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Abstract
A min-max controllable risk problem, defined on combinatorial structures which are
either simple paths of a directed multigraph or spanning trees of an undirected multi-
graph, with resource dependent risk functions of the arcs or the edges, is studied. The
resource amount is limited, and the objective is to distribute it between the arcs or
the edges so that the maximum risk over the arcs of a simple path or the edges of a
spanning tree is minimized. Two new solution approaches are presented, which are
asymptotically faster than the solution approaches suggested in the literature.

Keywords Optimization · Min-max · Risk · Shortest path · Spanning tree ·
Controllable data

Mathematics Subject Classification 90B10 · 90C27 · 90C32 · 90C47

1 Introduction and literature review

Let E be a set of arbitrary elements, and let S(E) be a family of non-empty subsets
of E , which we call structures. Two examples of the sets E and S(E) are considered.
In the first, E is the set of arcs of a directed (multi)graph G = (V , E), and S(E) is
the set of all simple paths between two specified nodes of this graph. In the second, E
is the set of edges of an undirected (multi)graph, for which we keep the same notation
G = (V , E), and S(E) is the set of all spanning trees of this graph. We denote
cardinalities of the sets V and E as n and m, respectively.

Each element e ∈ E is associatedwith a real-valued resource variable xe, lower and
upper bounds le and ue on this variable, le < ue, and a risk function re(xe) = ue−xe

ue−le
.

The larger value of xe implies the lower risk associated with the element e. We call
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pairs (S, x) solutions, where S ∈ S(E) is a structure and x is a collection of the
variables xe, e ∈ S. The total resource amount

∑
e∈S xe is upper bounded by a given

number B. Input parameters le, ue, e ∈ E , and B are assumed to be non-negative
integer numbers. The studied problem is formulated as follows.

Problem Min-Max-Risk:

min
(S,x)

max
e∈S

{
ue−xe
ue−le

}
, subject to

∑

e∈S
xe ≤ B,

S ∈ S(E),

xe ∈ [le, ue], e ∈ S.

The problem Min-Max-Risk is introduced by Hu (2010) and it is motivated by
routing and network design applications. In the routing application, xe is the travel
time, and re(xe) is the travel risk over the segment e of a network. The objective is
to find a simple path between two specified nodes of the network and to determine
the travel time over each segment of this path such that the maximum segment risk
is minimized and the total travel time is upper bounded by a given number B. In
the network design application, xe is the cost of establishing a connection between
two nodes of the edge e of an undirected network, and re(xe) is the risk of failure of
this connection. The objective is to find a spanning tree comprising the established
connections and to determine the connection cost for each edge of this tree such that
the maximum edge failure risk is minimized and the total cost is upper bounded by B.
Hu (2010) develops O(n5) and O(nm3 logm) algorithms for the “simple path” and
“spanning tree” variants of the Min-Max-Risk problem, respectively, by employing
the general idea of the parametric search of Megiddo (1979).

Several problems similar to Min-Max-Risk have been studied in the literature.
Particularly, Álvarez-Miranda et al. (2014) (Section 3.1) investigate a min-max prob-
lem defined on Steiner trees of a series-parallel graph, and Chen et al. (2009a, b) and
Álvarez-Miranda et al. (2011, 2014) explore min-sum problems defined on simple
paths, spanning trees and Steiner trees.

Scheduling problems with job processing parameters controllable via allocation of
a limited non-renewable resource have been also studied, among others, by Cheng
et al. (1998, 2006), Grigoriev et al. (2007), Janiak and Kovalyov (1996), Janiak et al.
(2005), Ng et al. (2003), Shabtay and Steiner (2007), and Shioura et al. (2015).

In the next section, we establish new properties of the problem Min-Max-Risk
and cite those presented by Hu (2010). Then we employ these properties to reduce
the problem Min-Max-Risk, in which S(E) is the set of simple paths or spanning
trees, to a problem with a rational objective function, and contrary to Hu (2010),
employ Megiddo (1979) parametric search directly, which drastically reduces the
solution time of Min-Max-Risk in these cases. Section 3 presents a different solution
approach based on the bisection search. The paper concludes with a short summary
of the results and suggestions for extensions and future research.
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2 Problem properties and direct parametric search

In this section we make some useful simplifying assumptions, cite properties estab-
lished by Hu (2010), make new observations about the problem Min-Max-Risk, and
directly employ Megiddo (1979) parametric search to solve this problem for the “sim-
ple path” and “spanning tree” cases.

