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v
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�$©¥¤��M�w�§°&¨��]¯
¡O¤�¢��0é§¡O©¥¢

1
®¥Åw¯'���§ª�¯%Õ�©��

�«¡�é]¡Oª5£«¡OÔ¥���(�w�§¤��w�,ª5¤�­w�V�w¯5¢�¡§�,¢5£�é��d�¬�w�,¢*£�¤�¯5¢
¡O¤�¢z�
ð ��ñHv~�«x���{2v<ÈO L ����xz��}=y)|�M��¥�]x��0÷¥�Rx���{@v "QP Ï
ÕÖÔ x ∈ S ∪ O , H ×­×2Ï ÔQÚ xv

i

Ù�ÓR%�Ó
Ù:Ú
ãíÒ'ä�Ú�Ù�ÓR%�Ó
Ò
ÕÖÓ@=ÃÙHÚ
xä)Ó
×-ØbÙ�< ÑÃÔ@Ó Ô

Si
ä�ÚiÙD< ÚDS�ÑRåÃã´ÔÖÕWÏ
×�Ð¢ÑÃÒ!ÕWÏPä
ÕWâÃã-Ú

vω T |v| = m UV,W ÚX%DÚRå�ÔQÚ
ã´Ò −→x v = (xv
1, . . . , x

v
m−1)

äA< Ó)å�ÔÖÕ+%�Ó ÔÖÕWÏ
×­ä�Ú
x
ÒRÚ
ÙHÓ ÔÖÕ+%DÚ
Þ6Ú
×¬ÔJY

v
Ú
Ø
Ô�äíÑ+Z�×-Õ�ÔQÚ
ÙBâÃã¢Ú

xv
i = 1 ⇐⇒ xv

i 6= xv
i+1

P Õ�ÙD< Ï
×'×�Ú�åRÏ
×¢Ø
ÕÖä�[
Ò*Ú�âÃã\< ãí×�Ú/Ø�Ú
ã´Ù:ÚeÚDSíÑ*åÃãÝÔÖÕÖÏ
×fÐ¢ÑÃÒ!ÕWÏPä
ÕWâÃã-Ú vω Ï
ã'âÃã-Ú4åGÚÃÙ�Ói×�< Õ0×2ÔÖÒ�ÏPä ãíÕÖÔíÐÝÓDØ4äA< Ó
Þ>=
Õ�ì ãíÕÖÔQÑ!Ø (Ï
×7Ï
Þ6ÚÃÔWÔÖÒ*Ó>%DÏ
Ù�Ï ×¬Ô@Ó
ÕKÒ*Ú
Þ6Ú
×2ÔjÙ�< ÕK×2ä
ÕWåGÚ
v
ä�Ú+ÙD< Ñ*åÃÒ
ÕKÔÖã´ÒRÚ�ä�ÚdåGÚ!Ø?%DÚRå�ÔQÚ
ã´ÒGØ ,

ëH¢
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n
 º��ÁM�§©�¯Mé��§©¥���§¤�¯

®¥�§¤��/¨�¡Oª5¢5£�¢5£��§¤¥¤��,ª#���w¯Bé]¡Oª5£«¡OÔ¥���w¯
x ∈ X = S ∪ O

�,¤�¨�¡Oª5¢5£��w¯
Xi
¢��,��¯0Õ�©��

X = ]1≤i≤nXi
�@äB¤��+� �§£�¯
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��¤¥£�ª���]� �5�¥¶M�
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ð ��ñHv~�«x���{2vÍ� P Ï
ÕKÔ Y = {−→x 1, . . . ,

−→x p}
ã´×¯Ú
×¢ØPÚ
Þ>=
Ù:Úiä�Ú?%DÚ*åPÔQÚ
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×¢Ø+åRÏ
Ò
Ò*Ú
Ø@ÐÝÏ
×�ä)Ó
×¬Ô/Ó
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Ò
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{x1, . . . , xp}
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C = λ.

n∑

i=1

|Xi|.|
−→
X i|

�
�
|
−→
X i| =

m∑

k=1

Xi,k
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æ yO{�Î�É�Ï�ÐÑ�Ñt K Ô@Ó
×2Ô�ä�Ï
×-×�Ñeã´×�Ú
×¢ØPÚ
Þ>=
ÙHÚ

X = {x1, . . . , xp}
ä�ÚI%DÚRå�ÔQÚ
ã´ÒGØX=
ÕK×2Ó
ÕKÒ*Ú!Øbä�ÚbÔ@Ó
ÕKÙ0Ù:Ú

m ( ÚÃÔ�ã´×Ú
×¬ÔÖÕ@Ú
Ò
n ≥ 2 ( ÔÖÒ*Ï
ã_%DÚ
Òiã´×�Ú�ÐÝÓ
ÒÃÔÖÕÖÔÖÕÖÏ
× (Xi)i∈[1,n]

ä�Ú�` ÔQÚ
ÙKÙHÚdâÃã-Ú
n∑

i=1

|Xi|.|
−→
X i|

Þ1ÕK×-Õ0Þ'Ó
Ù:Ú

�z�
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n · (p + m)
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Ẑ = (ẑ1,1, . . . , ẑ1,p, ẑ2,1, . . . , ẑ2,p, . . . , ẑn,p, ŷ1,1, . . . , ŷ1,m, . . . , ŷn,m)
ẑi,j = 1
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(
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ẑi,j) · (
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k=1

