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ARTICLE INFO ABSTRACT
Keywords: This work addresses the problem of the design and balancing of a modular multi-product line in a reconfig-
Manufacturing urable environment. The study emphasizes the importance of modularity in the reconfigurable manufacturing

Line balancing

) ol systems (RMS), which allows fast, efficient, and cost-effective adaptation to changes by rearranging, moving, or
Multi-mode

removing modules. The line consists of a fixed number of modular machines arranged linearly and connected

;{Ae;g;if;;able by a material handling system. Each machine has a limited number of slots for modules. The line can handle
MILP several product types per batch, and each batch requires a specific line configuration to be produced. The
Decomposition objective consists in identifying the minimum number of modules needed and their arrangement in different
Heuristic configurations to produce each product type. To solve this problem, a compact integer linear programming

(ILP) formulation is initially investigated. Then an ILP reformulation, based on a decomposition approach, as
well as a heuristic that uses this ILP reformulation are developed. The results demonstrate the effectiveness of

the proposed methods.

1. Introduction

Modularity is considered as one of the key features of reconfigurable
manufacturing systems (RMS) (see, e.g., Koren et al., 1999). The term
modularity is employed to describe the use of independent, standard-
ized, and interchangeable units, called modules, in order to perform a
variety of functions (see, e.g., Huang & Kusiak, 1998). Thus, a modular
design is a concept in which functionalities are divided into discrete,
coherent and self-contained entities. It enables RMS to adapt to changes
in a fast, efficient and cost-effective manner. This is made possible
by the use of reconfigurable machines that can be easily modified by
rearranging, replacing, or adding modules, which effectively subdivide
the system into simplified modular components (see, e.g., Baldwin
& Clark, 2006). The modularity also provides flexibility in adapting
to dynamic environments, as each module can be easily modified or
replaced without affecting the rest of the system (see, e.g., Shaik et al.,
2015). Moreover, a modular manufacturing system also allows to better
cope with unexpected events such as machine breakdowns, since the
failure of one module does not necessarily impact the other ones.
In addition, modular systems are more cost-effective to develop and
modify than complex systems, as individual modules can be customized
or upgraded without the need to modify the entire system.
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Despite its many advantages, the design of a modular manufacturing
system remains a very complex problem, since it usually involves
determining the modules needed to manufacture a product, with each
module performing specific tasks. Additionally, modules have to be
allocated to machines that are compatible with their software and hard-
ware. When designing a modular manufacturing system, a compromise
has to be found between the number of functions/tasks the modules
can perform, and their cost. Larger modules are able to perform more
functions and may require fewer interfaces, reducing the number of
reconfigurations required, but they can be expensive to design, develop,
and maintain. In contrast, smaller modules may be less expensive, but
involve more interfaces, increasing the complexity of the system and
the number of necessary reconfigurations.

The objective of this study is to investigate the problem of designing
and balancing a modular line capable of producing multiple products
within the context of RMS. The considered line is made up of modular
machines, where each module consists of physical equipment able to
perform a limited number of manufacturing tasks. This modular design
facilitates reconfiguration of the line to adapt it to different products or
respond to changing demand (see, e.g., Koren et al., 1999). This paper
focuses only on the first case mentioned above, and does not address
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Fig. 1. (1) and (2) are the precedence graphs that correspond to products 1 and 2.

the second one, i.e., responding to changes in demand, which will be
the topic of future research.

More precisely, the studied line is composed of a fixed number of
modular machines arranged in a linear manner and linked by a material
handling system such as a conveyor belt. Each machine has a limited
number of positions, called slots, into which modules can be placed. For
the sake of simplicity, it is assumed that machine slots are compatible
with all the modules. The products are processed sequentially by the
modules as they move from one machine to another. Each module is
capable of performing a limited number of tasks, also sequentially, fol-
lowing a pre-defined order that does not affect precedence constraints.
The latter are usually expressed by a direct acyclic graph, whose nodes
(resp. arcs) represent the tasks (resp. the precedence relations between
tasks). The working time of a machine is determined by the sum of
the processing time of all the tasks carried out by the modules of this
machine. This time may not exceed a given threshold value, known also
as the cycle time. Finally, the studied line can handle several product
types in batches. Tasks precedence relations and the cycle time of each
product type can be different. To accommodate each product type, a
specific line configuration is required, which involves reconfiguring the
machines by adding, moving, or removing modules in the available
slots.

The goal is then to create a feasible line configuration for each
product type, with the minimum number of different modules needed.
This entails identifying the tasks that each module is capable of per-
forming, and organizing these modules into different configurations
to produce the various products. The modules have to be positioned
within the available machines in a way that meets the production
requirements. To solve this optimization problem, a compact integer
linear programming (ILP) formulation is firstly proposed. Subsequently,
a more efficient ILP reformulation is developed, which is based on a
decomposition approach. Finally, a heuristic approach based on the
ILP reformulation is proposed. It is worth noting that other objectives,
such as minimizing the total cost of the modules, can also be taken
into consideration. However, due to the lack of a method to calculate
the cost of each created module, it was decided to focus solely on
minimizing the number of modules. The proposed ILP formulation
can however be easily adapted to minimize the cost-oriented objective
function incorporating a potentially different cost for each created
module, offering an interesting perspective for this work.

Fig. 1 provides an example of the above described problem. It shows
two precedence graphs corresponding to two products. It can be noticed
that the products share the same set of tasks to be executed. However,
the precedence graphs and task processing times are different. The
cycle time for each product is also different, equaling 95 time units
for product 1 and 75 times units for product 2.

If we suppose that no module can perform more than two tasks and
that a machine can hold at most two modules, then an optimal compo-
sition, represented in Fig. 2, requires six modules m;, i € {1,...,6}, to
produce both products. Based on this composition, two configurations
can be constructed as shown in Fig. 3, where configuration 1 (resp. 2)
corresponds to the arrangement of these modules within the available
machines so as to produce product 1 (resp. 2). Switching from one

configuration to another can be done by rearranging some modules
between the machines.

The rest of this paper is organized into five sections. A literature
review of related problems is given in Section 2. A compact ILP for-
mulation for the studied problem is provided in Section 3. Its more
efficient ILP reformulation as well as a heuristic method based on it
are presented in Section 4. The obtained numerical results for all the
above-mentioned formulations and methods are reported and analyzed
in Section 5. Finally, in Section 6, we make some concluding remarks
and suggest some interesting directions for future research.

