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Abstract. Probabilistic Automata (PAs) are a widely-recognized math-
ematical framework for the specification and analysis of systems with
non-deterministic and stochastic behaviors. This paper proposes Ab-
stract Probabilistic Automata (APAs), that is a novel abstraction model
for PAs. In APAs uncertainty of the non-deterministic choices is modeled
by may/must modalities on transitions while uncertainty of the stochas-
tic behaviour is expressed by (underspecified) stochastic constraints. We
have developed a complete abstraction theory for PAs, and also propose
the first specification theory for them. Our theory supports both satis-
faction and refinement operators, together with classical stepwise design
operators. In addition, we study the link between specification theories
and abstraction in avoiding the state-space explosion problem.

1 Introduction

Probabilistic Automata (PAs) constitute a mathematical framework for the spec-
ification and analysis of non-deterministic probabilistic systems. They have been
developed by Segala [22] to model and analyze asynchronous, concurrent systems
with discrete probabilistic choice in a formal and precise way. PAs are akin to
Markov decision processes (MDPs). A detailed comparison with models such as
MDPs, as well as generative and reactive probabilistic transition systems is given
in [21]. PAs are recognized as an adequate formalism for randomized distributed
algorithms and fault tolerant systems. They are used as semantic model for for-
malisms such as probabilistic process algebra [19] and a probabilistic variant of
Harel’s statecharts [11]. An input-output version of PAs is the basis of PIOA
and variants thereof [7,5]. PAs have been enriched with notions such as weak
and strong (bi)simulations [22], decision algorithms for these notions [6] and a
statistical testing theory [8]. This paper brings two new contributions to the field
of probabilistic automata: the theories of abstraction and of specification.
Abstraction is pivotal to combating the state explosion problem in the mod-
eling and verification of realistic systems such as randomized distributed algo-
rithms. It aims at model reduction by collapsing sets of concrete states to ab-
stract states, e.g., by partitioning the concrete state space. This paper presents a
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three-valued abstraction of PAs. The main design principle of our model, named
Abstract Probabilistic Automata (APAs), is to abstract sets of distributions by
constraint functions. This generalizes earlier work on interval-based abstraction
of probabilistic systems [13,10, 14]. To abstract from action transitions, we in-
troduce may and must modalities in the spirit of modal transition systems [17].
If all states in a partition p have a must-transition on action a to some state
in partition p’, the abstraction yields a must-transition between p and p’. If
some of the p-states have no such transition while others do, it gives rise to a
may-transition between p and p’. Our model shall be viewed as a combination
of both Modal Automata [18] and Constraint Markov Chains (CMC) [3] that are
abstractions for transition systems and Markov Chains, respectively.

We also propose the first specification theory for PAs, equipped with all es-
sential ingredients of a compositional design methodology: a satisfaction relation
(to decide whether a PA is an implementation of an APA), a consistency check
(to decide whether the specification admits an implementation), a refinement
(to compare specifications in terms of inclusion of sets of implementations), log-
ical composition (to compute the intersection of sets of implementations), and
structural composition (to combine specifications). Our framework also supports
incremental design [9]. To the best of our knowledge, the theory of APAs is the
first specification theory for PAs in where both logical and structural composi-
tions can be computed within the same framework.

Our notions of refinement and satisfaction are, as usual, characterized in
terms of inclusion of sets of implementations. One of our main theorems shows
that for the class of deterministic APAs, refinement coincides with inclusion of
sets of implementations. This latter result is obtained by a reduction from APAs
to CMCs, for which a similar result holds. Hence, APAs can also be viewed as
a specification theory for Markov Chains (MCs). The model is as expressive as
CMCs, and hence more expressive than other theories for stochastic systems
such as Interval Markov Chains [12,2,10].

Our last contribution is to propose an abstraction-based methodology that
allows to simplify the behavior of APAs with respect to the refinement relation
— such an operation is crucial to avoid state-space explosion. We show that
our abstraction preserves weak refinement, and that weak refinement is a pre-
congruence with respect to parallel composition. These results provide the key
ingredients to allow compositional abstraction of PAs.

Organisation of the paper. In Section 2, we introduce the concepts of APAs
and a satisfaction relation with respect to PAs. We also propose a methodology
to decide whether an APA is consistent. Refinement relations and abstraction
of APAs are discussed in Section 3. Other compositional reasoning operators
such as conjunction and composition as well as their relation with abstraction
are presented in Section 4. Section 5 discusses the relation between CMCs and
APAs and proposes a class of deterministic APAs for which strong and weak
refinements coincide with inclusion of sets of implementations. Finally, Section
6 concludes the paper and proposes directions for future research. Due to space
limitation, proofs and larger examples are reported in the appendix.



2 Specifications and Implementations

We now introduce the main models of the paper: first Probabilistic Automata,
and then the new abstraction—Abstract Probabilistic Automata.

Implementations. A PA [22] resembles a non-deterministic automaton, but
its transitions target probability distributions over states instead of single states.
Hence, PAs can be seen as a combination of Markov Chains and non-deterministic
automata or as Markov Decision Processes allowing non-determinism.

Definition 1. (Probabilistic automata) A probabilistic automaton is a tuple
(S, A, L, APV, sq), where:

— S is a finite set of states with initial state so € 9,

— A is a finite set of actions,

L: S x Ax Dist(S) — By is a two-valued transition function,
AP is a finite set of valuations, and

— V:8 — 247 s a state-labeling function.