ŷi,k)
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¡O£������V®¥�(� ·¸�,¤�¯
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(Xi)
� ∑m

k=1 ŷi,k
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¡O�B¨�¡Oª5°&£B¢��§©¥¢��w¯F���w¯è¨�¡Oª5¢5£�¢5£��§¤�¯ Þ £ �¸�]� ∀j ∈ [1, p],
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i=1 ẑi,j = 1
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æ yO{�Î�É�Ï�ÐÑ�:� K Ô@Ó
×2Ô_ä)Ï ×-×�Ñ!Ø?c�Ú
×¬ÔÖÕ@Ú
ÒGØ
n,m, p ( ÑÃÔ@Ó
×2Ô�ä)Ï
×¬×�Ñ!ØaÙHÚ
Ø+Þ�Ó)ÔÖÒ!ÕWåGÚ!ØdÚÃÔN%DÚ*åPÔQÚ
ãíÒ!ØiØ
ãíÕ+%�Ó
×2ÔKØX9; Q ∈ Mn·(m+p)( 4 ) Ød)DÞ6ÑÃÔÖÒ
ÕWâÃã¢Ú�B; c ∈ # n·(m+p) B; A ∈ # p,n·(m+p) B; A′ ∈ # n·m·p,n·(m+p) B; b ∈ # p B; b′ ∈ # n·m·pe Ò�Ï ã�%DÚÃÒ

z ∈ 4 n·(m+p) ÔQÚÃÙeâÃã-Ú&ÙHÓ>FÃÏ
×�å�ÔÖÕÖÏ × q(z) = zt · Q · z + ct · z
ØÃÏ ÕKÔaÞ1ÕK×-ÕKÞ�Ó ÙHÚ5ØÃÏ
ãíØ�ÙHÚ!Ø
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A · z = b
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A′ · z ≤ b′ ,
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¡§�w���Ñ©¥¤ �,¤�¯��,°/Ô¥����®¥��¯5£��]¤�¡O©R¹<Õ�©¥£�¨��,©¥é��,¤�¢5�,¢5ª��»¨�¡Oª5¢
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Â�¡§�,©¥¤:®¥�w¯B¨¥ª��[�w�w¯�¯5©�¯z�
ÁM�§¢5ª���Ô¥©¥¢ ¯��,ª
¡(®¥�§¤��M®¥�Bª��,�]ª��§©¥¨2�,ª �,¤�¢5ª��0�,©R¹����w¯'¨¥ª����w�w¯�¯�©�¯'®¥�§¤�¢C���w¯C�,¤�¯��,°/Ô¥���w¯%®¥��¯5£��]¤�¡O©R¹è®�·¸�,¤�¢5ª�­w�
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êC�,¢5¢���� �§£�¯è�,£ Þ £��B�w¯5¢$¤�­w�w­w¯�¯
¡O£�ª��:®¥��� ¡O£�ª�� ¡O¨¥¨�¡Oª
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(Pi)i∈[1,np] Þ ©¥¤�,¤�¯��,°/Ô¥���#®¥�B¯5£��]¤�¡O©R¹
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®¥�0®¥�§°F¡O£�¤��M®¥�Mé]¡O���,©¥ª�¯

D
�¥ê'Â�¡§Õ�©��M¨¥ª��[�w�w¯�¯5©�¯ Þ Õ�©�¡O¤�¢4�(��©¥£ Þ �w�§¤�¢5£��,¤�®Rª
¡&®¥�w¯£�¤Ý� �§ª5°F¡O¢5£��§¤�¯%¯5©¥ªC¯
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¡O¢�¯ Þ ¯��w¯ ­,¢
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¡� �§¤��,¢5£��§¤¼®¥�#¢5ª
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ð ��ñHv~�«x���{2v æ5 ï yX�§�~�«xz���]x�}=yX� ËÇï^k è "6 ×�ÚiÓ
Ò*å
á�ÕÖÔQÚ*å�ÔÖã´ÒRÚRl�m W P Ú!ØÃÔjã´×7ä)Ï
ãn=
ÙHÚ�Ô < (Pi)i∈[1,np], V >
Ï�8o9

; V
Ú!ØÃÔjã´×­Ú
×¢Ø�ÚÃÞ&=ÃÙHÚ1ä�Ú+Ø
Õ�ì
×�Ó
ã�S5ä�Úfä)Ï
Þ'Ó
ÕK×�Údä�Ú?%�Ó
Ù:Ú
ã´ÒGØ

D; (Pi)i∈[1,np]
Ú!Ø
Ô�ã´×7Ú
×-Ø�Ú
Þ>=
Ù:Ú1ä�Ú�Ð2Ò*ÏPåGÚ!Ø!Ø!ãíØ1ä�Ú+Ù�ÓIF�Ï
Ò
Þ'Ú