2. Literature review

This section presents a review of research works related to the topic
of this paper. It focuses on three main axes: studies on assembly line
balancing problems in general, research on multi-model assembly line
balancing problems, and finally publications on equipment selection
and modularity in assembly line balancing.

2.1. Assembly line balancing problem

The optimization problem addressed in this paper is closely con-
nected to the Simple Assembly Line Balancing Problem (SALBP) (see,
e.g., Scholl, 1999). Given a set of tasks necessary to assemble a prod-
uct, the aim of SALBP is to optimize a desired production goal by
assigning all these tasks to the available workstations, while satisfying
task precedence constraints, generally represented by a direct acyclic
graph. Following Scholl (1999), two main optimization problems are
usually studied in the literature of SALBP: minimize the total number
workstations subject to a given cycle time (SALBP-1), and minimize
the cycle time subject to a given number of workstations (SALBP-
2). Several studies have tackled SALBP using exact and approximate
approaches (see, e.g., the literature review of Battaia & Dolgui, 2013;
Baybars, 1986; Erel & Sarin, 1998). Since SALBP considers only a single
type of product, these approaches cannot be directly applied to solve
the optimization problem studied in this paper as multiple product
types are taken into account.

2.2. Multi-model assembly line balancing problem

When dealing with more than one product, two variations of SALBP
are discussed in the literature (see, e.g., Scholl, 1999): mixed- and
multi-model assembly line balancing problems. The first concerns a
single line where several products from the same family are handled
simultaneously (see, e.g., Battini et al., 2006; Bukchin & Rabinowitch,
2006; Erel & Gokcen, 1999). The second problem involves a single line
where different product types from the same family are manufactured
in separate batches (see, e.g., van Zante-de Fokkert & de Kok, 1997).
Such lines have to be reconfigured when switching from one product
type configuration to another. Reconfiguration consists in rebalancing
the line by reassigning some tasks between the existing workstations.
Few research has been conducted on the multi-model assembly line
balancing problem (MuMALBP). However, the emergence of flexible
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Fig. 3. Optimal product configurations that minimizes the total number of modules.

and reconfigurable manufacturing systems implies that this type of
line becomes more advantageous as it can offer different configura-
tions (see, e.g., Battaia & Dolgui, 2022). In this context, Tremblet et al.
(2023) and Yelles-Chaouche et al. (2022) have considered the balanc-
ing problem of a multi-product reconfigurable line, where the aim is
to minimize the total number of reassigned tasks when moving from
one product configuration to another. Specifically, Yelles-Chaouche
et al. (2022) studied the case where the sequence of product batches
is given, while Tremblet et al. (2023) considered the scenario where
no information about this sequence is provided. They both developed
a mixed-integer linear programming (MILP) formulation along with a
MILP-based heuristic approach to tackle this problem.

Lapierre et al. (2000) and Téth et al. (2018) consider a multi-
model printed circuit board (PCB) assembly line. In Lapierre et al.
(2000), a MILP model is firstly formulated to generate an admissible
line configuration for each PCB-type batch. The objective function
seeks to minimize the cycle time necessary to assemble a PCB-type. A
Lagrangian relaxation is also proposed to deal with large size instances
of the studied problem. Latter, T6th et al. (2018) addressed the same
problem by considering PCB batches of different size and type in the
presence of modular machines. The aim is to provide a workload
balancing and select an appropriate machine module configuration for
each batch type. The objective function minimizes the total production
time, which includes the setup time for product type changing. The
authors proposed an iterative approach based on a genetic algorithm
for generating line configuration and an ILP formulation for line bal-
ancing. Pereira (2018) tackles a MuMALB problem which arises in
textile industry. Given several types of goods, the aim is to find an
appropriate line balancing for each of them. The authors proposed a
hybrid approach, which combines the Hoffmann heuristic with a distri-
bution estimation algorithm. The objective is to minimize resource and
workstation costs. Berger et al. (1992) consider an MuMALB problem in
a flexible manufacturing environment. The authors propose a branch-
and-bound algorithm to minimize the number of workstations. To do
this, the authors combined the precedence graphs for each product
into a single one, transforming the problem into an SALBP-1. In the
same way, Nazarian et al. (2010) deal with a multi-product hybrid line
composed of flexible and non-flexible machines. Flexible ones are able
to be easily reconfigured, whereas the others are dedicated machines

that can perform a limited number of tasks. The authors provide a
decision-support tool to determine the number of required flexible and
non-flexible machines, based on the variation in task processing times
over time. A MILP model and a heuristic, based on a single combined
precedence graph, were developed to minimize the investment cost of
the generated machines.

In this paper, an MuMALBP is considered in the presence of modular
machines. Unlike the aforementioned articles, the challenge here is
to identify the minimum number of different modules needed for
producing several products. Each product requires a specific line config-
uration, defined by an arrangement of modules in the machines. The set
of modules is not known in advance and needs to be generated based on
the precedence graph of each product. To switch production from one
product to another, the line has to be reconfigured by moving, adding
or removing modules. To the best of our knowledge, this particular
problem has not been addressed in the existing literature on line
balancing problems.

2.3. Equipment selection and modularity in line balancing

In this paper, we consider a line balancing and equipment se-
lection problem. It consists in assigning tasks to a set of available
machines/workstations and the corresponding equipment subject to
given production constraints. Some previous studies have already tack-
led this problem. For example, Graves and Redfield (1988) address a
problem where a family of similar products has to be assembled on a
line. The authors propose a methodology to find a single line configu-
ration that is able to produce all the products and aiming to minimize
the total cost, which includes capital cost related to the equipment and
variable operating cost. Bukchin and Tzur (2000) propose a branch-
and-bound approach to tackle the problem of selecting equipment and
assigning tasks to workstations. The objective function minimizes the
total equipment costs. Later in Bukchin and Rubinovitz (2003), the
authors addressed the same problem by considering the minimization
of the number of workstations along with equipment costs.

