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Abstract One of the simple assembly line balancing problems (SALBPs), known as
SALBP-E, is considered. It consists in assigning a given set V = {1, 2, ..., n} of elementary
tasks to linearly ordered workstations with respect to precedence and capacity restrictions
while minimizing the following product: number of used workstations x working time on
the most loaded one. The stability of feasible and optimal solutions for this problem with
regard to possible variations of the processing time of certain tasks is investigated. Two
heuristic procedures finding a compromise between the efficiency and the considered stabil-
ity measure of studied solutions are suggested and evaluated on known benchmarks.

Keywords Stability/sensitivity analysis - Uncertainty - Assembly line balancing problems

1 Introduction

A simple assembly line is a typical flow-oriented production system that consists of a num-
ber of workstations (rm > 2) aligned in a serial manner along a conveyer belt without buffers
between them. All workstations function simultaneously performing elementary tasks as-
signed to them. Tasks can be executed by an operator or using special automatic machines
installed at workstations. Identical product items are consequently launched down the line
and processed at every workstation in the order of its location. A workstation operates only
one product item at a time. In the common case of paced assembly lines, all product items
situated on the line are moved to the next respective workstation at the same time by some
kind of transportation system.
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All elementary tasks required for completing a product item constitute a given set
V ={1,2,...,n} associated with a vector t = (¢1, 15, ..., 1,) € R, of task processing times,
where ¢; is the processing time of task j € V and R, is the set of all positive real num-
bers. One principal design aim for such production systems is to assign set V of tasks to
workstations with respect to certain constraints while optimizing one or several objectives.

The set of tasks assigned to workstation k is denoted by V; (V, C V) determining its
load. The sum of task processing times from set Vi (#(Vi) =Y jev ! ;) defines the working
time on workstation k and must not be greater than line cycle time c, i.e. t(V;) <c. It is
evident that ¢ > f,.x = max{t; : j € V}. A workstation with the greatest working time is
called most loaded.

According to an assembly process, tasks cannot be carried out in an arbitrary sequence,
but are subject to precedence constraints. This type of constraints can be represented by
an oriented acyclic graph G = (V, A), where arc (i, j) belongs to A if task i cannot be
executed after task j.

One of the important issues of managing assembly lines is the balancing problem. With
regard to objectives used, simple assembly line balancing problems (SALBPs) are com-
monly classified (Rekiek et al. 2002; Tasan and Tunali 2008) into three types: minimize
the total number of opened workstations for a fixed line cycle time ¢ (SALBP-1); minimize
the working time on the most loaded workstation with a fixed number of workstations m
(SALBP-2); and if neither number of workstations nor line cycle time is fixed, maximize the
line efficiency (SALBP-E). The latter objective consists in minimizing the following prod-
uct: number of opened workstations x working time on the most loaded one. It should be
emphasized that all these problems are known to be A'P-hard (Scholl 1999, Chap. 2.2.1.5).

Note that SALBP-1 and SALBP-2 have been more intensively investigated than
SALBP-E (studied in this paper). One of the sparse but quite natural search methods for
SALBP-E was proposed in Rosenblatt and Carlson (1985), where an exact method for
solving SALBP-1 with ¢ = #,,,x is firstly applied. As a result, the minimal number m of
workstations is obtained for that problem. This number can be obviously considered as an
upper bound on the number of workstations for an optimal solution of SALBP-E. Thus, the
first product m -t is determined. After that sequentially decreasing m by one and apply-
ing an exact method for solving the corresponding SALBP-2, m — 2 respective products are
obtained. The minimal product value among m — 1 ones found in this way corresponds to
an optimal solution.

Currently, one of the important topics under assembly line design and balancing is the
task processing time variability engendered by the following frequent factors: instability of
operators performing tasks with respect to work rate, skill, and motivation; different material
composition of product items; changes in product and workstation characteristics; as well
as failure sensitivity of complex processes (workstation micro-stopping and breakdowns,
tasks execution inaccuracy). The works studying the processing time variability and dealing
with different types of ALBPs usually consider the following models: stochastic processing
times (Agpak and Gokgen 2007; Baykasoglu and Ozbakir 2007; Chiang and Urban 2006;
Erel et al. 2005; Gamberini et al. 2009; Liu et al. 2005; Urban and Chiang 2006); fuzzy
processing times (Gen et al. 1996; Hop 2006; Tsujimura et al. 1995). However, applying
these models in practice relates to some difficulties in determining an appropriate probability
or possibility distribution function for each task processing time.

In contrast to stochastic and fuzzy models, another approach was proposed in Sotskov
etal. (2006) for SALBP-1, where the influence of variations of task processing times (VTPT)
for optimal solutions already found for an original deterministic problem was investigated.
The main advantage in applying of this post-optimal approach compared with the mentioned
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above models is that it is sufficient to know only the set of tasks whose processing time can
vary. However, it can be successfully applied if the level of VTPT is not very high. The
principal goal of this approach is to determine the limit level of independent VTPT (named
the stability radius) for an optimal solution such that it remains optimal. The stability radius
is an appropriate measure of the credibility of found solutions in presence of VTPT. Thus,
for example, there is no need to reconstruct already found optimal solution if the VTPT not
greater than its stability radius. Otherwise it can lose its optimality and even feasibility, and
the construction of approximate solutions may become a more reasonable decision.

Notice that a similar approach was already studied for different types of combinatorial
optimization problems such as lot-sizing problem (Van Hoesel and Wagelmans 1993), trav-
eling salesman problem (Libura et al. 1998), minimum spanning tree problem (Pettie 2005),
knapsack problem (Belgacem and Hifi 2008), scheduling problems (Guinand et al. 2004;
Hall and Posner 2004; Petrovic et al. 2008; Sotskov et al. 1998, 2010); as well as for the
general form of integer and Boolean linear optimization problems (Emelichev et al. 2002;
Emelichev and Podkopaev 2010; Kiling-Karzan et al. 2009; Libura 1999; Libura and Nikulin
2006).