Here By = {L, T}, with L < T. L(s,a,p) iden- {70} ol e
tifies the transition of the automaton: T indi- -

cates its presence and L indicates its absence.
We write s % p meaning L(s,a, ) = T. In the
rest of the paper, we assume that PAs are finitely
branching, i.e., for any state s, the number of
pairs (a,p) such that s % g is finite. The la-
beling function V indicates the propositions (or
properties) that are valid in a state. A Markov {m, n, 0}
Chain (MC) is a PA, where, for each s € S,
there exists exactly one triple (s, a, u) such that
L(s,a,u)=T.

,9/10

a,1/10

Fig.1: An example PA

Ezample 1. Figure 1 presents a PA with L(sg,a, ) = T, where u(sg) = 3/10 and
w(s2) = 7/10. We adopt a notational convention that represents L(sp,a,u) = T
by a set of arrows with tails located close to each other on the boundary of sg,
and heads targeting the states in the support of u.

In state sg, a non-deterministic choice takes places on action a between the
distributions p and g/ with p/(sg) = /10 and p/(s1) = 9/10.

Specifications. A Constraint Markov Chain (CMC) [3] is a MC equipped with
a constraint on the next-state probabilities from any state. Roughly speaking,
an implementation for a CMC is thus a MC, whose next-state probability dis-
tribution satisfies the constraint associated with each state. Let Sat(yp) denote
the set of distributions that satisfy constraint function ¢, and C(S) the set of
constraint functions defined on state space S.

A Modal Automaton[16,17] is an automaton whose transitions are typed
with may and must modalities. Informally, a must transition is available in
every model of the specification, while a may transition needs not be.



An Abstract Probabilistic Automaton (APA) is an abstraction that represents
a possibly infinite set of PAs. APAs combine Modal Automata and CMCs — the
abstractions for labelled transition systems and Markov Chains, respectively.

Definition 2. An abstract PA is a tuple (S, A, L, AP,V,so) such that:

— S, A, AP and sg are defined as before
— L:S5xAxC(S) — Bs is a three-valued state-constraint function, and

— V8§ — 22" maps a state onto a set of admissible valuations.

Here, By = {1,7, T} denotes a complete lattice with the following ordering
1 <7 < T and meet (M) and join (U) operators. A CMC is thus an APA, where
for each s € S, there exists exactly one triple (s, a, ) such that L(s,a,u) = T,
while an Interval Markov Chain (IMC)[12] is a CMC whose constraints are
disjunctions of intervals. The labeling L(s, a, ¢) identifies the “type” of the con-
straint function ¢ € C(5): T, 7 and L indicate a must, a may and the absence
of a constraint function, respectively. We could have limited ourselves to con-
straints denoting unions of intervals of probability values. However, as we shall
soon see, polynomial constraints are needed to support both conjunction and
parallel composition. Like for CMCs, states of an APA are labeled with a set
of subsets of atomic propositions. A single set of propositions represents prop-
erties that should be satisfied by an implementation state. A powerset models a
disjunctive choice of properties. Later, we shall see that any APA whose states
are labelled with a set of subsets of atomic propositions can be turned into an
equivalent (in the sense of implementations set) APA whose states are labeled
with a set that contains only a single subset of AP.

Finally, observe that a PA is an APA in which every transition (s,a,p) is
represented by a must-transition (s, a, ) with Sat(p) = {u}, and each state-
label consists of a single set of propositions.

Example 2. Consider the APA N given in Fig-
ure 2. State so has three outgoing transitions: a {°} » i{m‘ nt{ont}
must a-transition (sg, a, ¢, ), a may a-transition o
(s0,a,y), and a may b-transition (so,b,¢.).
Due to the constraint, each of these transitions
can cover several transitions in a concrete imple-
mentation PA. As an example, the a-transition
(s0,a, (1/10,9/10,0,0)) of the PA given in Figure
1 is satisfying the must a-transition (so, a, @)

{{m,n,o}}

In the rest of the paper we distinguish deter-
ministic APAs. The distinction will be of partic- pe =21 209Nz + a1 =1
ular importance when comparing APAs in Sec- oy =y2 < 0.8Ayo+y2=1
tion 3.1. In APAs, the non-determinism can arise @z =23 205Nz +23 =1
due to sets of valuations in states, or due to ac-

tions that label transitions: Fig. 2: An example APA

Definition 3 (Deterministic APA). An APA N = (S, A, L, AP,V,s) is



— action-deterministic, if Vs€ SNa€A. [{p € C(S) | L(s,a,p) # L}| < 1.
— wvaluation-deterministic, if Vs € SNae ANpeC(S) with L(s,a,p) # L:

V' 1" € Sat(p),s’,s" €S, (W(s)>0A (s") >0 =V(EHNV(s")=0).

N is deterministic iff it is both action-deterministic and valuation-deterministic.

Satisfaction. We relate APA specifications to PAs implementing them, by ex-
tending the definitions of satisfaction introduced in [12]. We start with the fol-
lowing definition that relates distributions between set of states. We use Dist(S)
to denote a set of probability distributions on the finite set S in the usual way.