Finally, the closest problem to the one studied in this paper is
from Belmokhtar et al. (2006). In this work, the authors consider a
modular machining line comprising multi-spindle units. The aim is to
design and balance a single product line by selecting and assigning
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spindle units to machines subject to precedence, cycle time, and some
other technological constraints. An integer linear programming (ILP)
formulation was developed to minimize the investment cost associated
with the selected units. Borisovsky et al. (2014) tackle the problem of
designing an optimal machining line, taking into account task sequence
set-up time and several technological constraints. The authors propose
a reduction of this problem to a set partitioning one. This involves gen-
erating all possible workstations composing the machines and finding
for each of them the optimal sequence of tasks that minimizes total set-
up time, using a dynamic programming approach. Subsequently, three
exact approaches were proposed to solve the set partitioning problem:
constraint generation, branch-and-cut, and parallel branch-and-cut al-
gorithms. In the same scope, Battaia et al. (2012) tackle an equipment
location problem in a machining line. The authors propose several pre-
processing procedures, based on constraint analysis, in order to reduce
the search space. Moreover, they developed an algorithm for generating
a lower bound on the number of used equipment.

The above-mentioned research papers assume the presence of a
predetermined set of equipment, with the goal being the selection of
the most suitable ones to fulfill production objectives and minimize the
overall cost. However, in this paper, the scenario differs as the set of
equipment, or modules, needs to be constructed along with the optimal
line configuration for each product.

2.4. Multi-product configuration design in RMS

Several works in the RMS literature have studied the multi-product
line configuration design problem (see, e.g., Yelles-Chaouche et al.,
2021). In this type of problem, a set of available reconfigurable ma-
chines is considered to be known. Moreover, each machine can have
different configurations, each allowing it to perform different tasks.
Hence, the problem consists in determining the number of stages and
the number of machines per stage in order to satisfy the product
demand. Each stage can have multiple parallel machines with differ-
ent configurations. For example, Youssef and ElMaraghy (2006, 2007,
2008) consider the multi-product line configuration design problem
with the main objective of minimizing the capital cost. Similar objec-
tives are considered by Dou et al. (2009, 2016). Ashraf and Hasan
(2018) tackle the same problem while considering reconfigurability,
operational capability and system reliability in the objective function,
in addition to total cost minimization. In Saxena and Jain (2012),
additional costs are introduced in the objective function such as re-
configuration, operating and maintenance costs. Bryan et al. (2013)
propose an approach to design a reconfigurable assembly line while
considering product evolution over time. The main objective consists in
finding the optimal reconfiguration plan that minimizes the life cycle
cost, calculated based on the production and reconfiguration periods of
evolving products.

In the context of the multi-product configuration design problem,
existing approaches typically assume that machine configurations and
their operational capabilities are known and given. This is not the case
in the present paper, where machine configurations have to be designed
for each product by assigning appropriate modules. Moreover, while
prior studies often concern mixed lines, where multiple product types
are simultaneously manufactured, this paper addresses a multi-model
line where each product type needs a specific line configuration. Thus,
switching production from one product to another requires line recon-
figuration. Finally, unlike the present study, the existing literature on
configuration design in the context of RMS mainly considers unpaced
flow lines, where machines are not restricted by a specific cycle time,
and products are not forced to pass through all the machines. Such lines
are particularly efficient for scenarios involving high-mix products and
low production volumes.

In view of the various studies cited above, one can notice that
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+ The design and balancing problems of a multi-model line are only
addressed in real industrial cases, due to the growing interest
of such a line structure nowadays. However, there is a lack of
generalized studies of this type of problem.

» The line balancing problem along with the equipment selec-
tion/generation was addressed in the presence of a single product
only.

Summarizing this section, the main contributions of this paper are:

+ Addressing the MuMALBP with modular machines: This paper
tackles the challenge of the multi-model assembly line balanc-
ing problem (MuMALBP) in the context of modular machines,
aiming to identify the minimum number of modules required for
producing various products.

Considering line reconfiguration: Unlike previous studies that
focus on single-product lines or assume fixed equipment sets,
this paper accounts for the reconfiguration of assembly lines
when transitioning between products. It necessitates constructing
optimal line configurations and selecting equipment for each
product.

Providing generalized study: While prior research often con-
centrates on specific industrial cases, this paper offers a compre-
hensive investigation of the MuMALBP, catering to the increasing
interest in such line structures across manufacturing systems.
Integrating modular machines: The paper introduces the in-
tegration of modular machines into the line balancing prob-
lem, where the modules are dynamically generated based on the
precedence graph of each product, rather than being predefined.

3. Compact ILP formulation

Given a family of products and a set of available machines, each
with a limited number of module slots, the following compact ILP for-
mulation aims to generate the minimum number of modules required
to produce all the products, while taking into account task precedence
and cycle time constraints. The maximum number of tasks that can
be performed by any module is also provided. Inclusion and exclusion
constraints are not considered in this paper for tasks and modules,
but can easily be incorporated if needed. Consequently, any task can
potentially be assigned to any module and any module can be placed
in any available slot within a machine. The used notations and variables
are described below.

Notations:

» V is the set of all tasks;

« W is the set of available machines;

+ P is the set of products;

* M is the set of all the modules that could be generated;

* My, 1S the maximum number of modules per machine;

Fmax 1S the maximum number of tasks per module;
E={l,....|W]|-mpy,} is the global set of module slots;
E,={(k=1) -my, +1,....k-my,]} is the set of module slots of
the machine k € W;

CW® is the cycle time corresponding to the product p € P;

tl(.” ) is the processing time of the task i € V' corresponding to the
product p € P;

G®» = (V,AP) is a directed acyclic graph representing the
precedence constraints of the product p € P. Here, AP is the
set of arcs for G, where an arc (i, j) € A?” means that task j
has to be assigned either to the same module as task i, or to a
succeeding one.