In this paper, the investigation of stability for both feasible and optimal solutions for
SALBP-E is presented. The rest of the paper is organized as follows. In Sect. 2 basic def-
initions and properties are introduced. A short illustrative example is presented in Sect. 3.
Sections 4, 5 and 6 are devoted to the calculation of the stability radius for feasible, quasi-
feasible (see the definition in Sect. 2), and optimal solutions, respectively. Heuristic pro-
cedures finding a compromise between the efficiency and the value of the stability radius
of a feasible solution is described in Sect. 7. Experimental results carried out on known
benchmarks constitute in Sect. 8. Final remarks and conclusions are given in Sect. 9.

2 Basic definitions and properties

For the basic version of SALBP-E, the following parameters are usually given: ¢ € R, and
m € N are maximal authorized values on the workstation working time and on the number
of workstations, respectively, that impose the so-called capacity constraints.

Definition 1 An assignment of tasks V' to workstations is called a feasible balance if neither
precedence nor capacity constraints are violated.

Hereafter, the set of feasible balances for a given vector ¢ € R} is denoted as Bz (1),
where each balance b is characterized by set {V], V), ..., Vri’b} of non-intersecting
nonempty subsets of V such that V =V} UV} U... UV’ determining set W? =
(1,2, ..., m?} of workstations in b.

The goal of SALBP-E can be expressed as follows:

Z(b,t):=m"-c(b,r) > min ,
beB£ (1)
where c(b, t) = max{t (ka ) : k € W} is the working time on the most loaded workstation of
balance b for vector ¢. Feasible balances with the minimum value of goal function Z(b, t)
are called optimal balances which constitute set By (¢). Obviously Bo () € B£ (7).
Two following evident properties will be used in the further presentation.

Property 1 For any two balances b, b° € B (t): Z(b,t) = Z(b°, 1).
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Property 2 For b € Bo(t) and b° e B(t) \ Bo(t): Z(b, 1) < Z(b°, t).

In this paper, we consider that set V contains two types of tasks:

e Uncertain tasks: their processing time can vary during the line life cycle. The set of such
tasks is denoted by V.

e Precise tasks: their processing time remains the same during the line life cycle. Such tasks
constitute set V \ V.

Without loss of generality, suppose that V= {1,2,...,n} and V \ V= (n+1,n+
2,...,n},where 0 <n <n.

VTPT from set V can be represented by vector & = (§1,&,...,&;,0,0,...,0) e R,
where §;, j € V, can be both positive or negative. Thus, the vector of task processing times
in a certain moment of the line life can be represented by the perturbed vector t* = (t; +
Enbh+&, . . i+ & i, . ).

Remark 1 In this study, it is supposed that t;‘ =max{0,7; +§&;}, je V.

Note that VTPT does not modify either the precedence constraints or the number of
workstations of an optimal or feasible balance, however, they can affect its optimality and
even feasibility. The feasibility of a balance can be lost, if the working time on the most
loaded workstation becomes greater than ¢ for a new perturbed vector *. An optimal balance
b found for original vector ¢+ may lose its optimality for some new perturbed vector ¢*, if
there is a balance b° € B£(¢t*) such that Z(b°, 1*) < Z(b, t*).

Note also that balance »b° respecting the precedence constraints and having m’ <m,
but ¢(b°, ¢) > ¢ can become feasible and even optimal for a new perturbed vector t*, if
c(b°,t*) < c. The set of such balances is denoted by Bz(¢) and its elements are called
quasi-feasible balances.

To correctly model possible VTPT, the Chebyshev distance between two vectors ¢ and 7’
from IR’} is introduced:

|t — || = max{|s; — | :i € V}.
This induces the notion of e-neighborhood of t over R, :
(@, 1) = {t/ e (t): ||t — t/|| < 8}, e>0,
where
W) ={reR:1,=1;,jeV\V}
Introducing R € {7, F, 0}, the following definitions are in the center of this study, where
F, F and O designate the feasibility, quasi-feasibility and optimality, respectively.

Definition 2 Balance b € B (¢) is called R-stable if there exists an e-neighborhood £2 (¢, 1)
such that for any ¢’ € £2(g, 1), b remains in B (), i.e. b is R-stable if the following condi-
tion holds:

Er(b,1):={e>0:Y1' € 2(e,1)(beBr(t))} #0.

Definition 3 R-stability radius pr (b, t) of balance b € B (¢) is defined as the least upper
limit of Er (b, 1), i.e.

pr(b,t) =sup Er(b,1).
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Fig. 1 Perturbation modeling
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Remark 2 1In this study, it is supposed that sup ¥ = 0.

A two-dimensional example of the introduced notions is given in Fig. 1.

The R-stability radius of balance b € B (¢) can be considered as the maximal radius
of an opened ball over (R”, || - ||) with the center at point ¢ such that b remains in By (¢')
whatever a perturbed vector ¢’ within this ball.

It is easy to see that b is R-stable (not R-stable) iff pr(b,1) > 0 (pr(b,t) = 0); and
po(b,t) < px(b,t) holds for any optimal balance b.

The goal of this paper is to evaluate the complexity of the R-stability radius calculation
and investigate the trade-off between its value and the efficiency of a balance studied.

In further, the following evident properties are used.

Property 3 If inequality Z(b,t) < Z(b°, t) holds for balances b and b°, then the following
is true:

e >0Vi'e (1) (2(b,1) <2 1)).

Property 4 For any balance b the following is true:
Ve >0Vt € 2(e,t) Yk e wb (t(ka) - e|‘7kb| < t’(ka) < t(ka) —|—8|‘7kb|).

Here W2 ={k e WP VP £ 0}, VI = VIOV (V) =3 jcpe 1]
Suppose

Kb.ny={keW":1(V})=cb.1)}. (1
In other words, K (b, t) is the set of the most loaded workstations of balance b for vector ¢.
Obviously K (b, t) is a non-empty set. For any feasible balance b such that W? = K (b, t),
the following parameter is introduced:
1(VO) —1(V)

V41V

Note that for any k € K(b,t) and [ € W> \ K (b, 1), t(ka) - t(Vlb) > (. Therefore, since
WP = ¢, then there is at least one pair of indices k* € K(b,t) and [* € W? \ K (b, t) such

A(b):min{ :keK(b,t),leWb\K(b,t)}. 2)
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Fig. 2 Precedence constraints ty =1 ta=1

T
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that |x7,31| + |‘7IIZ | # 0 and, as a consequence, A(b) > 0. It is supposed that A(b) = +o0 in
the case W? = K (b, 1).

