and (5) imply the inclusion
P™(A+C(A,A,7),b+d(b,A,7))c P" (4,D). (8)

We prove the opposite inclusion using the proof from the contrary. We assume that there is a point
xeP™ (A4, b)\P" (A+C(A4,A,7),b+d(b,2,7)). Then the set 7 (x, A+C(4,A,7),b+d(b,1,7)) is nonempty. If x'is an
element of this set, then the inequality q(x,x’, 4 +C(A4,A,7),b+d(b,A,7))# 0 is true. Therefore, according to Lemma 4,
q(x,x’, A,b) # 0, i.e., since we have x e P"" (4,b), an index s € N,, can be found such that we obtain ¢, (x,x’, 4, by ) <0.

From this, successively applying formula (4), Lemma 2, and inequalities (6), we derive

qs(x,x', Ag+Cg, by +d)=qs(x,x', Ag, by )+ qs(x,x",Cy, dy)

m m
:('Is(xax,’ AS’ bs)"'rzlek(x’x'a Ak > bk )qu(x,x’, AS’ bs)+TZ Mka (o, X7, Ak ’bk)|
k=1 k=1

! ’ 2 ’
<qs(xx', Ag, b )+Tm|[A (A |+ D IDIIx=x" [T <qs (e, x", Ag, b ) +ym|| A ([ A1+ 115 ])A pax

:qS(‘X’x" As9bs)+Amin qu(‘x’x” AS’bS)+ ‘qS(‘X’x,’ AS’bS)|:0'

This means that we obtain x’ ¢z (x, A +C(A4,A,7),b+d(b,A,7)). The obtained contradiction together with inclusion (8)
proves equivalence (7).
Theorem 2 is proved.

3. &-STABILIZATION AND ¢-REGULARIZATION

Lete>0,let A,C eR™ ", b, and letd e R™™". We say that the (C, d )-operator e-stabilizes a problem Z™ (4, b) if

formula (3) is fulfilled.

In addition to the denotations A A and y introduced above, we will also use

min> “max>

m
O min :min{Zlqu(x,x',Ak,bk )>0:x,x' eX}.
k=1

Since the problem Z™ (A,b) is assumed to be nontrivial by assumption, we have &, >0 for 1 eRZ.

THEOREM 3. For any ¢ >0, 4 eRY, and also

> €A max , 9)

amin

the (C(A4,4,1),d(b, A, 7))-operator e-stabilizes a vector nontrivial IQP problem Z” (4,b), m>2.

Proof. In view of relations (4) and (9) and Lemma 2, for any (4',0' e Z(e),x € P™ (4,b), and x' em(x, 4,b), the

following inequalities are fulfilled:
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qi(xaxra Ai +Ci +A,l" b[ +d[ +b,[ ) ZQ[(xax,v Ai’b[ )+Qi(x’x,9 Ci’d[ )+Q[(x’x,’ A,i > b’l)
m
2q; (x,x’, Ci ﬂdi )+Qi (xax,’ A'l' ’ b’i ) :TZ lek (x’x'a Akﬂ bk )+qi (x: x', A,i ’ b'i )
k=1

' ' 2 .
270 i —([[A" [+ 1D [D[x=X" [l > 7O min —&Amax 20, i€N,,.

Therefore, we obtain V(A4',b' )eZ(e) (SI" (4+C(4,A,7)+ A", b+d(b,A,7)+b )= P" (A, b)).
To complete the proof, it remains to use inclusion (1).
Theorem 3 is proved.

We call a problem Z™ (A4,b) e-stable if formula (2) is fulfilled.

Let e > 0. We say that the (C, d )-operator e-regularizes a problem Z" (4, b) if we have Z" (A,b)~Z" (A +C,b+d)
and the problem Z"™ (A+C,b+d) is &-stable.

THEOREM 4. For any vector A e RY and any numbers & and 7 that satisfy the inequalities

0<p < /Omin (10)
AmaX
w7y (11)
min

the (C(A4,4,7),d(b, A,7))-operator ¢-regularizes a vector nontrivial IQP problem Z™ (A4,b), m>2.

Proof. We first note the consistency of conditions (10) and (11) in the sense that, for any number ¢ specified by
inequalities (10), there is a number 7 that satisfies condition (11).

Since any number 7 specified by inequalities (11) also satisfies inequality (9), according to Theorem 3, for any
number ¢ specified by conditions (10), the (C(A4,A,7),d(b, A,T))-operator ¢-stabilizes the problem Z"” (4, b) for T from

conditions (11). This means that we have
Y(A',b )eE(Ee) (P"(A+C(A,A, 1)+ A", b+d(b,A, 1)+ )= P™ (4,b)). (12)

Since inequality (11) also implies inequalities (6), Theorem 2 implies the truth of the equality P™ (4,b)=P" (A4 +
C(4,4,7),b+d(b,A,7)).