Definition 4. (€%) Let S and S’ be non-empty sets of states. Given p €
Dist(S), ' € Dist(S"), a function § : S — (8" — [0,1]), and a binary re-
lation R C S x S, u is simulated by p' with respect to R and 6, denoted as
pER 1, iff

1. for all s € S, if p(s) > 0, then §(s) is a distribution on S’,

2. forall s € 8,3 cqp(s)-0(s)(s") = p/(s"), and
3. if 8(s)(s') > 0, then (s,s’) € R.

In the rest of the paper, we write p €r i’ iff there exists a function § such that
I @‘15% . Such § is called a correspondence function.

We are now ready to define the satisfaction relation between PAs and APAs.

Definition 5. (Satisfaction relation) Let P = (S, A, L, AP,V,sq) be a PA
and N = (8", A, L', AP, V', s;) be an APA. R C S x S’ is a satisfaction relation
iff, for any (s,s") € R, the following conditions hold:

1. Ya € ANy € C(S"): L'(s',a,¢') = T = u € Dist(S) : L(s,a,u) =T
and 3u’ € Sat(y’) such that p €r 1/,

2. Va € AVu € Dist(S) : L(s,a,p) =T = 3o € C(5) : L'(s',a,¢") # L
and 3’ € Sat(y¢’) such that p €g 1, and

3. Vi(s) e V'(s).

We say that P satisfies N, denoted P |= N, iff there exists a satisfaction relation
relating so and s{,. If P .= N, P is called an implementation of N.

Thus, a PA P is an implementation of an APA N iff any must-transition of N
is matched by a must-transition of P that agrees on the probability distributions
specified by the constraint, and reversely, P does not contain must-transitions
that do not have a corresponding (may- or must-) transition in N. The set of all
implementations of N is given by [N] ={P | P = N}.

Ezample 3. The relation R = {(so, s0), (1, 1), (S2, 82), (s3,53)} is a satisfaction
relation between the PA P given in Figure 1 and the APA N of Figure 2.



Consistency. An APA N is consistent iff it admits at least one implementation.
We say that a state s is consistent if V(s) # 0 and L(s,a,9)=T = Sat(p)#0.
An APA is locally consistent if all its states are consistent. It is easy to see that
a locally consistent APA is also consistent, i.e. has at least one implementation.
However, inconsistency of a state does not imply inconsistency of the specifi-
cation. In order to decide whether a specification is consistent, we proceed as
usual and propagate inconsistent states with the help of a pruning operator
that filters out distributions leading to inconsistent states. This operator is ap-
plied until a fixed point is reached, i.e., until the specification does not contain
inconsistent states (it is locally consistent). See Appendix C for details.

Theorem 1. For any APA N, it holds: [N] = [B(N)].

As the set of states of IV is finite, the fixed point computation will always ter-
minate. By the above theorem, we have that [N] = [6*(N)].

3 Abstraction and Refinement

In this section we introduce Refinement that allows to compare APAs. We also
propose an abstraction-based methodology that permits to simplify the behavior
of APAs with respect to the refinement relation.

3.1 Refinement

A refinement compares APAs with respect to their sets of implementations.
More precisely, if APA N refines APA N’, then the set of implementations of N
should be included in the one of N’. The ultimate refinement relation that can
be defined between APAs is thus Thorough Refinement that exactly corresponds
to inclusion of sets of implementations.

Definition 6. (Thorough refinement) Let N = (S, A, L, AP, V, sg) and N' =
(S",A, L', AP, V' s) be APAs. We say that N thoroughly refines N', denoted
N =p N', 4ff [N] C [N'].

For most specification theories, it is known that deciding thorough refinement
is computationally intensive (see for example [1]). For many models such as
Modal automata or CMCs, one can partially avoid the problem by working with
a syntactical notion of refinement. This definition, which is typically strictly
stronger than thorough refinement, is easier to check. The difference between
syntactic and semantic refinements resembles the difference between simulations
and trace inclusion for transition systems.

We consider two syntactical refinements. These relations extend two well
known refinement relations for CMCs and IMCs by combining them with the
refinement defined on modal automata. We start with the strong refinement.

Definition 7. (Strong refinement) Let N = (S,A,L, AP, V,sp) and N' =
(S",A, L', AP, V', s) be APAs. R C S x S’ is a strong refinement relation iff,
for all (s,s') € R, the following conditions hold:



1. Va € AV € C(S").L'(s,a,¢') =T = Fp € C(S).L(s,a,9) = T and
there exists a correspondence function 6 : S — (S — [0,1]) such that Vu €
Sat(p). I’ € Sat(p') with p €% 1,

2. Va € AVp € C(S).L(s,a,p) # L = 3o’ € C(5').L'(s,a,¢') # L and
there exists a correspondence function ¢ : S — (S" — [0,1]) such that Vu €
Sat(p). I’ € Sat(y') with p €% 1/, and

3. V(s) CV'(¢).

We say that N strongly refines N', denoted N =g N', iff there exists a strong
refinement relation relating so and s.

Observe that strong refinement imposes a “fixed-in-advance” § in the simula-
tion relation between distributions. This assumption is lifted with the definition
of weak refinement:

Definition 8. (Weak refinement) Let N = (S, A,L,AP,V,so) and N' =
(S",A, L', AP, V', s) be APAs. R C S x S’ is a weak refinement relation iff,
for all (s,s") € R, the following conditions hold:

1. Vae ANy € C(S").L'(s,a,¢') =T = Fpel(S).L(s,a,) = T and
VueSat(p). Iu' € Sat(¢') with p € 1/,

2. Vae ANp e C(S). L(s,a,90) # L = 3Fo' €C(S).L'(s,a,¢') # L and
Yue Sat(p). I’ € Sat(¢') with p €g 1, and

3. V(s) CV'(s).

We say that N weakly refines N', denoted N < N', iff there exists a weak
refinement relation relating so and sj,.