Pi =< Vi, Si, ŝi, Ti >
Ó�%DÚ*å

• Vi
Ù�< Ú
×¢Ø�ÚÃÞ&=ÃÙHÚdä�Ú!ØaØ
Õ�ì ×2Ó
ã]S�äp< Ú
×2ÔÖÒ*ÑRÚ1äíÚ

Pi

• Si
ÙD< Ú
×¢ØPÚ
Þ>=
Ù:Ú1ä�Ú+Ø�Ú!ØfÑÃÔ@Ó ÔKØ

• ŝi
ØPÚ!ØdÑÃÔ@Ó ÔKØaÕK×-ÕKÔÖÕWÓ
ã]S

• Ti ⊆ Si × LSi
(Vi) × Si

ØÃÓGF�Ï
×2å�ÔÖÕWÏ
×7ä�ÚfÔÖÒ�Ó
×-Ø!ÕÖÔÖÕÖÏ
×
• Ls : Vi → D ∪ {⊥}

Ù�ÓIF�Ï
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äB¤��/� �§£�¯Ë�«¡0ª��,¨¥ª�­w¯��,¤�¢
¡O¢5£��§¤)®¥�%� ·µ¡Oª���Â¥£�¢��w�,¢5©¥ª��0��Â��§£�¯�£�� Þ £����w�§¤�é�£��,¤�¢C®¥�B®¥­
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�
�:�«¡
k
£�Å,°�� �w�§°&¨��]¯
¡O¤�¢��¬®R£�¢B¯�£����

¯5£��]¤�¡O���w¯�¢�¡§�,¢5£��g�¬� · £�¤�¯�¢
¡O¤�¢
k
®¥�0� ·¸�º¹¥­w�,©¥¢5£��§¤��

ð ��ñHv~�«x���{2v<íO L ����xz��}=y)|�M��¥�]x��0÷¥�Rx���{@v "QP Ï
ÕÖÔ v ∈ V , W ÚX%DÚ*åPÔQÚ
ãíÒ −→v u = (vu
1 , . . . , vu

m)
äA< Ó)å�ÔÖÕ+%�Ó ÔÖÕWÏ
×

ä�Ú
v
Ò*Ú
ÙHÓ ÔÖÕ+%DÚ
Þ6Ú
×¬ÔJY

u T |u| = m U Ú!ØÃÔ�ä�ÑrZ�×-Õ�ÔQÚ
Ùcâ�ã¢Ú
vu
k = 1 ⇐⇒ Luk

(v) 6=⊥

P Õ2ÙD< Ï
×'×�Ú4åRÏ
×¢Ø
ÕÖä@[ÃÒ*ÚeâÃã\< ã´×�Ú�Ø�Ú
ã´ÙHÚeÚDS�Ñ*å�ã´ÔÖÕWÏ
×iÐ¢Ñ
Ò
ÕÖÏPä ÕÖâÃã-Ú uω Ï
ã'âÃã-Ú4å!Ú
Ù�Ói×�< ÕK×¬ÔÖÒ�Ï.ä
ãíÕÖÔíÐÝÓDØ�äA< Ó
Þ>=
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×7Ï
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ÕKÒ*Ú
Þ6Ú
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¡wÄ��,ª*®¥�M°&£�¤¥£�°&£�¯��,ª%���M¤��§°/Ô¥ª��#®�·¸­,é§¡O��©�¡O¢5£��§¤¼®¥�0¯5£��]¤�¡O©R¹ �RëH¤)�
���,¢ Þ ¯5£�� ·¸�§¤¨¥ª��,¤�®$©¥¤$�,¤�¯
�,°VÔ¥���
Y = {vi1 , . . . , vip}

®¥�B¯5£��]¤�¡O©R¹ Þ �§¤è¨��§©¥ª5ª
¡V®R£�ª��0Õ�©����w�,¢%�,¤�¯��,°/Ô¥���M�w¯�¢C¡§�,¢5£��B�V©¥¤£�¤�¯5¢
¡O¤�¢
k
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��¤¥£�¢5£��§¤ ®¥�(� ·µ¡§�,¢5£�é]¡O¢5£��§¤

®�· ©¥¤¼�,¤�¯��,°/Ô¥���V®¥�#¯5£��]¤�¡O©R¹n���]� �5�¥¶0�
�Ëã  º�
ð ��ñHv~�«x���{2vìâ P Ï
ÕKÔ Y = {−→v 1, . . . ,

−→v p}
ã´×¯Ú
×¢ØPÚ
Þ>=
Ù:Úiä�Ú?%DÚ*åPÔQÚ
ãíÒ!ØfäA< Ó)å�ÔÖÕ+%�Ó ÔÖÕWÏ
×¢Ø+åRÏ
Ò
Ò*Ú
Ø@ÐÝÏ
×�ä)Ó
×¬Ô/Ó
ã]S

Ø!ÕHì
×2Ó ã�S
v1, . . . , vp ,H ×�×2Ï ÔQÚ −→

Y = (Y1, . . . , Ym)
Ù:Ús%DÚ*åPÔQÚ
ãíÒÿäA< Ó�å�ÔÖÕ'%DÓ ÔÖÕÖÏ ×¼ä�Ú#Ù�< ÚÃ×¢Ø�Ú
Þ>=
Ù:Ú�ä�Ú!Ø�Ø
Õ�ì ×2Ó
ã]S