Taking into account this fact and formula (12), we conclude that the (C(4, A,7),d(b, A, 7))-operator e-regularizes the
vector IQP problem Z” (A4, b).

Theorem 4 is proved.

Comment. In view of the controllability of the vector parameter A used in defining y, the e-regularization of the
vector IQP problem Z™ (A4, b) can be performed for any number & > 0. It is obvious that the increase in the number ¢ leads to

increasing the stability radius of the problem Z™ (4 +C(A,A,7),b+d(b, A,7)) (the definition of the stability radius of a
problem see in [1, 2, 11, 13]).

REFERENCES

1. L. V. Sergienko, L. N. Kozeratskaya, and T. T. Lebedeva, Investigation and Parametric Analysis of Discrete
Optimization Problems [in Russian], Naukova Dumka, Kiev (1995).

2. L. V. Sergienko and V. P. Shilo, Discrete Optimization Problems: Issues, Solution Methods, and Investigations [in
Russian], Naukova Dumka, Kiev (2003).

3. E. G. Belousov and V. G. Andronov, Solvability and Stability of Problems of Polynomial Programming [in Russian],
Izd. MGU, Moscow (1993).

4. T.T.Lebedeva and T. I. Sergienko, “Comparative analysis of different types of stability with respect to constraints of
a vector integer-optimization problem,” Cybernetics and Systems Analysis, No. 1, 52-57 (2004).

279



10.

11.

12.

13.

14.

280

T. T. Lebedeva, N. V. Semenova, and T. I. Sergienko, “Stability of vector problems of integer optimization:
Relationship with the stability of sets of optimal and nonoptimal solutions,” Cybernetics and Systems Analysis, No. 4,
551-558 (2005).

T. T. Lebedeva and T. I. Sergienko, “Stability of a vector integer quadratic programming problem with respect to
vector criterion and constraints,” Cybernetics and Systems Analysis, No. 5, 667-674 (2006).

S. A. Ashmanov, Linear Programming [in Russian], Nauka, Moscow (1981).

Yu. A. Dubov, S. I. Travkin, and V. N. Yakimets, Multicriteria Models for Formation and Choice of Variants of
Systems [in Russian], Nauka, Moscow (1986).

L. N. Kozeratskaya, T. T. Lebedeva, and T. I. Sergienko, “Regularization of integer vector optimization problems,”
Cybernetics and Systems Analysis, No. 3, 455458 (1993).

V. A. Emelichev and O. A. Yanushkevich, “Regularization of a multicriterial integer linear programming problem,”
Izv. Vuzov, Matematika, No. 12, 3842 (1999).

V. A. Emelichev, E. Girlich, Yu. V. Nikulin, and D. P. Podkopaev, “Stability and regularization of vector problems of
integer linear programming,” Optimization, 51, No. 4, 645-676 (2002).

V. A. Emelichev and O. A. Yanushkevich, “Regularization of a lexicographic vector problem of integer
programming,” Cybernetics and Systems Analysis, No. 6, 951-955 (1999).

V. A. Emelichev and O. A. Yanushkevich, “Stability and regularization of the lexicographic vector problem of
quadratic discrete programming,” Cybernetics and Systems Analysis, No. 2, 196-202 (2000).

N. Z. Shor and S. I. Stetsenko, Quadratic Extremal Problems and Nondifferentiable Optimization [in Russian],
Naukova Dumka, Kiev (1989).




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (Adobe RGB \0501998\051)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 524288
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveEPSInfo true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Remove
  /UsePrologue false
  /ColorSettingsFile (Color Management Off)
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 600
  /ColorImageDepth 8
  /ColorImageDownsampleThreshold 1.01667
  /EncodeColorImages true
  /ColorImageFilter /FlateEncode
  /AutoFilterColorImages false
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 600
  /GrayImageDepth 8
  /GrayImageDownsampleThreshold 2.03333
  /EncodeGrayImages true
  /GrayImageFilter /FlateEncode
  /AutoFilterGrayImages false
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 2400
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputCondition ()
  /PDFXRegistryName (http://www.color.org)
  /PDFXTrapped /False

  /SyntheticBoldness 1.000000
  /Description <<
    /DEU <>
    /ENU <>
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [2834.646 2834.646]
>> setpagedevice