It is easy to see that the above definitions are combinations of the definitions
of strong and weak refinement of CMCs with the modal refinement of Modal
Automata. Hence algorithms for checking weak and strong refinements for APAs
can be obtained by combining existing fixed-point algorithms for CMCs [4] and
Modal Automata [18]. For the class of polynomial-constraint APAs, the upper
bound for deciding weak/strong refinement is thus exponential in the number
of states and doubly-exponential in the size of the constraints [4]. Both strong
and weak refinement imply inclusion of sets of implementations. However, the
converse is not true. The following theorem classifies the refinement relations.

Theorem 2. Thorough refinement is strictly finer than weak refinement, and
weak refinement is strictly finer than strong refinement.

Proof. We present a sketch of the proof and refer to Appendix F.1 for details. By
definition, we have that <g implies <. By observing the definition of satisfaction
relation, one can easily deduce that <g and < imply <. Consider now the APAs
N7 and N, given in Figure 3. It is easy to see that N; < N». However, we have
that N1 Zs Na. Informally, one can see that State s§ and State s of Ny both
correspond to State s3 of Ny. Thus, the probability mass x3 of going to state s3
in N7 has to be distributed on s§ and s} in order to match probabilities y3 and



{{m}} {{n}} {{o}}
Yo = (x2 + 23 > 0.7)A

($3+I420.2)/\(I2+I3+$4:1)

(a) N1

s
{{m}t {03} {03} {{o}}
Py = (y2 +yz 2 0.7)A

(ya+ys >20.2)A(y2 +ysz +ya+ys = 1)

(b) N2

Fig.3: APAs N; and Nz such that N1 < N2, but not N3 <g Na.

y4. The latter shall be achieved with the correspondence function § that defines
the refinement relation. The crucial point is that this correspondence function
will depend on the exact value of x3, thus § cannot be precomputed and we have
that <, but not <g holds.

Similarly, = does not imply <p. Consider the APAs N3 and Ny given in
Figure 4. It is easy to see that <7 holds between N3 and N,. However, State s,
of N3 cannot refine State s) or s5. Indeed, State sy has more implementations
than s, and s} taken separately. O

We have just seen that thorough refinement is strictly finer than strong and
weak refinement. In Section 5, we will propose a class of deterministic APAs on
which the three relations coincide.

3.2 Abstraction

This section covers the abstraction
of APA. The rationale is to parti-
tion the state space, i.e., group (dis-
joint) sets of states by a single ab-
stract state. Let N and M be APA
with state space S and S’, respec-
tively. An abstraction function « @ ¢, = (23 =1A34=0)V @, = (y2 =1 Ays = 0)V
S — S’ is a surjection. The inverse = (zs=0Azs=1) (y2=0Ays=1)

of abstraction function « is the con- (a) N3 (b) Ny
cretization function v : S — 29, Fig.4: APAs N3 and N,

The state a(s) denotes the abstract

counterpart of state s while v(s’)

represents the set of all (concrete)

states that are represented by the abstract state s’. Abstraction is lifted to dis-
tributions as follows. The abstraction of pu € Dist(.S), denoted a(u) € Dist(S’),
is uniquely defined by a(u)(s") = p(v(s)) for all s € S’.

Abstraction is lifted to sets of states, or sets of distributions in a pointwise
manner. It follows that ¢ = a(p) iff Sat(¢’) = a(Sat(p)). The abstraction of
the product of constraint functions ¢ and ¢’ is given as a(¢ - ¢') = alp) - a(¢’).
These ingredients provide the basis to define the abstraction of an APA.




{{m}. {n}}

{{m}} {a}}
Ye=x3>05 N wz+ay4=1 pr=13>205 AN lg+t,=1
Py =ys =207 AN ys+ys=1

Y =w; =ws =05 N wy +wy =1

Fig.5: The APA N (left) is abstracted by the APA N’ (right), i.e. N’ = a(N)

Definition 9. (Abstraction) Given APA N = (S,A,L,AP,V,s), the ab-
straction function o : S — S induces the APA o(N) = (S", A, L', AP, V' «a(sp)),
where for alla € A, s' € S" and ¢’ € C(5'):

. if Vs €v(s'): 3p € C(S) : L(s,a,9) = T, and -
Sat(¢') = Sat “
“ (QO ) Oé( U(s,cp)e'y(s’)XC(S):L(s,a,p):T “ (QU))

L'(s' a,¢") = if 3s€v(s"):3p € C(S): L(s,a,¢p) # L,and

? N _ (b)
Satle) = U, s erwrxorsynmapnes 446D
L otherwise (c)
10N
and V'(s') = UVSE'y(s’) V(s)

Item (a) asserts that if there are must transitions (s, a, ¢) from all states s €
~(s"), then the must transition (s, a, ¢’) represents the total behavior. Ttem (b)
asserts that a may a-transition emanating from s’ represents the total behaviour
of all transitions (s,a, ) for s € y(s’), if not all states in v(s’) have a must
a-transition, and there is a a-transition on modality different from L. Item (c)
asserts that if no state in y(s’) has an a-transition, then s’ also does not have
an a-transition.