{v1, . . . , vp}
Ù:Ú%DÚ*åPÔQÚ
ãíÒ&=
ÕK×2Ó
ÕKÒ*ÚfÔQÚ
ÙBâÃã¢Ú

Yk = 1 ⇐⇒ ∃j ∈ [1, p] (vj)k = 1 ( Õ@Ú −→Y = Supi∈[1,p] (−→v i UV,
ÆB£�¤�¯5£ Þ ��¡M�w�§¤�¯��§°&°F¡O¢5£��§¤�¯HÕ�©��'� ·¸�§¤&�w�§¤�¯5£�®¥­,ª��,ª
¡b�M��Â�¡§Õ�©��C­,¢
¡O¨�� uk
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�,ª
¡*�«¡B¯��§°&°��
®R©Ñ¤��§°/Ô¥ª���®¥��¯5£��]¤�¡O©R¹ ®�·¸�,¤�¢5ª�­w�F¨2�§©¥ªV�
Â�¡§Õ�©���¨�¡Oª5¢5£��F¡§�,¢5£�é��6�)�w�,¢#£�¤�¯5¢
¡O¤�¢z��ÁM�§©�¯V¡O�����§¤�¯(¨��§©¥ª(�w�,�«¡
� ¡O£�ª��¬¡OÔ�¯�¢5ª
¡§�,¢5£��§¤Ñ®¥�w¯0¨¥ª����w�w¯�¯�©�¯#®�¡O¤�¯0�����z¡O���,©¥�Ë®R© �w���¥¢#®�· ©¥¤��&¯��§��©¥¢5£��§¤Ñ�,¤ ¤��¬�w�§¤�¯5£�®¥­,ª
¡O¤�¢/Õ�©������w¯
�,¤�¯��,°/Ô¥���w¯�®¥�(¯5£��]¤�¡O©R¹)�,¢*¤��§¤»���w¯��,¤�¯��,°VÔ¥���w¯B®¥�#¨¥ª����w�w¯
¯5©�¯z�

êC�§¤�¯5£�®¥­,ª��§¤�¯B®¥�§¤��#���#¨¥ª��§Ô¥��Å,°��(¯�©¥£�é§¡O¤�¢iÎ
æ yO{�Î�É�Ï�ÐÑ��È K Ô@Ó
×2Ô+ä)Ï
×-×�Ñ
Ø6ãí×qÚ
×¬ÔÖÕ@Ú
Ò

n
ÚÃÔbã´×�Ú�Ó
Ò*å
á�ÕÖÔQÚ*å�ÔÖã´Ò*Ú!l�m W P < (Pi)i∈[1,np], V > ( Ú�Ôbãí×�ÚÚDS�ÑRåÃã´ÔÖÕWÏ
×�Ð¢ÑÃÒ!ÕWÏPä
ÕWâÃã-Ú

uω T |u| = m U ÔÖÒ*Ï
ã�%
Ú
Òfã´×�Ú�ÐÝÓ
ÒÃÔÖÕÖÔÖÕÖÏ
× (Ij)j∈[1,n]
äíÚ

I = [1, np]
ÔQÚÃÙ0Ù:ÚdâÃã¢Ú

m∑

k=1

(

n∑

j=1

((Yj)k · |Yj|))
Ô , â , Yj =

⋃

i∈Ij

Vi
Þ1ÕK×-ÕKÞ�Ó ÙHÚ

¶#¡O¤�¯Ë�w� ¨¥ª��§Ô¥��Å,°�� Þ ���w¯ Yj
¯��§¤�¢Ë���w¯��]ª��§©¥¨��w¯�®¥� ¨¥ª��[�w�w¯�¯5©�¯ Þ |Yj|

ª��,¨¥ª�­w¯��,¤�¢��*��� ¤��§°/Ô¥ª���®¥� é]¡Oª5£«¡OÔ¥���w¯
®�·¸�,¤�¢5ª�­w�w¯»¨2�§©¥ªÇ�w�w¯$�]ª��§©¥¨2�w¯ Þ �,¢ (Yj)k

ª��,¨¥ª�­w¯��,¤�¢�� � ·µ¡§�,¢5£�é§¡O¢5£��§¤ ®¥�:�«¡Ñ¨�¡Oª5¢5£�¢5£��§¤ �á� · £�¤�¯5¢
¡O¤�¢
uk

®¥�
� ·¸�º¹¥­w�,©¥¢5£��§¤��
ô��0ôg�0� a¯³¬�ÝÀ�©@¨ ¹jÀ)�­�¬ª
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®=�§©¥¢~�w�§°&°��'¨2�§©¥ª=���Ë¨¥ª��§Ô¥��Å,°��C®�·¸�§¨¥¢5£�°&£�¯
¡O¢5£��§¤&®¥�Ë�«¡��w�§¤�¯��§°&°F¡O¢5£��§¤&®�¡O¤�¯����w¯~�,£�ª��,©¥£�¢�¯ Þ ©¥¤��w�,ª5¢
¡O£�¤¤��§°VÔ¥ª���®¥�'ª�­w�,ª5£�¢5©¥ª��w¯'¯��§¤�¢�¤�­w�w­w¯�¯b¡O£�ª��w¯H¨2�§©¥ªH�§Ô¥¢��,¤¥£�ªË©¥¤¬¨¥ª��§Ô¥��Å,°��%ª��,¤�¢5ª
¡O¤�¢�®�¡O¤�¯Ë���Ë� °��§©¥���

MIQP
¦
�

ÁM�§©�¯�¡O�����§¤�¯*¢��§©¥¢�®�·µ¡OÔ��§ª�®»�w¯�¯b¡wÄ��,ª�®¥�b� ¡O£�ª��#®R£�¯5¨�¡Oª
¡32�¢5ª��V�«¡¬¤��§¢5£��§¤¼®¥�#¨¥ª��[�w�w¯�¯5©�¯ Þ ¢��§©¥¢B�,¤»�w�§¤�¯��,ª5é§¡O¤�¢���w¯ �w�§¤�¢5ª
¡O£�¤�¢��w¯*Õ�©¥£@���,©¥ª%¯��§¤�¢C��£�­w¯z�[Ó=�§©¥ª%�w�,�·� Þ �w�§¤�¯5£�®¥­,ª��§¤�¯ ©¥¤¥£�Õ�©��,°��,¤�¢ � ·¸�,¤�¯��,°VÔ¥���#®¥�w¯ ¯5£��]¤�¡O©R¹ V =
{vj | j ∈ [1, p]}

�XÁM�§©�¯=¡O�����§¤�¯~�w�§¤�¯5¢5ª5©¥£�ª��'©¥¤Vª��w�w�§©¥é[ª��,°��,¤�¢
(Xi)i∈[1,n]

®¥�H� ·¸�,¤�¯��,°VÔ¥��� ®¥�w¯=¯5£��]¤�¡O©R¹V¯��§©�¯
�«¡��w�§¤�¢5ª
¡O£�¤�¢��

(P ) : ∀i ∈ [1, n], v, v′ ∈ V (v ∈ Xi) ∧ (∃` ∈ [1, np] {v, v′} ⊂ V`) =⇒ v′ ∈ Xi ÞÕ�©¥£�� �§ª5°F¡O��£�¯��C����� ¡O£�¢HÕ�©��C®¥�,©R¹/¯5£��]¤�¡O©R¹¬­,¢
¡O¤�¢H�,¤&�,¤�¢5ª�­w�%®�· ©¥¤�°'�,°�� ¨¥ª����w�w¯
¯5©�¯=¯
�,ª��§¤�¢H¤�­w�w­w¯�¯
¡O£�ª��,°��,¤�¢
®�¡O¤�¯%���)��¯! °'�,°��)��¯! C�]ª��§©¥¨��)��¯! º�

²[�§£�¢
Z
���0é��w�,¢��,©¥ªB¯�©¥£�é§¡O¤�¢+Î
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Z = (z1,1, . . . , z1,p, z2,1, . . . , z2,p, . . . , zn,p, y1,1, . . . , y1,m, . . . , yn,m)
zi,j = 1

¯5£����(¯5£��]¤�¡O�
vj
�w¯5¢%¨¥ª�­w¯��,¤�¢M®�¡O¤�¯%� ·¸�,¤�¯��,°/Ô¥���

Xi

yi,k

¢�Õ2�
∀j ∈ [1, p], (vj)k · zi,j ≤ yi,kêC�¬é��w�,¢��,©¥ªV�w�§¤�¢5£��,¤�¢��,¤��w�§ª��&©¥¤��d���§£�¯0©¥¤��¬�]ª
¡O¤�®¥��¨�¡Oª5¢5£���®¥�w¯#£�¤Ý� �§ª5°F¡O¢5£��§¤�¯#¤�­w�w­w¯�¯
¡O£�ª��w¯#¨��§©¥ª#�«¡

ª�­w¯��§��©¥¢5£��§¤$®R©F¨¥ª��§Ô¥��Å,°��]��³����w�[®¥�%�«¡#¨¥ª�­w¯
�,¤��w��®¥�w¯�¯�£��]¤�¡O©R¹&®�¡O¤�¯����w¯��,¤�¯��,°/Ô¥���w¯��0¢5ª
¡wé��,ª�¯'���w¯Ëé]¡Oª5£«¡OÔ¥���w¯
zi,j
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yi,k
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¡O£�¤�¢��w¯&Õ�©¥£����,©¥ª¬¯��§¤�¢���£�­w�w¯z�
Ú��w¯�¢��0°F¡O£�¤�¢��,¤�¡O¤�¢a�¬�w�[®¥�,ª*�«¡¬�w�§¤�¢5ª
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(P )
¡zé��w�(�w�w¯*é]¡Oª5£«¡OÔ¥���w¯+Î

∀j, j′ ∈ [1, p] (∃` ∈ [1, np] {vj , vj′} ⊆ V` =⇒ ∀i ∈ [1, n](zi,j = zi,j′))êC�w¯0�w�§¤�¢5ª
¡O£�¤�¢��w¯(¯��§¤�¢M��£�¤�­z¡O£�ª��w¯#�,¢M¨��§©¥ª5ª��§¤�¢a�,¢5ª���¢5ª
¡O¤�¯5¨2�]¯
­w�w¯ Þ ¨��§©¥ª0��Â�¡§Õ�©��¬¡Oª��
Â¥£�¢��w�,¢5©¥ª��&�w�§¤�¯5£ �®¥­,ª�­w� Þ ¯��§©�¯����§ª5°��#°F¡O¢5ª5£��,£��,�����]�@��¡d� �§¤��,¢5£��§¤��¬�§¨¥¢5£�°&£�¯��,ª*¨¥ª��,¤�®�¡O���§ª�¯*�«¡f� �§ª5°��(¯5©¥£�é]¡O¤�¢��'Î