Property S For any feasible balance b the following formula holds:

vi'e 2(a®).1) (c(br) = max (V). 3)

Proof Note that if W? = K (b, t) formula (3) is obvious. Therefore, hereafter we suppose
that W? # K (b, t). Using the definition of A(b), we have

Vke K(b,)VIle W\ Kb, 1) (AG(|V2|+ V) <e(VE)-1(VP). @
Whence, using Property 4, we derive

: b : b b
Jin 1) =z min {1(V) - A@)[Vl)
Property 4

>  max {t(V,b)—i—A(b)Wlb‘} > max  #'(V),

—— leWbP\K (b,1) —— leWP\K(b,1)
(€]

Property 4

where at least the first or the third inequality is strict that implies (3). ]

This property shows that if k ¢ K (b, ), then t'(V?) < ¢(b, ') for any perturbed vector ¢’
within A (b)-neighborhood. Therefore, as this will be shown below, the stability of a studied
balance closely depends on the assignment of tasks to workstations from K (b, t).

3 Example

In this section, an example is used to illustrate the notations introduced just before.

LetV={1,2,...,8},V={L,2,...,5},tr=(1,1,1,1,3.5,1.5,1,1), c=5,m =5. The
precedence constraints are represented by the acyclic direct graph shown in Fig. 2, where
the tasks from V are dotted.

Let b! be a feasible balance such that V?' = {1,2,3,4}, V2' = {5}, V' ={6,7.8}.
It is easy to calculate that 7(V?') =4, t(V}') = 3.5, 1(V?') = 3.5. Therefore, c(b, 1) =
max{t (V2), t(VE), t(VEh) =4, ie. Z(b', 1) = 12.

Let b2 be another feasible balance such that V2* = {1,3, 6}, V2" ={2,4,7}, V/* = {5, 8}.
As a consequence, t(Vlhz) =3.5, t(Vz”z) =3, t(V3”2) =4.5. Similarly, we obtain c(b, t) =
max{t (V?), t(VE), t(VF)} =45, Z(b*. 1) = 13.5.

Using (1), K(b', 1) = {1} and K (b?, t) = {3}, and according to (2):
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4—-35 4-35 1
A(b1)=min s =,
4+1 440 10
45-35 45-3 1
AP?) =min] 22722 2279 -
1+2 1+2 3

This means that within l—lo-neighborhood and %-neighborhood of ¢ the first and the third
workstations remain the most loaded ones for b' and b?, respectively.

Notice also that though Z(b',t) < Z(b?,t) the second balance is more interesting with
respect to the F-stability radius, since pz(b', 1) = 0.25 < pz(b?,t) = 0.5 (see Theorem 1).
Below Sect. 7 establishes a compromise between these two antagonistic objectives.

In the next section the behavior of feasible balances under VTPT is evaluated.

4 Feasible balances

Recall that balance b € B£(¢) can lose its feasibility for a new perturbed vector t* € R" , i.e.
b ¢ Bx(t*), only if the working time on its most loaded workstation becomes greater than c,
ie.if c(b,t*) > c.

The following theorem presents the formula of the F-stability radius calculation deter-
mined as the limit level of VTPT such that a studied feasible balance preserves its feasibility
within the bounds of this level.

Theorem 1 F-stability radius pr(b, t) of balance b € Bx(t) is calculated as follows:

c—t(vp
b, t) = min -~
pr(b, 1) e |ka|

(6))

Proof To simplify further the statement, the following notation is introduced: p and ¢ are
the left-hand and the right-hand sides of (5), respectively. Obviously, ¢ is a nonnegative
finite number due to inclusion b € B£(t).
To prove formula (5), we consequently show that inequalities p > ¢ and p < ¢ hold.
First let us prove that p > ¢. To do this, it is sufficient to check that

vi'e 2(p,1) (beBx(t)). (6)

If ¢ = 0 inequality p > ¢ is evident. Let ¢ > 0, ¢’ € 2(¢p, t). By definition of ¢ we have
Vk e WP (<p|‘7kh| <c-— t(Vk}’)).
Whence, using Property 4, we obtain
c—t' (VD) > c—(t(V) +o|VP)) =0, keW’.
Therefore, taking into account the following obvious inequalities ¢ > ' (V/), k € W’ \ w?,
we conclude that
Vi'e 2(p. ) Yke WP (c=1(VY)).

In other words, ¢ > ¢(b,t'), ' € 2(p, t), i.e. formula (6) holds.
Now let us show that p < ¢. The proof of the latter inequality is equivalent to the proof
of the following formula:

Ve>gp At eR(e,1) (b¢Bx(rY)). (7
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To prove formula (7), the definition of ¢ is used. By definition of ¢, there is k* € W? such
that (p|ka*| =c— t(ka*). Then, assuming ¢ > @, t* € £2(e, t), where

. {t,+3, if je Vb,
tj=

tj otherwise,
p<d<e,
we obtain
c—t* (V) =c— (t(VE) +8|VE]) = (0 — ®)| V2| <0.
It follows that c(b, t*) > c, i.e. b ¢ B (t*), and therefore (7) holds. O

Theorem 1 implies

Corollary 1 Balance b € Bx(t) is not F-stable iff the following is true:
e W’ (c=1(V})).

Proof Sufficiency. Let k € W such that ¢ = t(Vk”). Then from (5) we have p+(b, t) =0 and
therefore b is not F-stable.

Necessity. Let b € Bx(¢) be not F-stable, then pz(b,t) = 0. Whence, using (5), we
conclude that there is k € W? such that ¢ = t(ka ). |

Corollary 2 The problem of finding F-stability radius of balance b € B £ (t) is polynomially
solvable.

Proof An algorithm of finding p=(b, t) consists in the sequential analysis of the worksta-
tions of balance b and can be described as follows: for current workstation k € W* calculate
C_‘;%" ), if \7,(" # () (this takes O(le” |) computing time), otherwise the
next workstation is analyzed. This continues until either all workstations are analyzed or
workstation k € W such that @(k) =0 is found. In the latter case, p#(b, t) = 0, otherwise
pr(b, 1) = min, s @(k). Thus, in the worst case, where W? = W? and no ¢(k), k € W?,

equals 0, this algorithm takes linear time: (’)(Z;(":bl Ika D=0(V])=00m). O

expression ¢(k) =

Note that the introduced definition of stability is close to the definition of robustness (see,
e.g., Billaut et al. 2008) which can be stated as follows.