The result of abstracting APA N is the APA «(N) that is able to mimic all
behaviours of NV, but possibly exhibits more behaviour.

Lemma 1. For any APA N, a(N) is an APA.

Ezample j. Consider the APA N = (S, A, L, AP,V,sp) and N' = (S’, A, L', AP,
V', s,) depicted in Fig. 5. Let the abstraction function a : S — S’ be given by
a(so) = 85, a(s1) = shy = a(s2), a(ss) = s4 and a(s4) = s)y. Both states s; and
s9 in N have a must a-transition. These are abstracted in N’ by a single must
a-transition satisfied by distributions in the union of satisfaction sets of ¢, and
Py-



Observe that the abstract version of an APA is always weaker in term of
refinement than the original APA.

Theorem 3. For any APA N and abstraction function o, N < a(N).

4 Compositional Reasoning

APASs can serve as a specification theory for systems with both non-deterministic
and stochastic behaviors. Any good specification theory shall be equiped with
a conjunction operation that allows to combine multiple requirements into a
single specification, and a composition operation that allows specifications to be
combined structurally. Studying these two operations for APAs is the subject of
this section.

4.1 Conjunction

Conjunction, also called logical composition, allows combining two specifications
into a single specification, that has the conjunctive behavior of the two operands.
More precisely, conjunction allows to compute the intersection of sets of imple-
mentations. In this paper, conjunction will be defined for action-deterministic
APAs with the same action alphabet. The generalization to non-deterministic
APAs with dissimilar alphabets, which is already known to be complex for the
case of Modal Automata [20], is postponed for future work. The conjunction op-
eration is a mix between the corresponding operation for modal automata and

CMCs.

Definition 10 (Conjunction). Let N = (S, A, L, AP,V,so) and N' = (5', A,
L' AP, V', s) be action-deterministic APAs sharing actions sets and atomic
propositions sets. The conjunction of N and N’ is the APA N AN’ = (S x
S A, L, AP,V (so,s))) such that

— L is defined as follows. For all a € A and (s,s') € S x S/,

o If there exists ¢ € C(S) such that L(s,a,) = T and for all ¢’ €
C(S"), we have L'(s',a,¢") = L, or if there exists ¢’ € C(S’) such
that L'(s',a,¢") = T and for all p € C(S), we have L(s,a,p) = L, then
L((s, '), a, false) = T.

o Llse, if either for all ¢ € C(S), we have L(s,a,¢) = L or for all
¢ € C(S"), we have L'(s',a,¢") = L, then for all ¢ € C(S x §'),
L((s,8),0,8) = L.

o Otherwise, for all p € C(S) and @' € C(S") such that L(s,a,p) # L and
L'(s' a,¢') # L), define L((s,s),a,$) = L(s,a,p) UL (s, a,¢) with ¢
the new constraint in C(S x S’) such that i € Sat(p) iff

* the distribution pn:t — 3, cq p((t, 1)) is in Sat(p), and
* the distribution p' < t" — Y, ¢ i((t,t")) is in Sat(¢’).
e Finally, for all other 3 € C(S x S, let L((s,s"),a,@') = L.

— V((s,8))=V(s)NV'(s).

10



Observe that the conjunction of two action-deterministic APAs is an action-
deterministic APA. The conjunction operation may introduce inconsistent states.
Hence, any conjunction operation has to be followed by a pruning operation.
Finally, observe that the conjunction of two APAs with interval constraints is
not necessarily an APA with interval constraints, but could be an APA whose
constraints are systems of linear inequalities (see Appendix B for an example).

The following theorem states that the pruned conjunction of two action-
deterministic APAs matches their greatest lower bound with respect to refine-
ment.

Theorem 4. Let N, N’, and N be action-deterministic consistent APAs. It
holds that 3*(NAN') < N and, if N < N and N” < N, then N" < 3*(NAN').

4.2 Parallel composition

We now propose a composition operation that allows to combine two APAs. We
then show how composition and abstraction can collaborate to avoid state-space
explosion.

In our theory, the composition operation is parametrized with a set of syn-
chronization actions. This set allows to specify on which actions the two speci-
fications should collaborate and on which actions they can behave individually.
The composition of two must transitions is a must transition, but composing a
must with a may leads to a may transition.

Definition 11 (Parallel composition of APAs). Let N = (S, A, L, AP, V, s¢)
and N' = (8", A", L', AP", V', s},) be APAs and assume APN AP' = (. The par-
allel composition of N and N’ w.r.t. synchronization set A C AN A, written as
N|| zN', is given as N|s;N' = (S x S", AU A, L, APUAP',V,(s0,5})) where

— L is defined as follows:

e Forall (s,s") € S xS, ac A, if there exists p € C(S) and ¢’ € C(5"),
such that L(s,a,¢) # L and L'(s',a,¢') # L, define L((s,s'),a,p) =
L(s,a,¢) M L'(s',a,¢") with ¢ the new constraint in C(S x S’) such
that [t € Sat(p) iff there exists p € Sat(p) and p' € Sat(¢') such that
f(u,v) = p(u) - @' (v) for allue S andv € S'.