Decision variables:

* x;, is equal to 1 if the task i € V is assigned to the module m € M,
0 otherwise;
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- ) is equal to 1 if the module m € M is allocated to the slot
e € E in the configuration corresponding to the product p € P, 0
otherwise;
. zﬁfn >e isequal to 1 if the task i € V is assigned to the module m € M,
which in its turn is allocated in the slot e € E in the configuration
corresponding to the product p € P, 0 otherwise;

* s, is equal to 1 if the module m € M is not empty, 0 otherwise.

min Z S @
meM
1< Y x, <IPl, VieV @)
meM
Y yP <1, VymeM, VpeP 3
e€E
Y W<, Vec€E, VpeP “
meM
Y D =1, viev, VpeP (5)
meM ecE
Xim X Sy VIiEV, VMmMEM (6)
Xig +Y0 <20 41, Vi€V, VmeM, Ve€E, Vpe P %)
2P <x; ViEV, VmEM, Ye€E, VpeP ®
2 <)yP VieV, VmeM, Ve€E, YpeP ©)
D Yzl < N Nedl Wi, j)eA?, vpeP (10)
meM e€E meM ecE
XY D <P, vkew, VpeP an
e€E meM i€V
Y7 x, <CP, Yme M, VpeP 12)
eV
Z Xim £ Fmax» VM E M 13)
eV
"

[u] <Y s.<Ivl )

rmax meM
Sl < 8 Yme M\ {|M]} (15)

P < DD Vee B\ (k-myy), VkeW, Ype P  (16)

meM meM

Zh =0, VieV, VmeM, Veg¢ | E. VpeP a7
keo'”

Xim €1{0,1}, VieV, Vme M

YW e{0,1}, Vme M, Ye€ E, Vpe P

2P €1{0,1}, VieV, VmeM, Ve€ E, Vpe P

ime

sy €1{0,1}), Vme M

Objective function (1) minimizes the total number of non-empty mod-
ules. Expressions (2) ensure that each task has to be assigned to at
least one and at most |P| modules. Constraints (3) and (4) state that
a module must be allocated to one slot only and that a slot cannot
accommodate more than one module, regardless of the configuration.
Constraints (5) express that any task has to be assigned exactly once
for each product configuration. Inequalities (6) specify that a module is
considered as non-empty if at least one task is assigned to it. Constraints
(7), (8) and (9) force that a generated non-empty module be assigned
to a slot in at least one configuration. The task precedence relations for
each configuration are expressed by inequalities (10). Constraints (11)
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ensure that the effective workload of any machine does not exceed the
cycle time, whatever the product configuration. Constraints (12) avoid
generating modules whose workload exceeds the cycle time of the con-
figuration to which they can be assigned. Inequalities (13) impose the
maximum number of tasks per module. Expression (14) are optimality-
based constraints that bound the optimal value of the objective function
between its best and worst case scenarios. Namely, the best scenario
corresponds to the case where all the generated modules are different
(without common tasks) and all of them (except probably one) have
the maximum admissible number of tasks. As for the worst scenario, it
occurs when each module is also different, but has a single task assigned
to it. For both cases, the mentioned modules are obviously common
for all the configurations. Constraints (15) are symmetry-breaking ones
allowing a module to be generated only if the previous one is non-
empty. As for constraints (16), they are similar to those of (15), but
concern the slots inside a machine. Finally, constraints (17) require
each task to be assigned to a restricted subset of slots, defined by
the so-called assignment interval Ql(.”) = [lf”),uf.”], where l;”) (resp.

uﬁ”)) identifies the earliest (resp. latest) machine to which task i can
be assigned with respect to product p. Due to Patterson and Albracht
(1975), this interval can be computed as follows:

() (p) () (p)
Lot Zjepj'” ! ot Zjesi(p) '
_ W+l - —

c cw

le’) —
where P’.(” ) (resp. Sl.(” )) is the set of all predecessors (resp. all successors)
of task i with respect to the precedence graph G of product p. Here,
the idea of computing the earliest (resp. latest) machine index for task i
is based on determining a valid lower bound on the number of machines
needed to assign the set Pi(”) U{i} (resp. Sl.(”) Uh.

Fig. 4 illustrates the logic behind the compact ILP formulation (1)-
(17). At the bottom of the figure is the set of tasks that have to be
assigned to a given set of modules. These modules are then assigned to
available machine slots, respecting the precedence graph and the cycle
time constraints for each product configuration.

4. ILP reformulation

This section introduces a decomposition approach of the studied op-
timization problem. To do this, an ILP reformulation is first presented.
Then a new algorithm that generates all possible feasible modules
from the precedence graph is described. Additional notations and new
decision variables are outlined below.

Additional notations:

» M is the set of all generated modules;

. M,(c”) is the set of modules that can be assigned to the machine
k € W in the configuration corresponding to the product p € P;

. Uli”) is the set of module pairs that can never be assigned together
to the same machine k € W in the configuration corresponding
to the product p € P;

* a;, is equal to 1 if the task i € V' is present in the module m € M;

. c,(,,p) is the load corresponding to the module m € M for the

product p € P.

New decision variables:

* ¥, is equal to 1 if the module m € M is used in at least one
configuration, 0 otherwise.

. Afﬁ is equal to 1 if the module m € M is assigned to the machine
k € W in the configuration corresponding to the product p € P,
0 otherwise.

min Yy, 18)

meM
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Fig. 4. An illustrative example of how the ILP model (1)-(17) works.

3 Y a4, a8 =1, viev, vpeP )
keW meM

Y @ AP <CW, VkeWw, VpeP (20
meM
AP <y, YmeM, YkeW, VpeP 2n
4 L4

Y T oAl 3 B il V) €AV, kW, e P 22)
q=k meM q=k meM

Y i =0 VkeWw, VpeP (23)

meM\M P

3 A <My VKEW, VpE P @29
meM

A0 <1, Yo my) € UY, VkEW, Ype P 25

ym €1{0,1}, Vme M

AP e (0,1}, Yme M, Vke W, Vpe P

Objective function (18) minimizes the total number of used mod-
ules. Equalities (19) ensure that each task has to be assigned in each
configuration. Constraints (20) state that the sum of the processing time
of the tasks performed by the modules assigned to a machine should not
exceed the cycle time of each corresponding product. Inequalities (21)
express that a module is considered as ‘used’ if it is assigned to at least
one configuration. Precedence relations between tasks for all product
configurations are modeled by (22). Expressions (23) are based on M,((p)
which identifies whether a module can be assigned to a machine or
not. This allows to set some decision variables to zero. The set M IE”) is
calculated based on the task assignment interval technique, presented
in Section 3. Namely, M’ = {m € M : k € (\,,, O%}. Constraints
(24) ensure that each machine cannot contain more than m,,,, modules.
Finally, inequalities (25) avoid the assignment of conflicting modules
to the same machine, because of task precedence constraints.

