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Abstract. In this paper we propose a probabilistic adaptation to the
classical Assume/Guarantee contracts reasoning. This formalism relies
on the notion of controllable Markov chains. We also propose an algo-
rithm in order to compute probabilistic satisfaction and give possible
definitions for probabilistic composition and dominance.

1 Introduction

Some conception methods using the composition of components that are de-
scribed with contracts ”Assumption on behavior of the environment”, ”Guar-
antee on the behavior of the component” allow a modular analysis of the func-
tional properties of a system of reactive components [Dam05]. These techniques
even permit the synthesis of adaptors allowing to reuse components described
by ”Assume/Guarantee” contracts [dAH05]. The aim of our current work is to
allow reliability analysis of distributed systems of components described with
Assume/Guarantee contracts.

In this paper, we describe a formalism based on Markov decision processes
that should allow modular analysis of probabilistic properties such as, for exam-
ple, reliability. Given a contract with probabilistic inputs and an implementation,
we give an algorithm to compute the level of satisfaction of the contract by the
implementation. This algorithm relies on the existence of pure stationary optimal
strategies in Markov decision processes with mean-payoff functions [Gim07].

In section 2, we define controllable Markov chains and Markov decision Pro-
cesses following the formalism of [Gim07]. In section 3, we give definitions of
probabilistic contracts and satisfaction, and we propose an algorithm to com-
pute the level of probabilistic satisfaction. We then give a possible adaptation of
the classical composition and dominance operations to probabilistic contracts.

2 Background

This section introduces the concepts and definitions that will be used throughout
the rest of this paper.



Definition 1. A controllable Markov chain (CMC) A = (S, A, (A(s))s∈S , P)
consists of a finite set of states S, a finite set of actions A. To each state s of
S, we associate A(s) ⊆ A the set of actions available in s. For each s, t ∈ S
and a ∈ A(s), P(t|s, a) is the conditional probability to go from s to t with the
execution of the action a, with ∀s ∈ S and a ∈ A(s),

∑
t∈S P(t|s, a) = 1.

A controllable Markov chain is thus a transition system with a discrete evo-
lution: at each state s, the controller chooses an available action a ∈ A(s), and
the state changes to state t with probability P(t|s, a).

A finite history is a finite sequence h = s0a0s1 . . . an−1sn ∈ S(AS)∗ such
that for all i, ai ∈ A(si). The set of finite histories of A is denoted H∗

A, and
H∗

A,s if we impose s0 = s. Similarly, an infinite history is an infinite sequence
h = s0a0 . . . ∈ S(AS)ω. The set of infinite histories is written Hω

A.
A strategy is a mapping σ : H∗

A → D(A), where D(A) is the set of probability
distributions on A such that, if h is a finite history with target t, σ(h) puts non-
zero probabilities only on actions available in t.

We consider pure strategies, that give a deterministic choice of action (i.e. for
a given finite history h and an action a, either σ(h)(a) = 0 or σ(h)(a) = 1). A
strategy is called stationary if for all finite histories with the same target t, the
given distribution is the same. As a consequence, pure stationary strategies can
be identified with mappings σ : S → A.

Following [Gim07], a Markov decision process (MDP) (A, φ) is the result of
the association of a controllable Markov chain A and a payoff function φ. In
our context, the aim is to choose the right strategy in order to optimize the
expected payoff. Before giving the definitions of the expected payoff of a state
s and the optimal strategies, we need to properly define the probabilities over
infinite histories. If we consider a pure strategy σ, the probability of a finite
history h = s0a0 . . . sn is P(s1|s0, a0) · P(s2|s1, a1) . . . P(sn|sn−1, an−1). This is
extended as following for infinite histories: We equip the set of infinite histories
with source s, Hω

A,s, with the σ-field generated by the random variables Sn,
n ∈ N, such that Sn(s0a0 . . .) = sn. As shown in [Gim07], there exists a unique
probability measure P

σ
s on Hω

A,s such that for each finite history s0a0 . . . an−1sn,
P

σ
s (Sn = sn | S0A0 . . . An−1 = s0 . . . an−1) = P(sn|sn−1, an−1)

Definition 2. A payoff function is a bounded measurable function φ : Sω → R.
Considering a state s and a strategy σ, the expected payoff under probability

P
σ
s is E

σ
s [φ(S0S1 . . .)] that we will denote E

σ
s [φ].