If either for all ¢ € C(S), we have L(s,a,¢) = L, or V¢’ € C(S"), we
have L'(s',a,¢') = L then for all p € C(S x S"), L((s,s'),a,p) = L.

o For all (s,s') € S xS, a € A\ A, and for all p € C(S), define
L((s, 8"),a,p) = L(s,a, ) with ¢ the new constraint in C(S x S") such
that i € Sat(@) iff for alluw € S and v # ¢, il(u,v) = 0 and the distri-
bution p : t — f(t,s") is in Sat(p).

o For all (s,s') € S xS, ac A\ A, and for all ¢’ € C(S'), define
L((s,8"),a,9") = L'(s',a,¢") with @ the new constraint in C(S x S’)
such that ' € Sat(@') iff for all u # s and v € S', ' (u,v) = 0 and the
distribution p' = t' — pi! (s, ') is in Sat(¢').

— V is defined as follows: for all (s,s') € S x 8, V((s,s')) = {B=BUB'|
BeV(s) and B' € V'(s')}.

11



Contrary to the conjunction operation, Composition is defined for both dis-
similar alphabets and non-deterministic APAs. Since PAs are a restriction of
APAs, their compositions is defined in the same way. By inspecting Definition
11, one can see that the composition of two APAs whose constraints are systems
of linear inequalities (or polynomial constraints) may lead to an APA whose
constraints are polynomial. One can also see that the conjunction of two APAs
with polynomial constraints is an APA with polynomial constraints. The class of
polynomial constraints APAs is closed under all compositional design operations.

The following theorem characterizes the relation between parallel composi-
tion and weak refinement.

Theorem 5. Given a synchronization set A, the parallel composition operator
Il 4 defined above is a precongruence with respect to weak refinement.

The fact that abstraction preserves weak refinement (cf. Theorem 3), and
that weak refinement is a pre-congruence w.r.t. parallel composition, enables us
to apply abstraction in a component-wise manner. That is to say, rather than
first generating (the typically large PA) M]|| 1N, and then applying abstrac-
tion, it allows for first applying abstraction, yielding c; (M) and as(N), respec-
tively, and then constructing cq (M)|| 5a2(N). Possibly a further abstraction of
a1 (M)|| sa2(N) can be employed. The next theorem shows that component-wise
abstraction is as powerful as applying the combination of the “local” abstractions
to the entire model.

Theorem 6. Let M and N be APA, A a synchronization set, and a1, oo be
abstraction functions, then:

a1 (M) || ga2(N) = (a1 x a2)(M || s N) up to isomorphism

The above theorem helps avoiding state-space explosion when combining
systems by allowing for abstraction as soon as possible.

5 Completeness and Relation with CMCs

In this section, we propose a class of APAs on which thorough and strong refine-
ments coincide. For doing so, we will compare the expressiveness power of APAs
and CMCs, showing that APAs can also act as a specification theory for MCs.
We now introduce an important definition that will be used through the rest of
the section.

Definition 12. We say that an APA N = (S,A,L, AP, V,sq) is in a single
valuation normal form iff all its admissible valuations sets are singletons, i.e.
for all s € S, we have |V (s)| = 1.

It is worth mentioning that any APA with a single valuation in the initial state
can be turned into an APA in single valuation normal form that accepts the
same set of implementations (see Appendix D for such a transformation that
preserves determinism).

12



Some results on CMCs. We recap the definitions of MCs and CMCs. Infor-
mally, a MC is a PA with a single probability distribution per state.

Definition 13 (Markov Chain). P=(Q, qo, 7, A, V) is a Markov Chain if Q
18 a set of states containing the initial state qo, A is a set of atomic propositions,
V:Q — 24 is a state valuation, and ™ : Q — (Q — [0,1]) is a probability
transition function: Y- .o m(q)(q')=1 for all g € Q.

We now formally introduce CMC, our abstraction theory for MCs.

Definition 14 (Constraint Markov Chain). A Constraint Markov Chain is
a tuple C = (Q, qo,¥, AP, V) where Q is a finite set of states, qo € Q is the
initial state, ¥ : Q — (Dist(Q) — {0,1}) is a constraint function, AP is a set
. ., 2AP . .
of atomic propositions and V : QQ — 2 is a state labeling function.
For each state q € Q, the constraint function v is such that, for all distribu-
tion ™ on @, Y¥(q)(w) = 1 iff the distribution 7 is allowed in state q.

We say that a CMC C is deterministic iff for all states q, ¢’, ¢” € Q, if there exists
7' € Dist(Q) such that (¢¥(q)(7') A (7'(q') # 0)) and 7" € Dist(Q) such that
(p(q) (@ YA (7" (q") # 0)), then we have that V(¢")NV (¢”) = 0. Single valuation
normal form of CMCs is defined similarly as for APAs. The satisfaction relation
between MCs and CMCs as well as the notions of weak and strong refinements
are also defined similarly as for APAs. We will use the following result.

Theorem 7 ([3]). For deterministic CMCs in single valuation normal form,
strong refinement coincides with thorough and weak refinement.

On the relation between CMCs and APAs. We now show that APAs can
act as a specification theory for MCs. For doing so, we propose a satisfaction
relation between MCs and APAs. Our definition is in two steps. First we show
how to use PAs as a specification theory for MCs. Then, we use the existing
relation between PAs and APAs to conclude.