A studied solution of an optimization problem is called robust if small variations of the
initial data of this problem imply small changes of the solution performance.

Following this general definition, the F-stability radius calculated in polynomial time can
be considered as an appropriate measure of robustness of feasible balances. Since greater the
F-stability radius becomes, more robust a feasible balance is under VTPT.

The next section addresses to evaluate the 7 -stability radius for quasi-feasible balances.

5 Quasi-feasible balances
Recall that for any balance b € Bz(¢), inequality c(b, t) > ¢ holds. Despite of this, a quasi-

feasible balance may become a feasible one. This may occur if for a new perturbed vector
t* e R, c(b, t*) < c. However, if for a quasi-feasible balance there is a workstation without
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uncertain tasks and whose working time exceeds c, then this balance always remains quasi-
feasible.

In the sequel, the set of workstations of balance b with the working time exceeding c is
denoted by W?.

Theorem 2 For the f-stability radius p7z(b, t) of balance b € B#(t), the following inequal-
ity holds:
1V —c

pz(b,1) > max —ro—. ®)
keW?b |Vk |

Proof As in Theorem 1, the supplementary notation is introduced: p and ¢ are the left-hand
and the right-hand sides of (8), respectwely It is easy to see that ¢ can be equal to +o0. This
may occur if Vk = for some index k € W” and means that balance b will never become
feasible. Otherwise ¢ is a positive finite number due to inclusion b € B#(¢). Therefore,
hereafter we suppose that ka # ) for any k we.

To prove inequality (8), we show that inequality p > ¢ holds. To do this, it is sufficient
to check that

vi'e 2(p,1) (beBz(t)). )
If ¢ = 0 inequality p > ¢ is evident. Let ¢ > 0, ¢’ € £2(p, t). By definition of ¢ we have
e W (p|VE|=1(VL) -¢).

Whence, using Property 4, we obtain
'(VE)—c>(t(VE) - ‘P’ka* ) —c=0.
It follows that c(b, t') > ¢, ' € 2(p, t), i.e. formula (9) holds. O

Theorem 2 implies
Corollary 3 Any quasi-feasible balance is F-stable.

Proof Since for any balance b € B2(¢) the following inequalities ¢ > #(V?), k € W*, hold,
then we have pz(b, t) > 0 due to inequality (8). O

Corollary 3 means that there is ¢* > 0 such that, whatever a perturbed vector ¢’ within
£2(g*, t), no quasi-feasible balance becomes feasible one. As a consequence, the F-stability
radius of a quasi-feasible balance is never equal to zero.

6 Optimal balances

The present section addresses to the stability of optimal balances under VTPT. The goal is to
find the conditions of existence of an e-neighborhood of ¢ (i.e. £2(e, t)) such that, whatever
a perturbed vector ¢’ within this neighborhood, an optimal balance remains optimal, i.e.
belongs to Bo (7).

In fact, there are two principal cases, where an optimal balance b can lose its optimality
for a new perturbed vector 7*:

e b loses its feasibility (this case was studied in Sect. 4);
e b remains feasible, but there is 5° € B2(¢+*) such that Z(b°, t*) < Z(b, t*).

@ Springer



274 Ann Oper Res (2012) 201:265-286

Following Properties 2, 3 and Corollary 3, the second case may occur under small VTPT
only if b° is also an optimal balance of the initial problem, i.e. b° € B, (1).
Let us introduce the following notation

T(b,1)={V}: ke Kb},

where 7" (b, t) represents the set that consists of sets of uncertain tasks assigned to the most
loaded workstations. Obviously 7" (b, t) # @, but can contain the empty set as its element.

Using evident inequality m® - c¢(b, t) > t(V), b € Bx(t), we have mp, > f’(%}, where
Mumin = min{m?® : b € Bx(1)}.

Remark 3 To simplify the description of the obtained results, it is supposed that m < 2m yy,.

Lemma 1 If for b, b° € By (¢) inclusion T (b,t) € T (b°, t) does not hold, then b is not
O-stable.

Proof If inclusion T(b t) € T (¥° 1) does not hold, then there exists at least one f €
K (b, t) such that set Vf does not belong to set T (b°, ).
Two cases are possible.

Case 1: \7;’ = (). This means that for any k € K (b°, t) we have kao £0.
Then, taking

- tj—S, if jeV,
oy otherwise,

where 0 < § < ¢ < min{A(b), A(b®)}, we obtain that t* € (e, ).
According to Properties 1 and 5, we get

b _ )
c(b,1*) = " keK(br)Zt =’ max{ztj "EK(b’)\”Z }

Property 5 JEV JEV
b b
= m’ -max t;, max ti =8|V,
?”/ {Z] J kEK(hJ)\{f}{ZI J ‘ k|}}
Vb= jevy jevy
b b b B0 0
=m" -max{c(b,t), max jc(b,t)—38|V, }:m -c(b,t = m’ -c(b,t
e.0. max {et.0 - 5[]} b.1) (v°.1)
Property 1
— . max t > « max t -4 V
keK 9.1 Z — kekK @0, t){ Z | ¢ }
]EVk Vbo#(/J keK(b" ) ]GVk
b“ 0 %
=m’ - max t : -c(b”, t7).
keK (b9,1) Z ( )

Vbo Propeny 5

Case 2: V;’ # (). Then for an arbitrarily chosen task p € V}’ we consider two subcases:
e Subcase 2.1: There exists a set ngo eT®°,1), g K®°, 1), such that p € ngo. Since
V;’ #* \7;’0, two subsubcases are possible:
e Subsubcase 2.1.1: There exists s € V;’ such that s ¢ V:O. Then, taking
{t_,« +6, ifje{p,s},

Zj

J otherwise,
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where 0 < § < €, we obtain that t* € £2(e, t). Using Property 1 and Remark 3, we obtain

b c(b,t*) m? . max t =m" - max E t], max t;‘
b 1€Wb b
Jjev; v

i

:mh-max{th—l—ZS max Zt} = ”.(c(b,t)—|—28)

ieWb\{
jerl? jev?t feK(b 1)
0 0 0
= m -c(bo,t)—i—ZmbS > m’ -c(bo,t)—i—mb )
——— ~—

Property 1 Remark 3

— 0 *

= m’ -max tj +46, max £

iewd?