2.1 Simplifying assumptions and known properties

Observe that the problem Min-Max-Risk has a feasible solution if and only if there
exists S ∈ S(E) such that

∑
e∈S le ≤ B, or equivalently, minS∈S(E)

∑
e∈S le ≤ B.

If S(E) is the set of simple paths, then the latter condition is verified by solving
the shortest path problem with the non-negative arc weights le, e ∈ E . This can be
done, for example, by employing the original algorithm of Dijkstra (1959) or the
theoretically best O(m + n log n) algorithm of Fredman and Tarjan (1987). If S(E)

is the set of spanning trees, then the condition is verified by solving the minimum
weight spanning tree problem with the non-negative edge weights le, e ∈ E . This
can be done, for example, by the original algorithm of Borůvka (1926) (with a tie-
breakingmechanism for common edgeweights) or the theoretically best O(mα(m, n))

algorithm of Chazelle (2000), where α(·, ·) is the inverse Ackermann function.
Let r∗ denote the optimal solution value of the problemMin-Max-Risk. Obviously,

0 ≤ r∗ ≤ 1. Furthermore, r∗ = 0 if and only if there exists S ∈ S(E) such that∑
e∈S ue ≤ B, or equivalently, minS∈S(E)

∑
e∈S ue ≤ B. If S(E) is the set of simple

paths (or spanning trees), then the latter condition is verified by solving the shortest
path problem (resp. the minimum spanning tree problem) with the arc (resp. edge)
weights ue, e ∈ E . We exclude the trivial case r∗ = 0 from further consideration, and
without loss of generality, accept the following assumption.

Assumption 1 The problemMin-Max-Risk has a solution with optimal value r∗ such
that 0 < r∗ ≤ 1, or equivalently, (1) there exists S ∈ S(E) satisfying

∑
e∈S le ≤ B,

and (2)
∑

e∈S ue > B for all S ∈ S(E).

The following two properties are established by Hu (2010).

Property 1 (Hu 2010) If the problem Min-Max-Risk has a solution, then there exists

an optimal solution (S∗, x∗) of this problem such that r∗ = ue−x∗
e

ue−le
for each element

e ∈ S∗.

It follows from Property 1 that, if the problem Min-Max-Risk has a solution, then
the optimal values x∗

e can be calculated as x∗
e = ue − r∗(ue − le), e ∈ S∗.

Property 2 (Hu 2010) An optimal solution (S∗, x∗) of the problem Min-Max-Risk
satisfies the equality

∑
e∈S∗ x∗

e = B.

2.2 New observations and direct application of Megiddo’s parametric search

Let us introduce the function H(S) =
∑

e∈S ue−B∑
e∈S(ue−le)

and the following auxiliary problem.
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Problem Min- H: min
S∈S(E)

H(S).

In view of Assumption 1, H(S) > 0 for any S ∈ S(E). Furthermore, if the problem
Min-Max-Risk has a solution, then, taking into account Properties 1 and 2, we obtain

B = ∑
e∈S∗ x∗

e = ∑
e∈S∗ ue − r∗ ∑

e∈S∗(ue − le), which implies r∗ =
∑

e∈S∗ ue−B∑
e∈S∗ (ue−le)

.

In other words, r∗ is an upper bound on the optimal solution value of the problem
Min-H . The following property is crucial for the application of the parametric search
approach to solve the problem Min-Max-Risk.

Property 3 The optimal solution value of the problem Min-H is equal to r∗.

Proof Let r0 denote the optimal solution value of the problem Min-H . Then r0 ≤
H(S∗) = r∗ ≤ 1. We will show that r0 = r∗. Suppose the contrary that there
exists a structure S0 ∈ S(E) with value H(S0) = r0 < r∗. Then, by setting x0e =
ue − r0(ue − le), e ∈ S0, we obtain x0e ∈ [le, ue] and re(x0e ) = ue−x0e

ue−le
= r0 for

any e ∈ S0. Moreover, since r0 = H(S0) =
∑

e∈S0 ue−B
∑

e∈S0 (ue−le)
, we deduce

∑
e∈S0 x0e =

∑
e∈S0 ue − r0

∑
e∈S0(ue − le) = B. Therefore, (S0, x0) is a feasible solution of

the problem Min-Max-Risk, whose maximum risk value r0 is less than r∗, which
contradicts the optimality of (S∗, x∗). ��

Property 3 implies that the problemMin-Max-Risk reduces to the problemMin-H,
which is an example of the optimization problem with a rational objective function
studied by Megiddo (1979) and Radzik (1998).