It is worth highlighting that this new reformulation gets rid of the
slot index. Instead, constraints (25) indirectly dictate the execution
sequence of modules within each machine, as they prevent conflicting

modules to be allocated to it. An alternative reformulation, referred to
as the slot-based reformulation, is detailed in Appendix. This alterna-
tive performs less well than (18)—(25), primarily due to the increased
number of decision variables and constraints arising from large values
of M-

4.1. Module generation algorithm

The process of obtaining M consists in identifying the set of all
feasible modules for each product p, denoted M®. The set M is then
formed by taking the union of all M®, where p € P, ie, M =
Uper M (), Thus, a module is considered feasible if it contains a subset
of tasks that is not affected by the precedence constraints and has a
load that does not exceed the cycle time. Fig. 5 shows an example of
some feasible and infeasible modules with respect to the precedence
graph shown in the left hand side. In this example, the cycle time is set
to 100 and the maximum number of tasks per module is 3. Hence, it
is easy to notice that modules m,, m,, m; and m, are feasible modules,
since they respect both of the aforementioned constraints. However,
modules m|, m’, and m, are not feasible with respect to the precedence
constraints, the cycle time, or both.

The construction of M” consists in identifying, from a given prece-
dence graph, all the sub-graphs with a number of nodes not exceeding
rmax and which satisfy some additional constraints detailed below. To
achieve this, a new algorithm, named PAtTERN GENERATION, is developed
in this paper. Initially, the algorithm starts with a set of unitary
modules, i.e., composed of a single task. Then, for each of them, all
new possible modules are generated by adding new tasks (one at a
time) such that the precedence, capacity and cycle time constraints
are satisfied. To ensure that all the feasible modules are generated, the
stack data structure is used in order to store the current state of modules
under construction. Algorithm 4.1 provides a more detailed description
of this process.

Lemma 4.1. Let m be a feasible module. Then, any module m U {i}
satisfying the cycle time constraint is considered as a feasible one in terms
of precedence constraints iff the following condition is fulfilled:

(UwenS) NP\ (muti}) = (26)
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Algorithm 1 PATTERN GENERATION

Input: A directed acyclic graph G, a cycle time C and r,

max*

Output: A set £ of generated modules.

Step 1: Initialization.

1.1 Consider an empty stack X of modules and set £ :=¢ and k := 1.

Step 2: Module generation.

2.1 Generate a new module composed only of task k and push it to the stack X.

2.2 If X is not empty, then pop a new module m from X. Otherwise, go to Step 3.

2.3 Add m to L. If |m| < rp,,, g0 to Step 2.4. Otherwise, if |m| = r,,, g0 to Step 2.2.

2.4 Let j be the latest task added to m. For each i > j, generate a new module m U {i} and push it to X, if its load does not exceed the cycle

time, i.e., qum 4 ;

t, < C —t,;, and the intersection between all successors of m and all predecessors of i without taking into account mu {i} is

empty, ie., ((UyenS;) NP:)\ (mU {i}) = @. For the latter condition, see Lemma 4.1.

2.5 Go to Step 2.2.

Step 3: Analysis.

3.1 If k < |V|, then set k := k + 1 and go to Step 2. Otherwise, stop. The whole set £ of modules is generated.

[m] ~D— - —®:
- =4 mU{Z} L - -

Fig. 6. A simple illustration of an infeasible module.

Proof (=). Suppose the contrary. Namely, let m U {i} be a feasible
module that does not satisfy (26). This means that there exists a task
j &€ mu {i} which is at the same time one of the predecessors of task i
and one of the successors of the tasks composing m. The latter indicates
that j cannot be executed neither before nor after the completion of the
tasks belonging to the module m U {i}. Hence, j has to be in m U {i},
which is in contradiction with the supposition.

(<) Suppose the contrary. Namely, let a module m U {i} satis-
fies Eq. (26), but be infeasible. This will necessarily lead us to the
situation depicted in Fig. 6 and, as a consequence, of non-satisfying
(26). This contradicts the supposition. []

4.2. Constraint generation framework
Processing the whole ILP reformulation (18)-(25) may be a difficult

challenge because of the presence of constraints (25). Indeed, enu-
merating and using all the inequalities (25) can lead to a significant

increase in the total number of constraints, and render the reformu-
lation (18)—(25) inefficient since any feasible solution of (18)-(24)
usually violates only a few of inequalities (25).

Thus, to avoid the inefficiency in enumerating all constraints (25),
a more suitable algorithmic approach is proposed. The approach is
based on the constraint generation framework, generally provided by
any modern commercial solver, and consists in generating only the
violated constraints (25) during the search process in the nodes of
the search tree, while still solving only the ILP reformulation (18)-
(24). Commercial solvers can handle this efficiently, making them an
appropriate solution for such a problem.

More precisely, the search process involves two scenarios for the
current node in the search tree, depending on whether it is an in-
ternal or external (leaf) node. The former corresponds to a partially
constructed solution, while the latter refers to a complete admissible
integer solution. Algorithm 4.2 provides a detailed description of the
analysis for both cases. The main objective is to identify and add
violated inequalities (25) to the ILP reformulation (18)-(24) using
the LazyConstraints and UserCuts routines, depending on the
node’s scenario.

4.3. Heuristic based on the ILP reformulation

The idea of the proposed heuristic approach is based on the re-
duction of the search space for the ILP reformulation (18)-(25) by
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Algorithm 2 Two CASES OF NODE ANALYSIS

Case 1: The studied node is an internal node.

» Analyze the continuous relaxation of the corresponding partially constructed solution. If, for this relaxation, there exist a product p, a
machine k and two modules m; and m, such that (m,m,) € U,i”) and Airfl) et /1(;2 , > 1 then add into the ILP reformulation (18)-(24) the

constraint /1551) ot Afr‘l’; « < 1 using the both LazyConstraints and UserCuts routines.

Step 2: The studied node is an external (leaf) node.

+ Analyze the corresponding complete integer solution. If, for this solution, there exist a product p, a machine k and two modules m; and m,
such that (m;,m,) € U,Ep), /15"”]) =1 and AE:’Z) =1 then add into the ILP reformulation (18)-(24) the constraint Af:’l) et /1552) S using only

the LazyConstraints routine.