2K (0,1) jEng[) i \{g} eVibU

=m"° ~max{ Z tj’-‘, max Z t;‘} =m?° -c(bo,t*).
jevl

0
ieWb \(g} jeV.bO

e Subsubcase 2.1.2: There exists s € \7;0 such that s ¢ \7;’ . Then, taking
ti+48, ifi=p,

={t—-9, ifi=s,
tj otherwise,

where 0 < § < ¢, we derive that t* € §2(¢, t) and, using Property 1, we have

c(b, 1) :m"-max Z r =mb -max{ Z f7, max Z tj*}
je erlZ j

= mb() -c(bo, t) +mbs > m?’ -c(bo, t) =m?’ - max
—_

lj, mZ(i].X tj
b7\ (g}
Property 1 Jjev, ;, e EVibo
0 0
=mb max{ E t7, max E t;‘}:mb ~C(b0,t*).
0
ieWh \(g} | b0
JjeV, g i

e Subcase 2.2: No set from 7" (b°, ¢) contains operation p. Then, taking

tj + 6, lfj =p,
J t otherwise,

where 0 < § < &, we obtain that t* € §2(e,t) and, using Property 1, we derive the same
results as in Subsubcase 2.1.2.

Resuming all the cases described above, we conclude that
Ve <min{A(b), A(B")} I* € 2(e, 1) (Z(b,1¥) > Z(b°, 1)),
ie.
Ve <min{A(b), A(b°)} 3 € 2(e,1) (b ¢Bo(*)).

From this & (b, t) = () and, according to Definition 2, b is not O-stable. O
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Lemma 2 If for b, b° € By (¢) inclusion Y (b,t) € Y (b°, 1) and equality m® = m?’ hold,
then the following is true:

Ve <min{A(b), A(b°)} V' eR(e ) (Z(b,t)<Z(°1)). (10)

Proof For any t' € £2(e, t), where ¢ < min{A(b), A(b°)}, taking into account Properties 1
and 5 and the representation of variations of uncertain tasks, we derive

/ —
o) = 20 kg{%;x{Z”Z%}

Property 5 JEV; jevh
0
= max {c(b,t)+ = max b’ t)+ i
UeT(b,t){ . 1) ZS’} <~ vere, t){ (v°.1) Zg]
jeu Property 1 jeu
< max {c(b°, 1) + $~}= max th = 0 1.
— UeT(bO,t){ ( ) ZU ! keK (b9,1) ZO )
T (b)Y (B0,1) J€ ]gvb Property 5

This implies (10). O

Lemma3 Let b, b° e By (1), Y (b, 1) C T (0°, t) and m® #* m" . Then the following is true:

o if) ¢ T (b°, 1), then b is not O-stable;

o if0 e (1), then
— if (b, t) # {0} and m® > m® then b is not O-stable;
— otherwise formula (10) holds.

Proof Let us consider two following cases.

Case 1: ) ¢ T (b°, t). Taking into account inclusion ¥ (b, t) € T (b°, t), we conclude that
@ ¢ T (b,t) and since T (b, t) and T (b°, t) are not empty sets (see the definition of T°(b, 1)),
then they consist of non- empty sets of uncertain operations.

e Subcase 1.1: m* > m” . Following the conclusions of Case 1, there exist an index
f € K(b, t) such that V” # @ and g € K (b°, 1) such that Vb V” Using this fact, we set

J

. . b
oo tj+4, ifjeVy,
1 otherwise,

where 0 < § < &. Therefore, t* € (¢, ¢) and due to m” > m"” and Property 1 we obtain

P.c(b,t*) =m" - max t—m max{Zt,, max t]*}

Wb Wh 3
ie jGVl ie \(/]jEVib
b b
=m’ - max ti +6|V;|, max t»} = boe, t) +mPs|V
DIUERLANE 301 NES 517
jer Jj€Y; feK(.t)
_ »0 0 be|T7b 0 B0 o700
= m ~c(b,t)+m 8|Vg c(b,t)+m 8|Vg |
Property 1, V}’ Vbo mb >mb°

0
=m" -max{ E 13, max t} -c(bo,t*).
% Ciewt\(g)

JEVy Jjev:
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e Subcase 1.2: m” < m? Settlng

[t]_"Lb()’ ifje{;kb(),kEK(bO,t),
t*z |Vk ‘
t

j otherwise,

where 0 < 8 < ¢ < min{A(b), A(b®)}, we get that t* € £2(e, t) and, taking into account
Property 5, we derive

*\ __ * __ . *
o(b.r7) =, max bt.i_kér,l(%f,){ 2 HZG}
J

evy ‘EV”\\7” je\7,f’
= max ti + t = max ti—&¢=c(b,t)— 4.
keK(b,t){ 2. Z(’ A )} keK(bt){Z ! } ®.1)
jevh\vp e

In the same way we obtain c¢(b°, t*) = c¢(b°, t) — 8. Therefore, due to Property 1 we have the
following:

Poc(b, t*) =mb - cb,t) —mPs =m" - (b, 1) — m"s
>mb. (bo ) m?’s = m? -c(bo, t*).
Resuming these two subcases, we conclude
Ve <min{A(b), A(°)} At € 2(e, 1)  (2(6° 1) < Z(b,1¥)). (11)

In other words, Zx (b, t) = { and, according to Definition 2, b is not O-stable.