A strategy is said to be optimal if for all s ∈ S, E
σ
s is optimal over all

strategies (the optimality condition could be either sup or inf for example).
In the following section, we will consider mean-payoff MDPs, where a reward

r(s a t) is given on each transition. The payoff associated to an infinite history
s0a0s1 . . . is

lim sup
n∈N

1

n + 1

n∑

i=0

r(siaisi+1)

It is proved in [Gim07] that mean-payoff MDPs have a pure stationary opti-
mal strategy.
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3 Probabilistic extension and application to MDPs

In this section we will show how we can use the existence of pure stationary
optimal strategies in mean-payoff MDPs in order to compute probabilistic sat-
isfaction. In order to use this result, we must consider that the probabilities in
the contracts are contained in some of the inputs. In the first subsection we
will define probabilistic contracts and satisfaction. In the second and third sub-
sections we will give a probabilistic adaptation of the classical dominance and
composition operations.

3.1 Probabilistic contracts and satisfaction

A probabilistic contract is a deterministic Input/Output machine with assump-
tions on its inputs. We have the following definition:

Definition 3. A probabilistic contract is a tuple C = (u, c,p, (Dv)v∈p, E) where

– u ∪ c is the signature of the contract (i.e. all the ports and variables used)
where u are the uncontrolled variables (inputs) and c the controlled variables
(internal variables and outputs).

– p ⊆ u is the set of probabilistic inputs and (Dv)v∈p the distributions on their
values.

– E is a deterministic transition system where transitions are labelled with the
values of the inputs.

This definition is quite similar to the Assume/Guarantee formalism defined
in [SPE]. In this formalism, a contract is a pair (A, G) of sets of runs defining
respectively the assumptions on the environment and the guaranteed behavior.
These non-probabilistic contracts have a canonical form given by (A, G ∪ ¬A),
and knowing the maximal implementation G ∪ ¬A is enough to capture all the
behaviors. The machine E in the definition above can be viewed as the maximal
implementation of a non-probabilistic contract (A, G), where A would contain
the assumptions on the non-probabilistic inputs. There will then remain inputs
for which no assumptions are made (u \p) - we will call them non-deterministic
inputs; and inputs for which probabilistic assumptions are made (p) but E does
not distinguish them.

Probabilistic contracts can be seen as controllable Markov chains. Indeed, if
we map the distributions of the inputs on the transition system E, we obtain
another transition system Ep where, in each state s, a controller could choose
an action (the value of an input for which no assumption is made), and the
state changes to t with a probability that depends on the values of the prob-
abilistic ports (see Example in Figure 1(b) where x is non-deterministic and p
probabilistic).

In order to define the probabilistic satisfaction, the idea is to build a Markov
decision process with the machine and the controllable Markov chain that rep-
resents the contract, and to use the results of [Gim07] to “measure” satisfaction.
We propose the following algorithm:
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(b) A controllable Markov chain

Fig. 1. A probabilistic contract and a controllable Markov chain

1. Consider the controllable Markov chain associated to the contract Ep =
(S1, A, (A(s)s∈S1

), P).

2. Compute the synchronous product between Ep and the implementation M =
(S2, A, δ), which gives a Markov decision processA = (S′, A, (A′(s))s∈S′ , P′, φ)
where S′ = S1×S2. The accepted actions in (s1, s2) are the accepted actions
of s1 and those of s2, and the transitions and rewards are as follow:

– If a ∈ A(s1) and δ(s2, a) = (s′2) then P
′((t1, s

′
2)|(s1, s2), a) = P(t1|s1, a)

and r((s1, s2)a(t1, s
′
2)) = 0.

– If a /∈ A(s1) and δ(s2, a) = (s′2) then P
′((s1, s

′
2)|(s1, s2), a) = 1 and

r((s1, s2)a(s1, s
′
2)) = 1.