Consider 0–1 variables yi , i = 1, . . . , k. Denote y = (y1, . . . , yk). Let D be a
feasible domain of the variable vectors y. The following two problems are studied in
Megiddo (1979).

Problem P1: min
y∈D

∑k

i=1
ci yi , Problem P2: min

y∈D

a0 + ∑k
i=1 ai yi

b0 + ∑k
i=1 bi yi

.

It is assumed that the denominator in the problem P2 is always positive. Let t∗ denote
the optimal solution value of the problem P2. Suppose that lower and upper bounds
tmin and tmax are known such that tmin ≤ t∗ ≤ tmax. The following theorem is proved
by Megiddo.

Theorem 1 (Megiddo 1979) If there exists a “basic” algorithm which solves the prob-
lem P1 within O(T ) elementary operations for any fixed weights ci = ai − tbi ,
i = 1, . . . , k, where tmin ≤ t ≤ tmax, then the problem P2 can be solved in time O(T 2).

The problem Min-H is a special case of the problem P2, in which k = |E | = m,
a0 = −B, b0 = 0, ai = ui , bi = ui − li , i ∈ E , D = {y = (y1, . . . , ym) | {i : yi =
1} ∈ S(E)}, tmin = 0 and tmax = 1. Observe that the weights ci = ui − t(ui − li )
are non-negative for any t satisfying tmin ≤ t ≤ tmax. Therefore, the O(m + n log n)

time algorithm of Fredman and Tarjan (1987) for the shortest path problem and the
O(mα(m, n)) time algorithm of Chazelle (2000) for the minimum weight spanning
tree problem can serve as the basic algorithm mentioned in Theorem 1.
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Fig. 1 Visual interpretation of the maximization problem

It follows from Theorem 1 that the problem Min-H , and hence, the problem Min-
Max-Risk is solvable in O(m2 + n2(log n)2) and O(m2(α(m, n))2) time for the
cases of simple paths and spanning trees, respectively. For the case of spanning trees,
Megiddo (1979) presents an alternative algorithm for the problem P2with O(T log n)

running time, where O(T ) is the running time of the basic algorithm, which reduces
the solution time of Min-H to O(mα(m, n) log n) in this case. Radzik (1998) presents
an O(mn) time algorithm for the maximization counterpart of the problem P2, in
which D is the set of paths between two specified nodes of an acyclic graph. It can be
used for the problem Min-Max-Risk in this case.

3 Bisection search

We have shown in the previous section that the problemMin-Max-Risk is equivalent
to the problemMin-H , which, in its turn, is equivalent to the following maximization
problem, whose visual interpretation is given in Fig. 1.

max
r∈[0,1] r , subject to

r ≤ H(S), ∀S ∈ S(E). (1)

The optimal solution value of the problemMin-Max-Risk is equal to themaximum
value of r , for which r ≤ min{H(S) | S ∈ S(E)}. Observe that, if the relation (1) is
satisfied for a certain r , then it is satisfied for all r ′ < r , and if it is not satisfied for
a certain r , then it is not satisfied for all r ′ > r . This observation can be employed
to solve the problem Min-Max-Risk by a bisection search over the range [0, 1] of
the min-max risk values r . In each iteration of the bisection search, the relation (1) is
verified. It is easy to see that (1) can be re-written as

B ≤
∑

e∈S

(ue − r(ue − le)), ∀S ∈ S(E),

which is equivalent to

B ≤ min
S∈S(E)

∑

e∈S

(ue − r(ue − le)).
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Table 1 Asymptotic running times

Problem Hu (2010) Parametric search for Min-H Bisection search for Min-H

Simple path O(n5) O(m2 + n2(log n)2) O((m + n log n) log W )

Spanning tree O(nm3 logm) O(mα(m, n) log n) O(mα(m, n) log W )

The verification of (1) for a given r , 0 ≤ r ≤ 1, reduces to solving the shortest path
problem or the minimum weight spanning tree problem with fixed non-negative arc
(resp. edge) weights ue − r(ue − le).

In order to be finite and efficient, the bisection search requires a sufficient gap
between the optimalmin-max risk value r∗ = H(S∗) and any othermin-max risk value

r = H(S) in the problem Min-H . Since H(S) =
∑

e∈S ue−B∑
e∈S(ue−le)

, this gap cannot be less

than 1/W 2, where W ≥ maxS∈S(E)

∑
e∈S(ue −le), for example, W = ∑

e∈E (ue −le).
Below we give a formal description of the bisection search. It operates with iteratively
adjusted lower and upper bounds L and U such that L ≤ r∗ ≤ U . Solution of the
problem minS∈S(E)

∑
e∈S(ue − r(ue − le)) is denoted as S(r).