Case2: J e T (b°,¢t). Letus consider two subcases.

e Subcase 2.1: (b, 1) # {#} and m” > m" . Since Y'(b, t) # {#}, then due to 1nclu510n
Y(b,t) €T (b°,¢t) there exist indices f € K (b,t) and g € K (b°, t) such that Vb V” £ (.
Therefore, repeating the same calculations as in Subcase 1.1, we derive the forrnula (1 1),i.e.
b is not O-stable due to Definition 2.

e Subcase 2.2: T'(b,t) = {#} or m® < m"". Then, according to Properties 1, 5 and
the representation of perturbations of uncertain tasks, for any ¢ € £2(e,t), where ¢ <
min{A(b), A(b%)}, we derive:

b / _ b,
o) =t m Sij=nt m {30+ T

Property 5 je ka j€ Vh j€ Vh

= h- b. .
S ——

jeu

_ »0 0 b )
—— Ugllfz}[)if){m c(b0) +m Zs]}

Property 1 jeu

=mb0~c(b0,t)+mb' max Zéfj:I.
jeu

If (b, t) = {0}, then maxyerp.r ZjeU “;‘j =0 and we obtain:

0
T=m" -c(b°t) +m® - max
( ) Uer (b, z)z J
0 0
< m” -c(b”,t - max &
~—— ( ) Uer O, r) Z
T (b,H)CT (h0,1)

@ Springer



278 Ann Oper Res (2012) 201:265-286

=m” . max {c(bo,t)—l-zgj}=mb0~c(b0,t’).

Uer (9,1 v

If Y (b, 1) # {#}, then m® < m*" and we have:

0
T < m” -c(bo, t) +m?. max ZEI
—— Uer®9,1) < U
TBHSTB0.1) €
Since e T , then max & > 0i|
[ ( ) Uer (9, z)Z =
0 0
< m"” -c(b’,t)+m’ - max &;
— ( ) Uer @, t)Z !
mb<mb0
I 0 b0 0
=m” - max {c(b’,t)+ S-}:m -c(b”,t).
s {0+ 3 .1)
In other words, we have formula (10). O

The results of Lemmas 1-3 and Corollaries 1 and 3 imply

Theorem 3 Balance b € Bo(t) is not O-stable iff at least one of two following conditions
holds:

o there exists k € W? such that ¢ = t(Vk ),
o there exists b° € By (1) such that the following is true: .
T, ) STE, 1) = m> £m”’ & B e T B°, 1) = (T (b, 1) £ B} & m* > m"))).

For two mentioned above partial cases of SALBP-E, namely SALBP-1 and SALBP-2
that can be expressed as follows:
SALBP-1: Z(b,t) :=m® — mingep - (1), ¢(b, 1) < ¢, m is not given,
SALBP-2: Z(b, t) :=c(b, t) — mingep (), C is not given, mbl =m,
Theorem 3 implies

Corollary 4 (Sotskov et al. 2006) Balance b € Bo(t) of SALBP-1 is not O-stable iff there
exists k € W? such that ¢ = t(ka).

Corollary 5 Balance b € By (t) of SALBP-2 is not O-stable iff there exists b° € By (t) such
that T(b,t) C T (b°, 1) does not hold.

Denote by O-Stab(b, t) the following decision problem: Is balance b € B, (1), O-stable?
Analyzing Theorem 3 and Corollary 5, it can be concluded that O-Stab(b, ¢) is a difficult
computing problem for SALBP-E and SALBP-2, since it is mandatory to know the whole
set of optimal balances. As a consequence, finding the corresponding O-stability radius is a
more difficult problem. However, a useful upper bound of the O-stability radius of balance
b € Bo(t) can be polynomially calculated for SALBP-E due to the inequality po (b, t) <
pr(b,t) and Theorem 1.

Corollary 6 For O-stability radius po (b, t) of balance b € Bo (b, t) of SALBP-E the fol-
lowing inequality holds:

c—t(V))
b,t) < min ———-.
po(b,1) < P |th|
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At the same time, problem O-Stab(b, t) is polynomially solvable for SALBP-1 due to
Corollary 4. An algorithm similar to that presented in Sect. 4 can be applied.

Let us remark that since for SALBP-1 the working time of workstations is only limited by
a fixed value ¢ and relations between them for different balances are not taken into account,
then in view of the reasonings presented at the beginning of this section, we conclude that
an optimal balance of SALBP-1 preserves its optimality under VTPT iff it remains feasible
and no quasi-feasible balance with less number of workstations becomes feasible. From the
latter proposition, Theorems 1 and 2 imply

Corollary 7 (Sotskov et al. 2006) O-stability radius po(b,t) of balance b € Bo(t) for
SALBP-1 is calculated as follows:
pob, 1) = min{p;(b, 1), , min {pz (b’ 1) ‘m? < mb}}.

'eB 2 (1)

Nevertheless, it follows that finding O-stability radius po (b, t) for SALBP-1 is also a
difficult problem, since it requires to know the whole set of quasi-feasible balances having
less workstations than for balance b.

7 Finding a compromise

It is clear that there is not a feasible balance with the minimal objective function value
and the maximal value of the F-stability radius at the same time. Therefore, in presence of
VTPT finding a compromise between these two antagonistic aims (minimizing the objective
function and maximizing the F-stability radius) is an important reasonable issue.

The concept of Pareto-optimality (Ehrgott 2005) is used in this paper as a compromise.
This means that the balances in which it is impossible to improve one of the aims with-
out making worse another one are sought for. Such balances are called efficient or non-
dominated.

To formally present set N'DB of non-dominated balances, the binary relation between
any two feasible balances b and b’ reflecting the Pareto dominant rule is introduced as fol-
lows:

b>b < Zb.n)<Z{l.1)&prb.1)=pr(b.1),

where strict inequality holds at least once. In the case where b > b’ we say that b dominates
b’ or b’ is dominated by b.
Thus, given set B of known (found) feasible balances, we have

NDB={beB:#' B (b'~b)}.

The goal of this section is to propose a construction approach of N'DB.
7.1 Description of a suggested approach

It is quite natural that finding set A"DB is a difficult problem. Therefore, developing con-
struction methods of appropriate approximations of N'D3 seems a justified choice.

To do this, a multi-start heuristic procedure is used. Each iteration of this procedure
consists of two phases: constructing a feasible balance (using heuristic H(c) described in
Sect. 7.1.1) and comparing it to these already known. Both phases are interchangeably re-
peated until a stopping criterion is satisfied.
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At the beginning of the heuristic procedure, an integer interval [Cpin, Cmax] 18 defined
determining the set of cyax — cmin + 1 admissible values for ¢. These values are sequentially
used at the construction phase. The value of c is originally initiated as ¢, and decreased
by one each C% time-period, where Tp,y is the available solution time.

max —Cmin+1

7.1.1 Heuristic H(c)

Given a current value of c, this heuristic constructs a feasible balance by assigning as many
tasks as possible to the current workstation. At the beginning, the current feasible balance
contains only one empty workstation. The heuristic assigns tasks to it until no tasks can
be added because of existing constraints. Then a new empty workstation is opened which
becomes current and the heuristic assigns tasks to it.