– If a ∈ A(s1) and δ(s2, a) is not defined then P
′((t1, s2)|(s1, s2), a) =

P(t1|s1, a) and r((s1, s2)a(t1, s2)) = 0.

3. Consider the mean-payoff of the infinite runs and compute the maximal
expected value β that you can obtain. This value can be seen as the maximal
expected probability for the implementation to step outside of the behaviour
guaranteed by the contract. Thus we will say that M satisfies the contract
C with a probability at least 1 − β.

Definition 4. A machine M satisfies the probabilistic contract C with level α
(written M |=α C) if the maximal expected value of the MDP defined in the above
algorithm is 1 − α.

The soundness of this definition is assured by the results obtained in [Gim07]
that prove the existence of pure stationary optimal strategies in the case of
mean-payoff MDPs.

We now need to adapt the classical operations on non-probabilistic contracts
in order to keep a compositional formalism. In the following subsections, we
will present a possible adaptation of the classical definitions of composition and
dominance to probabilistic contracts. We expect that these definitions should
enable us to prove that satisfaction and dominance are compositional, but we
are still working on them.
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3.2 Composition

The main idea behind composition is that we want to prevent the contracts to
be incompatible, so we strictly forbid the bad cases (for example two contracts
that have the same probabilistic ports). We then use synchronous composition
between the transition systems.

Definition 5. If C1 = (u1, c1,p1, (D1,v)v∈p1
, E1) and C2 = (u2, c2,p2, (D2,v)v∈p2

, E2)
are two probabilistic contracts, then their composition C1 ‖ C2 is defined if and
only if

– c1 ∩ c2 = ∅
– p1 and p2 are disjointed sets of uncontrolled ports in both contracts.

In this case C1 ‖ C2 = (u, c,p, (Dv)v∈p, E), with

– u = u1 ∪ u2 \ (c1 ∪ c2)
– c = c1 ∪ c2

– p = p1 ∪ p2

– (Dv)v∈p = (D1,v)v∈p1
∪ (D2,v)v∈p2

– E = E1 × E2 (the synchronous product).

As the composition between implementations is also synchronous, we expect
that we will be able to compare α · β and γ with M1 |=α C1, M2 |=β C2, and
M1 × M2 |=γ C1 ‖ C2.

3.3 Dominance

Dominance must be seen as a way to simplify a contract. It must enable to be
less precise, but keep some information. This could be done by changing some
ports that were considered probabilistic into ports that are non-deterministic.
This can be seen as taking the worst possible behavior for the ports we change
into non-deterministic, and the level of satisfaction for a machine would be less
than for the original contract.

In fact we also want to give the possibility to slightly change the behavior
guaranteed in the contracts. Thus the following definition:

Definition 6. A contract C1 = (u1, c1,p1, (D1,v)v∈p1
, E1) dominates a contract

C2 = (u2, c2,p2, (D2,v)v∈p2
, E2) with level α (written C1 �α C2) if and only if

– u1 = u2 and c1 = c2,
– p1 ⊆ p2 and ∀v ∈ p1, D1,v = D2,v

– E1 |=α C2.

This approach makes it quite easy to check the level of refinement between
two contracts once we know how to check satisfaction. Once again we expect
that we will be able to say something like “If M |=α C1 and C1 �β C2, then
M |=α·β C2”, but the proof is still to be formally written.
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4 Conclusion and future work

In this paper, we have presented a formalism that uses classical results about the
existence of pure stationary optimal strategies in mean-payoff MDPs [Gim07]
in order to define probabilistic contracts and their satisfaction. We have also
given definitions of composition and dominance for probabilistic contracts. We
now need to prove that, as we expect, these operations are compatible with the
definition of probabilistic satisfaction that we gave above.

This formalism can be used in order to compute modular reliability analysis,
but we still have to write it formally and to compare it to other notions like fault
trees and binary decision diagrams ([DR05], [BDRS04]), or even dynamic fault
trees ([BCS07]).

Another extension of this work would be to use modal or acceptance au-
tomata instead of deterministic input/output machines, which would be a quite
different approach to the assume/guarantee formalism.
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