q(Z) =

m∑

k=1

(

n∑

i=1

(yi,k ·

p∑

j=1

zi,j)) =

n∑

i=1

(

m∑

k=1

yi,k) · (

p∑

j=1

zi,j)
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¡ ®¥�§¤��Ç¢5ª�Åw¯d� �§ª5¢��,°��,¤�¢è¯5£�°&£��«¡O£�ª������«¡:ª�­w¯��§��©¥¢5£��§¤Í®R©ò¨¥ª��§Ô¥��Å,°��¼� Þ �,¤¤��(°��[®R£��@¡O¤�¢0Õ�©��#���w¯*°F¡O¢5ª5£��w�w¯0®¥�(�w�§¤�¢5ª
¡O£�¤�¢��w¯z��äB¤��a� �§£�¯*©¥¤��V¯
�§��©¥¢5£��§¤¼£�®¥�,¤�¢5£���­w� Þ ¤��§©�¯M�§Ô¥¢5£��,¤�®Rª��§¤�¯®¥�§¤��/©¥¤¼ª��w�w�§©¥é[ª��,°��,¤�¢(�,¤

n
�w�§°&¨2�]¯
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Xi
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¡O¤�¢��:�«¡�� �§¤��,¢5£��§¤<®¥�»�w���¥¢&©¥¤��5� �§¤��,¢5£��§¤ ¡O©R¹R£���£«¡O£�ª��»®¥�§¤�¢����w¯�°&£�¤¥£�°V©¥°�¯¯��¤�©¥��¯! ¬¯
�§¤�¢
�§Ô¥¢��,¤�©�¯0�,¤

0
�,¢

1 Þ �,¢B¯5©Ý±F¯
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¡O¤�®¥�V¨�¡OªBª
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n · m · p
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¡O¤�¢��
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�º¹¥�,°&¨¥���
Γ = n · m · p

 C�,¢%�«¡d� �§¤��,¢5£��§¤¼¯5©¥£�é]¡O¤�¢��'Î

qΓ = q(Z) + Γ ·

n∑

i=1
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p∑

j=1

zi,j · (1 − zi,j)) + (

m∑

k=1

yi,k · (1 − yi,k)))
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MIQP "
(MIQP ) : min{g(x) = xt · Q · x + ct · x | A · x = b, A′ · x ≤ b′, x ∈ 4 n}
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Ú*å
c, b, b′

ä�Ú
Ø�%DÚRå�ÔQÚ
ã´ÒGØ6ÒRÑRÚ
ÙYØ%ä�Ú6Ô@Ó
ÕKÙ0Ù:Ú!Ø1Ò*Ñ!ØQÐ¢Ú*å�ÔÖÕ+%DÚ!Ø
n,m, p ( Q

ãí×�Ú�Þ'Ó ÔÖÒ!ÕWåGÚ'Ø*)
Þ6ÑÃÔÖÒ
ÕÖâ�ã¢Ú'Ò*ÑGÚ
Ù0Ù:Ú
ä�ÚfÔ@Ó
ÕKÙ0Ù:Ú

n × n ( A Ú�Ô
A′
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m × n
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(QP )
¯��§¤�¢$�w�§°&¨¥���º¹R�w¯z��ÁB�§©�¯$¡O�����§¤�¯F®¥�§¤��¼�
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� �§ª5°V©¥�«¡O¢5£��§¤ì®R©
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×2Ô α
ã´×�ÚiÞ�Ó)ÔÖÒ!ÕWåGÚiÒ*ÑGÚ
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m × n
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u
ã´×o%DÚ*å�ÔQÚ
ã´Ò�ä�Ú # n ,

(QPα,u) : min{gα,u(x) = xt · Qα,u · x + ct
α,u · x | A · x = b, A′ · x ≤ b′, x ∈ 4 n}

Ï�8 {
Qα,u = Q + 1

2(αt · A + At · α) + Diag(u)
cα,u = c − αt · b − u

³��=�w¯5¢M�,�«¡O£�ªMÕ�©��(¨��§©¥ªM¢��§©�¯����w¯
x
¢��,��¯MÕ�©��

A · x = b Þ �«¡'���§¤��,¢5£��§¤ gα,u(x)
�w¯5¢B­,��¡O���1�&�«¡'� �§¤��,¢5£��§¤

g(x)
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α
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¯
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��¨�¡Oª0�º¹R�,°&¨¥�����,¤¼¨¥ª��,¤�¡O¤�¢
α = 0
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u = −λ · 1
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min{g(X) | A·
X ≤ B,A′ · X = B′, X ∈ $ n}
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P = {X | A · X ≤ B,A′ · X = B′}
�w¯5¢¬®¥­w�w�§©¥¨2­Ç�,¤�©¥¤ò�,¤�¯��,°VÔ¥���

Πk = {P1, . . . , Pk}
®¥�è¨��O�
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P
�¬ðB¤¼®¥­,¢��,ª5°&£�¤���¡O���§ª�¯