Feasible solution 1

ﬂ

d

Machine 1

Machine 2

Number of used modules = 4

Feasible solution 2

) ———— '\ Y — "
I o |
\—/| - J
! I : I
TEY A
I X I

| — )|
F A )1  \ I
! I : I
e =) |
I I

! ] ! l
\\k—// \\\ /,
Machine 1 Machine 2

Number of used modules = 3

Fig. 7. Two feasible solutions (left and right) having a different number of modules used in total.

considering only the modules that are common for all product config-
urations. More formally, instead of M and M ]ip), the heuristic handles
(18)—(25) with M and /T/I\,((”), respectively, such that M = {me M :
m € M® for each p € P} and J/VI\J({”) = Mlip) N M. Let us consider
Fig. 7, which depicts two feasible solutions (1 and 2) of a problem with
Fmax = 2 and |P| = 3. The first solution on the left uses four modules,
whereas only three are required (as shown in the second solution on
the right). In the first solution, the bold module (with tasks 2 and 3)
is common to configurations 1 and 2, but not to configuration 3. Thus,
additional modules are needed for the last configuration. To avoid such
situations, the heuristic excludes modules that are not shared between
all product configurations, leading more quickly to a solution such as
Feasible solution 2. It is not difficult to see that in this case M can be
taken as (,cp M.

In what follows, the module exclusion process mentioned above
is referred to as module filtering. Module filtering can be an effective
approach to quickly reaching an optimal solution for most instances,
as demonstrated in the computational results section. However, there
may be tricky instances where an optimal solution can be composed
of different (uncommon) modules. For example, consider Fig. 8, which
shows two precedence graphs and let r,, = 3. In this case, module
filtering results in a solution that uses five common modules, while
an optimal solution requires only four modules: m| and m), for the
first product configuration, and mg and mg for the second product
configuration. This highlights that the module filtering approach can
only be considered as a heuristic one, even though this scenario did
not occur in the tested instances.

5. Computational results

This section reports the experimental results of three developed
approaches. Namely, the compact formulation (1)-(17), the ILP refor-
mulation (18)-(25), and the ILP reformulation (18)—(25) with module
filtering, hereafter referred to as the heuristic approach. As a reminder,
the last two ILP reformulations are both handled within the constrain
generation framework. The experiments were conducted using ILOG
CPLEX 12.10.0 installed on a 1.90 GHz Intel(R) Core(TM) i7-8650U
computer with 32 GB RAM. The well-known reference data instances
from Otto et al. (2013) were used. The compact formulation was tested
only on a set of small-size instances with |[V| = 20, while two sets
of small- and medium-size instances, with |V| = 20 and |V| = 50,
were respectively used for the ILP reformulation and the heuristic
approach. This decision was based on the observation that the compact
formulation exhibited poor performance for small-size instances, so
testing it on larger ones was deemed unnecessary. In addition, the well-
known COMSOAL heuristic, developed by Arcus (1965), was employed
to provide CPLEX with a warm-start feasible solution for each instance.
To do this, the classic COMSOAL method was applied to each product
p € P separately in order to build its feasible configuration, simply
considering any task as a module of size one. This results in a feasible
solution whose number of modules equals the number of tasks. The
reason for adding this algorithm is that CPLEX was unable to find a
feasible solution for some complex instances within the 600-second
resolution time limit.

All the instances were grouped into three distinct series based on the
density of their precedence graph, which is measured through its order

strength (0S), defined as %, where E® = {(i,j): i€V and
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Fig. 8. Example of an optimal solution that is not composed of common modules.

Table 1 Table 2
Enumeration of three series. Computational results for the compact ILP formulation for |V| = 20.
Series 1 2 3 |P| Finax oS #Instances #0PT Avg. CPU, (s.) Avg. GAP, (%)
os ~0.2 ~0.6 ~0.9 1 3 3 177.77 ®
2 2 199 74 293.05 20.86
) 3 68 10 331.32 21.34
1 3 2 11.21 10.00
Jj€E SI.(" )| is the set of arcs in the transitive closure of G®. A higher OS 3 2 199 29 2292.50 23.97
value indicates a denser precedence graph. The three series correspond 3 68 4 251.27 25.57
to instances with an OS ~ 0.2, OS ~ 0.6, and OS ~ 0.8 (as shown 1 2 0 o 21.20
in Table 1). To construct an instance with three products, one simply 2 2 193 1 568.00 41.60
needs to select three consecutive instances from the same series. 3 3 65 0 © 41.90
Additionally, the cycle time C” corresponding to the product p € P 1 2 0 © 43.70
. ) . 3 2 193 0 e 52.04
is set to [1.5 cMaXey 1 ], whereas the number of machines and the 3 5 o 5 51.24

maximal number of modules per machine are respectively fixed to

W= r;gl;g{ {1,2. ZIEP)/C(IJW } and

ieV

k
M. = Maxmax { k : P <c® }
‘max peP { ; T =
where (7, 7, R 2, is a permutation of V' according to the non-
decreasing order of the task processing times tl(.”), where i € V and
peEP.

5.1. Comparison of ILP formulations

The experimental results for small-size instances with V| = 20,
using the compact ILP formulation and the ILP reformulation, are
presented in Tables 2 and 3, respectively. In both tables, the first
column shows the number of products, while the second and third
columns indicate the maximum number of tasks per module and the
OS series, respectively. The fourth column displays the total number of
instances in each series. The number of instances solved to optimality
and their average CPU time are given in the fifth and sixth columns,
respectively. Finally, the last column shows the average GAP for the
remaining instances that were not solved to optimality within the
specified solving time limit of 600 s. The computation of GAP involves
comparing the objective function value of the best-found solution (UB)
with the lower bound value (LB) determined by CPLEX. It is expressed
as GAP = 100% - (UB — LB)/UB.

Analyzing the results reported in Table 2, it is evident that the
compact ILP formulation is inefficient, with only 11% of instances
solved to optimality and a relatively high GAP for the remaining
89% of them. Another noteworthy observation is that as the OS of
instances increases, so does the average GAP. This is mainly attributed
to the increasing number of precedence constraints, which burdens the
model and makes it challenging for CPLEX to improve the upper and
lower bounds. Hence, based on these findings, testing the compact ILP
formulation on larger instances was deemed unnecessary.

(&) All optimal solutions were found within the time limit of 600 s.
(©) No optimal solution was found within the time limit of 600 s.