Definition 15. Let P = (S, A, L, AP,V,sq) be a PA with AN AP = (). Let
M =(Q, qo, 7, An, Var) be a bipartite Markov chain such that (1) Q = QnUQp,
with Qn N Qp = 0, for all q,¢ € Qn,7(q,q¢') = 0 and for all q,¢ € Qp,
m()(¢") =0, (2) g0 € Qp, and (3) Ayy = AUAP. Let RC Qp x S. R is a
satisfaction relation iff whenever ¢ R s, we have

1. Varla) = V(s).

2. For all action a € A and distribution p over S such that L(s,a,u) = T, there
exists ¢ € Qn such that V(¢') = V(s) U{a}, w(q)(¢") > 0, and 7(¢') Er .

3. For all state ¢ € Qn such that w(q,q") > 0, there exists an action a € A
and a distribution p over S such that V(¢') = V(s) U {a}, L(s,a,u) = T,
and 7(¢') Er p.

We say that M satisfies P iff there exists a satisfaction relation R such that
qo R sg.

13



The satisfaction relation between MCs and APAs follows directly. We say
that a MC M satisfies an APA N, which we write M =y ¢ N, iff there exists a
PA P such that M satisfies P and P satisfies N.

Expressivity Completeness. In the previous section, we have proposed a
satisfaction relation for MCs with respect to APAs. We now propose the following
theorem that relates the expressive power of CMCs and APAs.

Theorem 8. Let N = (S, A, L, AP,V, so) be a deterministic APA in single val-
uation normal form and such that AP N A = (). There exists a deterministic
CMC N in single valuation normal form such that for all MC M, M Eyc

N<:>M|:N,

We have just shown that for all APA N, there exists a CMC N such that
[N]are = [N]. The reverse of the theorem also holds up to a syntactical trans-
formation that preserves sets of implementations (see Appendix E for details).
This result together with Theorem 7 leads to the following important result.

Theorem 9. For deterministic APAs with single valuations in the initial state,
strong refinement coincides with thorough and weak refinement.

6 Conclusion

This paper presents a novel abstraction for PAs and proposes the first specifi-
cation theory for them. In addition, the paper also studies the relation between
abstraction and compositional design in combating the state-space explosion
problem.

There are various directions for future research. The first of them being
to implement and evaluate our results. This would require to design efficient
algorithms for the compositional design operators. Also, it would be of interest
to embed our abstraction procedure in a CEGAR model checking algorithm.
Another interesting direction would be to design an algorithm to decide thorough
refinement and characterize the complexity of this operation. Finally, one should
also consider a continuous-timed extension of our model inspired by [15].
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A Example

In this example we will illustrate the concepts of conjunction and parallel com-
position, and demonstrate the need for general constraint functions. We also
direct the attention to section B.

Ezample 5. In Figure 6a and Figure 6b specifications modeling a university (Uni)
and a researcher (Res) are shown. The shared action set A = {w1,wa, s,p, f,q,e,t}
denotes the actions workl, work2, stress, paper, failure, quit, exam, and teach.
Constraint on probabilities are shown in Equation 1.

Uni expects both types of work to be done symbolized by the transition on
wy and we with T modality. When research is done (w), with a low probability,
an employee will get stress, but much more likely a paper will be produced.
With education (ws), stress is slightly more likely, but will more likely yield an
exam. Res may educate students (ws), which involves a risk of quitting, but must
research (wy). Research can be done in three manners; intensive (i-res), moderate
(m-res), and weak (w-res), all as state valuations. Doing weak research involves
a risk of failing due to rejectance or other causes.

{{sat}} {{unsat}}

{{i-ves}}

{{m-res}, {i-res}} {{w-res}}
(c) MustRes

Fig. 6: Three specifications over action set A
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Pr=0<2<1IAN0<L23<0. 1N N2 423 =1

P =0<ts <1A0<ts <03Aty+ts5=1

0y =0<1252<05A02<y3 <0.TA0<ys <05 AYy2+ys+ys=1 (1)
0, =0.02<25 <0.07TAN095< 27 <0.99A 25 + 27 =1

0 =04<qgp <08AN0<g3<1Ag+g3=1.

The overall specification of Res and Uni running in parallel, is that Res is
under no circumstances allowed to quit the job, which could be modeled as a
single loop on all actions other than quit with ? modality. That is, Uni and
Res composed in parallel must obey this rule or, said differently, the parallel
composition must refine this overall specification.

The parallel composition Uni and Res, synchronizing on wi, ws, e, and p,
Figure 8, will still allow Res to quit. The figure is slightly abbreviated to avoid
clutter; The valuation on (sy, s}) is {{exp,idle}}, and the same pattern applies
for all other states. Transition modalities are T every except L((s1, 8} ), wa, ©p) =
7. State (s1, s) is replicated to avoid long arcs. A transition denoted with a single
letter, say g, is shorthand for ¢,1,7T. The constraint functions are:

r = Jp € Sat(p,)Ip’ € Sat(py)V(i,j) : rij = p(si) - 1/ (s5)
pp = I € Sat(p:)3p € Sat(p2)V(i, 7) : pij = p(si) - 1 (s))

Notice, that constructing the parallel composition yields products of probabili-
ties, which is why we consider general constraint functions.

A behavioural specification (MustRes) (on action set A) is given in Figure
6¢. It specifies that a researcher must do moderate or intensive research with a
probability between 0.4 and 0.8. Conjoining Res with MustRes will yield Figure
8 with constraint function in Figure 2

(vaOSUQQ §0.5/\0.2§1}32 SO.?/\OSU43 §05/\
0.4 < w9y 4+ 130 <O0.8A v +v30 +v43 =1

(2)

Notice that this constraint function, because of 0.4 < v9g + w32 < 0.8, can not
be expressed using only intervals for each variable.