µj = min{g(X) | X ∈ Pj}
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Pj Þ �w�,¢5¢�� ª�­w¯��§��©¥¢5£��§¤ ¯z·¸�
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µj∗ = min{µj | j ∈ [1, k]}
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∗
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{
Q1 = {X = (ξ1, . . . , ξn) ∈ Pj∗ | ξi ≤ bξ∗i c}
Q2 = {X = (ξ1, . . . , ξn) ∈ Pj∗ | ξi ≥ dξ∗i e}ðB¤q®¥­
��¤¥£�¢�¡O���§ª�¯
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α ∈ # m,n �,¢ u ∈ # n ¢��,�����w¯0Õ�©�� gα,u
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gα,u(X)
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MIQP

£�¤¥£�¢5£«¡O� Þ �,¢=Õ�©��H���w¯�°��,£������,©¥ª��w¯~é]¡O���,©¥ª�¯�®¥� α
�,¢

u
¨��,©¥é��,¤�¢��,¢5ª����§Ô¥¢��,¤�©��w¯~�,¤/¯
�§��é§¡O¤�¢����H¨¥ª��§Ô¥��Å,°��

SDQP
¯5©¥£�é]¡O¤�¢iÎ

�Ph



æ yO{�Î�É�Ï�ÐÑ��í~ 
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(SDQP )


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

min ct · x +
∑n

i=1

∑n
j=1 qi,j · Xi,j

Ô , â , Xi,i = xi i = 1, . . . , n (1)
−bk · xi +

∑n
j=1 ak,j · Xi,j = 0 i = 1, . . . , n; j = 1, . . . ,m (2)

A · x = b
A′ · x ≤ b′(

1 xt

x X

)
� 0

x ∈ # n, X ∈ Mn( # )
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X = {x1, . . . , xm}
Õ�©��»¤��§©�¯èé��§©¥���§¤�¯

¨�¡Oª5¢5£�¢5£��§¤¥¤��,ª��,¤ ®¥�,©R¹ì¨�¡Oª5¢5£��w¯
X1

�,¢
X2

¢��,�����w¯»Õ�©��
c(X1, X2) = |X1| · |

−→
X1| + |X2| · |

−→
X2|

¯��§£�¢
°&£�¤¥£�°F¡O���]�

äB¤»¤��[�,©�®»£�¤�¢��,ª5¤��/®¥�(� ·µ¡Oª5Ô¥ª��/®¥�w¯�¯��§��©¥¢5£��§¤�¯B�w¯5¢�®¥�§¤��(©¥¤¼¢5ª5£�¨¥���,¢
N = (X1, X2, Y )

�
�
X1

�,¢
X2¯��§¤�¢�� ·¸­,¢
¡O¢C¡§�,¢5©��,�2®¥�w¯Ë¨�¡Oª5¢5£�¢5£��§¤�¯C�,¢

Y
� ·¸�,¤�¯��,°VÔ¥���M®¥�w¯Ëé��w�,¢��,©¥ª�¯'ª��w¯5¢
¡O¤�¢/�0¨¥�«¡§�w�,ª ®�¡O¤�¯�¯��w¯H¨�¡Oª5¢5£�¢5£��§¤�¯��

ÁM�§©�¯%é��§©¥���§¤�¯�®¥�§¤��#¢5ª��§©¥é��,ª�©¥¤��b���§¤��,¢5£��§¤
d(N)

Õ�©¥£�¨��,ª5°��,¢5¢��V®�·µ¡§¯�¯5©¥ª��,ª+Î
æ yO{�Ì~yO����xz� t

∀N = (X1, X2, Y ) ∀X ′
1, X

′
2 (X = X ′

1 ] X ′
2) ∧ (X1 ⊆ X ′

1) ∧ (X2 ⊆ X ′
2) =⇒ d(N) ≤ c(X1, X2)

äB¤������§£�¯ ©¥¤��M¢��,������� �§¤��,¢5£��§¤¼­,¢
¡OÔ¥��£�� Þ �§¤)¨��,©¥¢*�w�§¤�¯5¢5ª5©¥£�ª��0� ·µ¡Oª5Ô¥ª��(®¥�w¯%¯��§��©¥¢5£��§¤�¯*�,¤)¨¥ª��D� �§¤�®¥�,©¥ª*�,¤�w�§¤�¯��,ª5é]¡O¤�¢B�«¡�°��,£������,©¥ª��V¯��§��©¥¢5£��§¤»¢5ª��§©¥é�­w�(¨2�§©¥ª*� · £�¤�¯�¢
¡O¤�¢
c Þ �,¤¼�z¡O���,©¥�«¡O¤�¢��¬��Â�¡§Õ�©��(¤��[�,©�®¼¡�	5�§©¥¢�­0�«¡é]¡O���,©¥ª0®¥�

d
��²�£

d(N) ≥ c
¡O���§ª�¯#�§¤ ¨2�,©¥¢a�,¢5ª��¬¯D�¥ª#Õ�©�·¸�§¤:¤���¢5ª��§©¥é��,ª
¡Ç¨�¡§¯0®¥��°��,£������,©¥ª���¯��§��©¥¢5£��§¤ �,¢

�§¤»¤��0��­,¤�Å,ª��(®¥�§¤��(¨�¡§¯%�«¡¬Ô¥ª
¡O¤���Â���¡§¯�¯��[�,£�­w�]�
� �[}�y§���wx��KÌ�}�����Ì=yO{�Ì�{��z�����

ÁM�§©�¯�¡wé��§¤�¯B®¥�§¤��(��Â��,ª��
Â�­V®¥�w¯/� �§¤��,¢5£��§¤�¯*é�­,ª5£��@¡O¤�¢��«¡�¨¥ª��§¨¥ª5£�­,¢�­è�0¨2�§©¥ª*¨��§©¥é��§£�ª��w�§©¥¨��,ª*�
±F�z¡§�w�º�
°��,¤�¢�� ·µ¡Oª5Ô¥ª��V®¥�w¯*¯��§��©¥¢5£��§¤�¯fÎ
�]�

d1(N) = c(X1, X2) + |Y | · min(|
−→
X1|, |

−→
X2|)�R�

d2(N) = c(X1, X2) + |Y | · min{|−→y | | y ∈ Y }¾R�
d3(N) = c(X1, X2) +

∑
y∈Y |y|��¡(¨¥ª��,°&£�Å,ª��*Â��,©¥ª5£�¯5¢5£�Õ�©��
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d1
¤�·¸�w¯�¢V¨�¡§¯��w�§°&¨�¡Oª
¡OÔ¥���5�
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�,¢

d3¡O©ò¤¥£�é��z¡O©Í®¥�Ç�«¡:Õ�©�¡O��£�¢�­)®¥�Ç°&£�¤��§ª
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¡O¤�¢�¯�®¥�
Y
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�w¯5¢
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d = max(d1, d2, d3)�§©¼Õ�©��,���w�§¤�Õ�©��/�w�§°VÔ¥£�¤�¡O£�¯��§¤ ®¥�V�w�w¯�Â��,©¥ª5£�¯5¢5£�Õ�©��w¯z���Ë·µ¡zé§¡O¤�¢
¡O����®¥�V�w�,¢5¢��(°�­,¢5Â��[®¥�V�w�§°&¨�¡Oª�­w�1�¬�«¡¬ª�­º�
¯��§��©¥¢5£��§¤$®R©

MIQP
¨¥ª�­w¯��,¤�¢�­w��¨¥ª�­w�w­w®¥�,°&°��,¤�¢%�w¯5¢�Õ�©�·¸�,������­,é[£�¢��%�«¡#¨¥Â�¡§¯���®¥�%ª�­w�,ª5£�¢5©¥ª��B�
�F©¥¤F¤��§°VÔ¥ª��
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¡O¤�¢0®¥�Vé]¡Oª5£«¡OÔ¥���w¯B¯
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¡§¯
¯��,ªB®R©
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¨�¡Oª%���w¯ °�­,¢5Â��[®¥�w¯ ¨¥ª�­w¯��,¤�¢�­w�w¯*®�¡O¤�¯
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X1 = {L4, L5, L6, L7}
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X2 = {L1, L2, L3}
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[/\K]_^ ßR� ´d`)ê'£�ª��,©¥£�¢B­,¢5©�®R£�­

X :
� � × � � × × � × × �

Px :
� × × � � × × × � � ×

Y :
× × × � � � � × × × ×

Py :
� × × × � � × × × � �

[/\K]/^ ßR�µßi`»²�£��]¤�¡O©R¹Ç¨�­,ª5£��[®R£�Õ�©��w¯%ª����,©�¯

L1 :
� � × � × � × × � × �

L2 :
� × × × × × × × � × ×

L3 :
� � × � � × × × � × �

L4 :
× � × × � × � × × � ×

L5 :
× × × × � × × × × � ×

L6 :
× � × × � × � × × � ×

L7 :
× × � × × × � × × × ×

[/\0]/^ ßR�µÀf`F±Ë�w�,¢��,©¥ª�¯B®�·µ¡§�,¢5£�é]¡O¢5£��§¤¼®¥�w¯%°�­,°��§£�ª��w¯M®R©»�,£�ª��,©¥£�¢
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Q =

(
D1 R
Rt D2

) ¡wé��w�




D1 ∈ Mn·p( # ) = 0

D2 ∈ Mn·m( # ) = 0

R ∈ 4 n·p,n·m ¢�Õ
ri,j = 1 ⇐⇒ bi/pc = bj/mc

c = 0

A ∈ 4 p,n·(m+p) ¢�Õ




ai,j = 0 ∀j > n · p
ai,j = 1 ∀j ≤ n · p

¢�Õ
j ≡ i[p]

ai,j = 0 ∀j ≤ n · p
¢�Õ

j 6≡ i[p]

b ∈ 4 p ¢�Õ ∀i, bi = 1

b′ ∈ 4 m·n·p = 0

A′ =
(

A′
1 A′

2

)
, A′

1 ∈ 4 n·m·p,n·p, A′
2 ∈ 4 n·m·p,n·m ¡wé��w�

A′
1 = (Mi,j)i,j∈[1,n],Mi,j ∈ 4 m·p,p �,¢%¢��,�����w¯BÕ�©�� Mi,j =

{
0

¯5£
i 6= j

M0
¯5£

i = j

A′
2 = (Di,j)i,j∈[1,n], Di,j ∈ # m·p,m �,¢*¢��,�����w¯*Õ�©��

Mi,j =

{
0

¯5£
i 6= j

D0
¯5£

i = j

M0 = (ci,j)i,j∈[1,p], ci,j ∈ 4 m ¢�Õ
ci,j =

{
0

¯5£
i 6= j

−→x i
¯5£

i = j

D0 ∈ # m·p,m D0 =




Diagm(−1)
· · ·
Diagm(−1)




� h