In contrast to the compact ILP formulation, the ILP reformulation
shows better performance on the same instances. The obtained results,
as shown in Table 3, indicate that 99% of instances corresponding to
|P| = 2 were solved to optimality in less than a minute. For these
instances, the number of generated modules for r,, =2 (resp. ry, = 3)
ranges from 79 to 192 (resp. 81 to 722), with an average of 138.43
(resp. 365.95). As expected, the number of generated modules increases
with both r,,, and the number of products, making the problem more
challenging. This can be observed in the results, where less instances
with | P| = 3 were solved to optimality. However, the ILP reformulation
was still able to reach the optimal solution for 92% of the instances. For
the remaining 8%, the obtained average GAP is relatively low. Similar
observations can be made for instances with |P| = 4, where the ILP
reformulation found optimal solutions for 80% of the instances within
a reasonable CPU time.

When dealing with medium size instances with |V| = 50, the ILP
reformulation reaches its limit as it can be seen in Table 4. Out of the
614 instances with | P| = 2 considered in the experiments, only 33 were
solved to optimality by the solver, while the rest remained unsolved
within the time limit. Moreover, the relatively high average GAP for
these unsolved instances suggests that they were difficult for the solver
to handle. This difficulty can be attributed to the larger number of
constraints and decision variables resulting from a larger set of feasible
generated modules, where the average number of generated modules
for instances with |P| = 2 (resp. |P| = 3) is 2039.25 (resp. 2512.76)
ranging from 266 to 15854 (resp. 311 to 17 565) modules.

5.2. Comparison of the ILP reformulation with and without module filtering

In this subsection, we compare the ILP reformulation with the
heuristic approach that uses a filtering technique. Fig. 9 displays two

bar plots for r,, =2 and r,,, = 3, respectively. Each plot shows the
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Fig. 9. A comparison between the average number of generated modules with and without the filtering algorithm for |V| = 20.

Table 3
Computational results for the ILP reformulation for |V| = 20.

|P| Fimax oS #Instances #0PT  Avg. CPU, (s.)  Avg. GAP, (%)
1 3 3 1.72 ]
2 2 199 199 8.36 @
9 3 68 68 2.39 =]
1 3 3 2.93 <]
3 2 199 193 51.66 16.28
3 68 68 11.03 2]
1 2 2 1.25 52}
2 2 193 190 48.47 9.10
3 3 65 65 11.57 2]
1 2 2 5.32 @
3 2 193 158 106.08 28.15
3 65 64 20.32 11.10
1 1 1 3.95 (&3]
2 2 188 174 64.45 14.98
4 3 62 62 52.36 @
1 1 1 28.23 ®
3 2 188 101 128.51 34.64
3 62 58 94.46 22.78

() All optimal solutions were found within the time limit of 600 s.

Table 4
Computational results for the ILP reformulation for |V| = 50.

|P| Fimax oS #Instances #0PT Avg. CPU, (s.) Avg. GAP, (%)
1 15 0 e 50.00
2 2 218 8 241.86 37.23
9 3 74 10 348.74 15.61
1 15 0 <] 59.70
3 2 218 5 388.86 57.86
3 74 10 270.91 36.89
1 14 0 <] 50
2 2 218 0 <] 48.68
3 3 73 1 35.76 31.41
1 14 0 <] 74.49
3 2 218 0 (S} 59.68
3 73 0 e 45.84

(©) No optimal solution was found within the time limit of 600 s.

average number of modules generated with and without the filtering
algorithm for small-sized instances (|V| = 20) with |P| = 2, |P| = 3,
and | P| = 4. The orange bars represent the average number of modules
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without filtering, while the blue bars represent the average number of
modules with filtering. It is evident from the figure that the module
filtering approach significantly reduces the size of the set of modules.
Additionally, it is worth noting that the number of common modules
decreases with an increase in the number of products. This indicates
that the search space becomes narrower as the number of products
increases, leading to a faster attainment of good quality solutions.

Table 5 presents a comparison of computational results between the
ILP reformulation and the heuristic approach for small-size instances
with |V| = 20. The first three columns are similar to those in previous
tables. The fourth column displays the average solving time in seconds
for the exact ILP reformulation denoted as CPU;. The next column
shows the average solving time in seconds for the heuristic approach,
denoted as CPUy. Finally, the last two columns represent the average
percentage GAP between the best found upper bound and the upper
bound found by the exact and heuristic approaches. These gaps are
computed as: GAPE = 100% - (UB; — UB)/UB; for the exact approach
and GAPE = 100% - (UBy — UB)/UBg for the heuristic approach, where
UBg, (resp. UBy) is the upper bound found by the exact (resp. heuristic)
approach, and UB; = min{UBg, UB}.

Analyzing Table 5, it is interesting to notice that the heuristic
approach outperforms the exact one. In fact, the heuristic approach is
able to find the same optimal solution for all the instances that are
solved to optimality by the ILP reformulation. Furthermore, for all the
instances that were not solved to optimality using the exact approach,
the heuristic approach was able to find solutions of better quality. For
example, for the instances corresponding to |P| = 3, r.« = 3, and
OS = 2, the heuristic approach has found solutions with an objective
function value that was, on average, 20% better than those found by
the exact approach. In terms of solving time, the heuristic approach
was significantly faster than the ILP reformulation.

The comparison between the ILP reformulation and the heuristic
approach for medium size instances with || = 50 is presented in
Table 6. Similarly to the previous table, the heuristic approach outper-
forms the exact one in terms of finding the best quality solutions. This
is evidenced by the fact that GAPY is between 0 and 2.33 on average,
while GAPE shows that the exact approach finds solutions that can be
43%, on average, worse than the best solution found. However, both
approaches reach the time limit of 600 s for most instances, as shown
by the CPU time columns. This means that the solver is interrupted even
for the heuristic approach, and the solution can potentially be improved
if more time was allowed.
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Comparison of computational results between the ILP reformulation and the heuristic approach for |V| = 20.