This continues until either all tasks are assigned and a feasible balance is obtained or it
is impossible to open a new workstation without exceeding m. In the latter case, the balance
is considered to be unfeasible. Therefore, it is excluded from consideration and a new one is
constructed.

Let b and k be the constructed balance and the index of the current workstation in it,
respectively. And let Vk” be the set of tasks assigned to workstation k of balance . To
choose an operation to be assigned to workstation k, the so-called Candidate List CL(k, c)
of tasks is generated. List CL(k, ¢) contains all tasks that can be assigned to workstation k.
This list is built in the following way: set of unassigned tasks is looked through and task j
is added to CL(k, ¢) if all following conditions are satisfied:

e all predecessors of j have been already assigned;
o t(VPU{jD =<ec.

If CL(k, c) = @, no more tasks can be assigned to the current workstation. A new work-
station is opened if it possible and CL(k 4 1, ¢) is built. Otherwise a task j is randomly
chosen from CL(k, c¢) and assigned to ka , CL(k, c) is rebuilt.

It is clear that less the quantity of uncertain tasks at a workstation, greater the F-stability
radius is. Thereby, it is required to assign uncertain tasks together at the same workstation
as little as possible. To do this, a task j can be randomly chosen from CL(k, ¢) only in the
case where uncertain tasks have not been assigned yet to the current workstation (Vk” =0)
or CL(k, c) is composed of only uncertain tasks (CL(k, c) N V= CL(k, c)), otherwise j is
chosen from CL(k, ¢) \ V.

To distinguish these two strategies, the notation H;(c) is used for the basic version of
‘H(c) heuristic and H;(c) for the second one.

7.1.2 Construction of NDB

A consecutive construction of N'DJ is used. At the beginning, sets B and N'DB are empty
sets, where 3 sequentially accumulates all feasible balances constructed by heuristic H(c),
while non-dominated ones constitute NDB which is regenerated each time when a new
feasible balance is obtained.

The analyze of a new found feasible balance b is based on the following three proposi-
tions which are valid due to the transitivity of > and internal and external stability of N'DB
(Ehrgott 2005).

Proposition 1 If there is b’ € BB such that b’ > b, then

o thereis b” € N'DB such that b" > b;
e 1o balance from N'DB is dominated by b.
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Table 1 Benchmark tests

Test name n fmin tmax fsum Cmin Cmax m oS Tmax
Buxey 29 1 25 324 27 54 13 50.74 300
Gunther 35 1 40 483 41 81 14 59.5 300
Lutz2 89 1 10 485 11 21 49 77.55 300
Mitchell 21 1 13 105 14 39 8 70.95 300
Roszieg 25 1 13 125 14 32 10 71.67 300
Sawyer 30 1 25 324 25 75 14 44.83 300
Wee-Mag 75 2 27 1499 28 56 63 22.67 300
Barthol2 148 1 83 4234 84 170 51 25.8 600
Lutz3 89 1 74 1644 75 150 23 77.55 600
Warnecke 58 7 53 1548 54 111 31 59.1 600
Barthold 148 3 383 5634 403 805 14 25.8 900
Heskia 28 1 108 1024 138 342 8 22.49 900
Kilbridge 45 3 55 552 56 184 10 44.55 900
Mukherje 94 8 171 4208 176 351 25 44.8 900
Tonge 70 1 156 3510 160 572 23 59.42 900

Proposition 2 [f there is b’ € N'DB such that b = b, then b € N'DB.

It is easy to see that if the condition of Proposition 2 holds, then balance &’ is excluded
from set N'DB.

Proposition 3 f no balance from N'DB dominates b, then b € NDB.

Propositions 1, 2 and 3 conclude that it is required to compare a new constructed feasible
balance b only with the current balances from N'DB, since if b is dominated, it is necessary
dominated by one of the balances from N'DB, otherwise b belongs to N'DB.

Thus, given a new constructed feasible balance b, the following sequence of operations
is done. If N'DB = (@, then b is the first constructed feasible balance and therefore it is
added to N'DB. If not, two cases are possible: there is a balance b’ € N'DB such that " > b,
then N'DB remains unchangeable due to Proposition 1; otherwise all balances from N'DB
dominated by b are excluded and b is added to N'DB in view of Propositions 2 and 3.

8 Computational experiments
8.1 Experimental conditions

The experiments were carried out on Pentium-IV (3 GHz, 2.5 GB RAM). The suggested

approaches have been implemented in C++ and evaluated on 15 well-known benchmark

tests of SALBPs (see http://www.assembly-line-balancing.de) presented in Table 1.
Besides the notations introduced above, Table 1 also gives

® Imin =min{t; : j € V} is the minimal task processing time;
® Imax = max({t; : j € V}is the maximal task processing time;
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Table 2 First approach

Test name #N'DBy Zmin Zay Zmax Pmin Pav Pmax
Buxey 5 282 304.2 343 2 3.8 5.67
Gunther 12 432 482 539 0 3.72 7.5
Lutz2 4 483 513.75 540 0 0.54 1
Mitchell 3 70 90.33 105 2.5 3.17 4
Roszieg 6 96 109.33 119 0 0.92 2
Sawyer 5 256 276.8 329 2.5 43 6.5
Wee-Mag 9 1504 1659.33 1952 0 3.17 5.5
Barthol2 7 4160 4301.14 4592 0 1.1 2
Lutz3 9 1540 1657.89 1890 0 1.63 2.75
Warnecke 6 1485 1537.17 1648 0.5 3.56 7
Barthold 9 4935 5160 5628 0.58 1.21 1.6
Heskia 9 682 843.11 1012 0.5 6.86 10
Kilbridge 7 368 452.71 534 0 3 4
Mukherje 8 3924 4096.13 4466 0 2.08 34
Tonge 10 3012 3166.5 3549 3 6.18 9

® faum = Z;zl t; is the sum of processing times of the given tasks;
e 0S= % is the order strength of the precedence constraints represented by graph

3

For each test, 33 % of tasks were chosen at random as uncertain. Available computational
time Tyx was limited by 300 s for tests where cpax — cmin < 50; by 600 s for tests where
50 < Cmax — Cmin < 100; and by 900 s for the rest.