Bisection search.

Step 1. Set L = 0 and U = 1. Determine S(L).
Step 2. If |U − L| ≤ 1/W 2, then output structure S∗ = S(L) with risk value r∗ =

H(S∗) and stop. If |U − L| > 1/W 2, then compute r = (L + U )/2. If
B ≤ minS∈S(E)

∑
e∈S(ue − r(ue − le)), then re-set L := r and repeat Step

2. If B > minS∈S(E)

∑
e∈S(ue − r(ue − le)), then re-set U := r and repeat

Step 2.

The bisection search can be implemented to run in O(T log W ) time, where T
is the time of solving the problem minS∈S(E)

∑
e∈S(ue − r(ue − le)). Recall that if

S(E) is the set of simple paths, then T = O(m + n log n), and if S(E) is the set
of spanning trees, then T = O(mα(m, n)). Table 1 presents the asymptotic run-
ning times of the algorithms in Hu (2010) and the two solution methods in this
paper.

4 Conclusions, extensions and suggestions for future research

In this paper, two new solution approaches for the problem Min-Max-Risk are sug-
gested, which are faster than those suggested earlier in Hu (2010). Note that the reverse
problem
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min
(S,x)

∑

e∈S
xe, subject to

max
e∈S

{
ue−xe
ue−le

}
≤ A,

S ∈ S(E),

xe ∈ [le, ue], e ∈ S,

is equivalent to

min
(S,x)

∑

e∈S
xe, subject to

S ∈ S(E),

xe ∈ [max{le, ue − A(ue − le)}, ue], e ∈ S,

and, since 0 ≤ A ≤ 1, it finally reduces to minS∈S(E)

∑
e∈S(ue − A(ue − le)).

Therefore, if S(E) is the set of simple paths or the set of spanning trees, then the
reverse problem is as easy as the corresponding shortest path problem or the minimum
weight spanning tree problem.

The bi-criteria problem with two independent criteria to find solutions (S, x),

which minimize the maximum risk F1 = maxe∈S

{
ue−xe
ue−le

}
and the total budget

F2 = ∑
e∈S xe, can be of a practical interest. An approximation of the set of Pareto

optimal solutions for this problem can be constructed by employing the general ε-
constraint method, described, for example, in Cheng et al. (1998), Ehrgott (2005) or
T’kindt and Billaut (2006). Let δ1 and δ2 be given absolute deviations of an approx-
imate solution from a Pareto optimal solution with respect to the maximum risk and
the total budget, respectively. Assume that 0 < δ1, δ2 ≤ 1. There can be two variants
of the ε-constraint method.

In the first variant, the problemMin-Max-Risk is solved for B = δ2, 2δ2, . . . , U2,
whereU2 is an upper bound on the total budget for the Pareto optimal solutions, which

is a multiple of δ2, for example, U2 =
⌈∑

e∈E ue
δ2

⌉
δ2. The set of approximate solutions

can be constructed in O(T2U2/δ2) time, where T2 is the time of solving the problem
Min-Max-Risk. It is easy to see that, for any Pareto optimal solution with values
(F1, F2) of themaximum risk and the total budget, there exists an approximate solution
with the corresponding pair of values (F ′

1, F ′
2) such that F ′

1 ≤ F1 and F ′
2 ≤ F2 + δ2.

In the second variant, the inverse problem is solved for A = δ1, 2δ1, . . . , U1, where

U1 = min{1,
⌈

1
δ1

⌉
δ1}. Again, it is easy to see that, for any Pareto optimal solutionwith

values (F1, F2) of the maximum risk and the total budget, there exists an approximate
solution with the corresponding values (F ′

1, F ′
2) such that F ′

1 ≤ F1 + δ1 and F ′
2 ≤

F2. The set of approximate solutions for the second variant can be constructed in

O(T1
⌈

1
δ1

⌉
) time, where T1 is the time of solving the reverse problem.
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In the future, it makes sense to study problems in which variables xe are integer
and to consider other practically interesting examples of the sets E and S(E). The
studied controllable risk model can be useful in other application areas such as robust
scheduling (Sevaux and Sörensen 2004), stock options portfolio margining (Coffman
et al. 2010), portfolio assets allocation (Scutellà andRecchia 2010) andmanufacturer’s
pricing decisions under the risk of demand uncertainty (Arcelus et al. 2011).
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