|P| Finax os Avg. CPU, (s.) Avg. CPU, (s.) Avg. GAPE, (%) Avg. GAPE, (%)
1 1.72 0.39 0.00 0.00
2 2 8.36 1.64 0.00 0.00
5 3 2.39 0.40 0.00 0.00
1 2.93 0.43 0.00 0.00
3 2 51.66 5.22 0.26 0.00
3 11.03 0.25 0.00 0.00
1 1.25 0.87 0.00 0.00
2 2 57.04 7.89 0.00 0.00
3 3 11.57 1.12 0.00 0.00
1 5.32 0.60 0.00 0.00
3 2 195.77 23.51 5.03 0.00
3 29.24 0.69 0.00 0.00
1 3.95 0.58 0.00 0.00
2 2 104.33 18.36 0.79 0.00
4 3 52.36 1.87 0.00 0.00
1 28.23 0.61 0.00 0.00
3 2 347.12 43.10 20.72 0.00
3 127.08 1.51 1.22 0.00
Table 6

Comparison of computational results between the ILP reformulation and the heuristic approach for |V| = 50.

|P| Fimax os Avg. CPUy, (s.) Avg. CPUy, (s.) Avg. GAPE, (%) Avg. GAPE, (%)
1 600 600 7.24 0.00
2 2 587.42 440.18 41.37 2.14
9 3 566.19 469.49 10.36 2.14
1 600 600 6.59 0.00
3 2 595.36 539.03 26.96 0.41
3 556.44 454.75 43.44 2.33
1 600 600 0.00 0.00
2 2 600 585.80 25.18 0.04
3 3 592 565.11 24.51 1.34
1 600 600 0.00 0.00
3 2 600 574.45 16.05 0.03
3 600 559.24 41.94 0.87

The obtained results showed in Table 6 indicate that medium size
instances are challenging even when using the filtering approach. Al-
though the number of generated modules can be reduced as depicted in
Fig. 10, the problem size remains sufficiently large and therefore more
challenging to solve for the commercial solver.

6. Conclusion and perspectives

We have addressed the design of multi-product modular recon-
figurable lines in this paper. While existing research has focused on
designing single product lines, this paper proposes a solution for design-
ing multi-product lines composed of modular machines. Each machine
has a limited number of slots for installing modules, and the specific
modules required for each product are not known in advance. The goal
is to design a line configuration that meets the cycle time and task
precedence constraints while minimizing the total number of modules
used.

This paper introduces a compact ILP formulation that assigns tasks
to modules and then allocates them to available machines, as well as
an ILP reformulation based on a decomposition approach. The latter
involves generating the set of all feasible modules of limited size from a
precedence graph, followed by using the ILP reformulation to select the
optimal number of modules from this set. Additionally, a new heuristic
based on a module filtering algorithm is proposed, which reduces the
set of generated modules by selecting only common modules between
all the products.

Computational results demonstrate that the compact ILP formu-
lation is not efficient for solving small-size instances, while the ILP

11

reformulation and the heuristic approach are able to solve the same in-
stances to optimality in a matter of seconds. For medium-size instances,
the heuristic approach outperforms the ILP reformulation.

The limitations of the heuristic approach in solving medium-size
instances suggest the need for exploring alternative methods such as
heuristics or meta-heuristics, independent of commercial solvers. Ad-
ditionally, investigating economic trade-offs between size and number
of modules could be a fruitful avenue for future research. Specifically,
larger modules may reduce the number of modules required, but they
are also more costly to design and maintain, while smaller modules
may increase the cost and effort reconfiguration. Understanding this
relationship can help in making more informed decisions in the design
of modular lines.
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Appendix. Slot-based ILP reformulation

Decision variables:

* ¥, is equal to 1 if the module m € M is used in at least one
configuration, 0 otherwise.

. /IE,’,’Z is equal to 1 if the module m € M is assigned to the slot
e € E in the configuration corresponding to the product p € P, 0
otherwise.

min Z Vi (A1)
meM
Y Y @, i =1, VieV, VpeP (A2)
meM ecE
Y Y wan<c?, vkew, VpeP (A3)
meM e€Ey
MW <y, VmeM, Ve€E, VpeP A4
Y ey, A< Y N e ay, AL, Vi, j)e AP, Vpe P (A5)
meM e€E meM e€E
Y AN=0, Ye€ E, Vke W, Vpe P (A.6)
meM\MP
DA < Y A, Vee B\ {k-myy), VKEW, VpeP (A7)
meM meM

ym €1{0,1}, Vme M

M) e (0,1}, Vme M, Ve€ E, Vpe P

The objective function (A.1) remains the same as (18). Constraints
(A.2) imply that each task of each product has to be assigned to one
machine slot. Inequalities (A.3) ensure that for each machine, the
cycle time constraint corresponding to a given product is satisfied.
Constraints (A.4) express that a module is considered as ‘used’ if it
is assigned to at least one product configuration. Expressions (A.5)
guarantee that task precedence constraints between machine slots are
respected. Equalities (A.6) prevent each module m € M]((p) from being
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10. A comparison between the average number of generated modules with and without the filtering algorithm for |V | = 50.

Table A.7
Computational results for the slot-based ILP reformulation for |V| = 20.
|P| Fimax oS #Instances #0PT Avg. CPU, (s.) Avg. GAP, (%)
1 3 3 5.40 5]
2 2 199 194 40.56 9.10
2 3 68 68 17.28 ®
1 3 3 23.00 5]
3 2 199 144 131.68 25.11
3 68 65 36.82 16.63
1 2 1 27.64 9.10
2 2 193 126 197.11 19.46
3 3 65 51 127.36 15.65
1 2 2 251.98 @
3 2 193 57 81.69 50.05
3 65 40 97.20 32.52

(&) All optimal solutions were found within the time limit of 600 s.

assigned in some machine slots. Finally, constraints (A.7) are used to
break symmetry by stating that a module cannot be assigned to the slot
e+ 1 € E,, if the slot e € E, is empty.

The slot-based reformulation was tested on the same instances with
the same parameters and using the same computer. The obtained
results, presented in Table A.7, demonstrate that this new reformulation
does not perform as well as the originally proposed one, namely (18)—
(25). This is primarily due to the large number of slots, which results
in a significant number of generated decision variables and constraints.
To provide a rough estimation, for instances corresponding to |P| = 2
and r,,, = 2, the number of slots per machine typically ranges from ap-
proximately 40 to 100. When comparing the number of instances solved
to optimality, the new formulation solves 754 instances over 1060,
whereas formulation (18)-(25) solves 1015 instances as presented in
Table 4. It should also be noted that the computational time required
for solving instances with the new reformulation is substantially longer
than for formulation (18)-(25).
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