8.2 Analysis of the obtained results

Tables 2 and 3 show respectively the performance of the considered approaches (first of
them using H;(c) heuristic and the second one H,(c)), where the following notations are
used: # is the cardinality of the corresponding set, N'DB; and N'DB, are the sets of the
non-dominated balances found by the first and the second approaches, respectively; Zn,
Z,., and Z,« are respectively the minimal, average, and maximal values of their objective
function; Pmin, Pav, and pmax are respectively the minimal, average, and maximal values of
their F-stability radius.

Table 4 presents the comparison between two developed approaches. Here N'DBy, is
the set of the non-dominated balances found mutually by two approaches. In other words,

NDBuy = {b e NDBUNDB, : #b' € NDB, UNDB, (b' > b)}.

Biue1 and By are the sets of the balances from N'DBy,,, found only by the first or the
second approaches, respectively, i.e. Byt = NDBuy N NDB; and Buyo = NDByy N
NDB,. ® and O, are the percents of balances from N'DB; and N'DB,, respectively, which
belong t0 N'DBpy, i.e. O = el - 100 % and © = ;22 - 100 %.

Analyzing the obtained results, it can be concluded that generally the first approach pro-

vided better results than the second one. For example, the first approach found on average
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Table 3 Second approach

Test name #N'DB, Zmin Zay Zmax Pmin Pav Pmax
Buxey 3 287 311.67 328 3 4 5
Gunther 11 432 483.91 560 0 3.44 7
Lutz2 3 483 517.67 570 0 0.5 1
Mitchell 3 70 90.33 105 2.5 3.17 4
Roszieg 6 96 109.33 119 0 0.92 2
Sawyer 5 256 284.6 318 2.5 4.6 6
Wee-Mag 6 1519 1612 1705 1 341 5
Barthol2 7 4150 4220.43 4292 0.33 1.05 2
Lutz3 4 1548 1569.75 1599 0 1.27 2
Warnecke 9 1485 1546.11 1648 1.5 4.27 7
Barthold 7 4935 4989.43 5120 0.3 0.96 1.67
Heskia 11 682 902.73 1080 0.33 5.92 8.88
Kilbridge 6 368 461.17 621 0 2.77 4
Mukherje 14 3924 4076.36 4410 0.43 3.02 5.75
Tonge 9 3018 3473.88 4202 1.66 7.1 10.67

Table 4 Approaches comparison

Test name #NDBmut #Bmut-1 o1, % #Bmut-2 @,, %
Buxey 5 5 100 1 33.33
Gunther 13 12 100 4 36.36
Lutz2 4 4 100 2 66.67
Mitchell 3 3 100 3 100
Roszieg 6 6 100 6 100
Sawyer 7 5 100 5 100
Wee-Mag 8 5 55.56 5 83.33
Barthol2 7 1 14.29 7 100
Lutz3 10 8 88.89 2 50
Warnecke 9 2 33.33 8 88.88
Barthold 5 2 2222 3 42.86
Heskia 9 100 0 0
Kilbridge 7 6 85.71 2 33.33
Mukherje 14 1 12.5 14 100
Tonge 10 5 50 5 55.56

7.27 non-dominated balances, where 70.83 % of them participate in N'DB,y, while the
second one found on average 6.93 non-dominated balances, where 66.02 % from them take
part in NDBy.

However, for three tested benchmarks the second approach provided substantially better
balances than the first one (see Barthol2’s, Warnecke’s, and Mukherje’s tests in Table 4).
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Fig. 3 Comparison of two approaches for Gunther’s test

And, as expected, although the second approach found on average less number of non-
dominated balances than the first one, it provided better results with respect to the F-stability
radius, since the average value of the F-stability radius is equal to 3.09 for the second
approach, whereas it is 3.02 for the first one.

The complementary character of these two approaches for several tests should be also
noted. For instance, for Barthold’s and Tonge’s tests each approach found approximately
a half of N'DBp,, without any common balances. Similarly, for Sawyer’s and Wee-Mag’s
tests, the same quantity of balances constituting set N'DBy, was found by each of the
approaches, but with a sufficiently small percent of common balances.

An interesting result was obtained for Mitchell’s and Roszieg’s tests, where exactly the
same set N'DB was found by two approaches and, as a consequence, all found balances
constitute set N'DBut.

The performance of two proposed approaches for Gunther’s test is shown in Fig. 3.
For a designer looking for a line configuration with the efficiency from [445, 460], be-
tween two balances b! and b? such that Z(b', 1) =448, pr(b',t) =1 and Z(b?, 1) = 450,
pr(b%, 1) = 2.67, the second one is more preferable, since its value of the F-stability ra-
dius is considerably greater than for the first one, in spite of an insignificant disbenefit with
respect to its efficiency.

9 Conclusions

In this paper, Simple Assembly Line Balancing Problem of type E (SALBP-E) was stud-
ied under variations of task processing times. The tasks’ uncertainty was modeled using
general concepts of stability analysis, i.e. by small perturbations of their processing time.
Conditions of stability, the formula, upper and lower bounds of stability radius for feasible,
quasi-feasible, and optimal balances were investigated. The computational complexity of
these problems was discussed as well. Polynomial time algorithm computing the stability
radius of feasible balances was suggested.
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Notice that for SALBP-1 and SALBP-2 similar results was derived here as corollaries
from the obtained outcomes of SALBP-E.

The concept of Pareto optimality was used to find a compromise between the objec-
tive function to minimize (expressing the efficiency of a feasible balance) and the corre-
sponding stability radius to maximize (reflecting its robustness). Two approaches to find
non-dominated balances in terms of Pareto optimality were suggested. These approaches
shown a complementary behavior in the numerical experiments on known benchmarks and
mutually found on average sufficiently large number of non-dominated balances.

The obtained results are interesting not only theoretically, but can be also useful under
preliminary design stage of assembly lines, where designers take into account the variability
of processing time for certain tasks and/or dispose only approximate information about the
desired efficiency or the robustness level of an assembly line being designed.
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