The parallel composition of the conjoined specifications and Uni is obtained
by removing the right part of Figure 7, since this part is deemed inconsistent
after conjunction and removed by setting L((s1,5}),ws,¢,) = L. This parallel
composition does not allow the quit action, and satisfies the requirements.

B Appendix for General Constraints

In this section we will illustrate the need for general constraint functions. The
examples that will be presented are extensions of examples introduced in [3].

Parallel composition

17



Fig. 7: Parallel composition of Uni and Res with A = {w1, w2, e,p}

j{{idie}}

‘Tw:mmx de.wmmx Qwsrammz

Fig. 8: Conjoining specifications in Figure 6b and Figure 6¢
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a,d}, {a,b,d}}

RISUSTRIS

peml=m d}, {b,d},{a,b.d
T +.7102:1 . ~{- }{a.b,d}}
y=3 Sy S1A0<y2 < 3A
(Zyl +;2 _ 11 s (b) The parallel com-
o position synchronizing
(a) Two APAs with interval on {e}
constraints

Fig.9: Two APAs with interval constraints

Consider the two APAs in Figure 9a sharing the action set A = {e} and the
set of atomic propositions AP = {a,b, ¢, d}.

A naive (and wrong) solution to ¢, is z11 € [0,1/2], z12 € [0,1/3], z21 €
[1/6,1], and 292 € [0,2/3]. Indeed 217 = 0, 212 = 1/3, 291 = 1/3, and 290 = 1/3
is in the polytope defined by the intervals, but no implementation of the parallel
composition exists for these values, since z1; = 0 implies z; = 0, and therefore
zZ12 = 0.

Conjunction

Consider the two APAs in Figure 10a sharing the action set A = {e} and the
set of atomic propositions AP = {a,b, ¢, d}.

pe =0< 22 < 3AN02< 25 <O.7TA
0<azs< gATtagtas=1
py =04 <y <08A0<ys < IA
y2 +ysz =1

(b) The conjunc-
tion

(a) Two APAs with interval constraints

Fig. 10: Two APAs with interval constraints

According to Definition 10, ¢, =0 < 200 <0.5A0.2 < 230 < 0.7A0 < 243 <
0.5N0.4 < 299+ 232 < 0.8 A zog + 232 + 243 = 1. Because of 0.4 < 299 + 230 < 0.8,
this constraint function can not be expressed as a interval over each variable.
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C Appendix for Pruning

It is possible that not all states of an APA N are consistent; however, this does
not imply that N is inconsistent. We employ pruning to remove inconsistent
states of an APA while not reducing its set of implementations.

Definition 16. Given APA N = (S, A,L,AP,V, sy), a dummy state A ¢ S, and
T C S a set of inconsistent states, let v : .S — {A}US\T be defined by v(s) = A
if s€T, and v(s) = s otherwise.

Thus, ¥ maps any inconsistent state in 7' to the dummy state A\, and is the
identity function otherwise.

Definition 17. (Pruning) Let N = (S, A, L, AP,V,sy) be an APA with \ ¢
S and T C S the set of inconsistent states in N. Let v : S — {A\}US\T
be defined as above. Let B be a pruning function that induces the following:
If v(sg) = A, then let B(N) be the empty APA. Else, let B(N) be the APA
B(N) = (S",A, L', AP, V' sqg) such that S’ = S\ T, and for all s € ', a € A,
p € AP and p € C(S"),

1 if %% =10
UzegsaL(s,a,@) else

L'(s,a,¢) = {
V'(s) =V (s)

where @ is the set of constraints on S, reachable from state s with label a,
that match ¢ when restricted to S’. More formally,

o> ={p e C(S)| L(s,a,p) # L and u € Sat(p) iff Iu € Sat(p) s.t.
Vs € S (s) = p(s), and ¥t € T, u(t) = 0}.

All states in T are mapped onto A and are removed from APA N. The APA
B(N) that results after pruning may still contain inconsistent states. Therefore,
we repeat pruning until a fixpoint is reached such that g"(N) = p"1(N),
where n represents the number of iterations. The existence of this fixpoint is
guaranteed as N is finite. Some of the operations (conjunction and composition)
may introduce inconsistent states, and are succeeded by a pruning phase to
remove such states.

The following is a proof of Theorem 1, that states, that for any APA N, it
holds that [N] = [B(N)].

Proof. Let N = (S,A,L, AP, V,s0) be an APA. Let T be the set of inconsistent
states of N and let () be the corresponding APA using the pruning operator
of Definition 17. The result is trivial if (V) is empty. Else, suppose that S(N) =
(S, A, L', AP, V' sp),and let P = (Q, A, Lp, AP, Vp, qo) be a PA. We prove that
PEN < PEJB(N).
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= Suppose that P = N, and let R C @ x S be the corresponding satisfaction
relation. Define the relation R’ C @ x S’ such that for all s € S, ¢ R’ s iff ¢ R s.
We prove that R’ is a satisfaction relation. Let ¢ € @ and s € S’ such that
qR s.

1. Leta € Aand ¢ € C(S’) such that L'(s,a,p) = T. By def of L', we have that
@5 % () and Ugegs. L(s,a, ) = T. As a consequence, there exists ¢ € C(5)
such that L(s,a,@) = T and u € Sat(p) iff there exists i € Sat(@) such
that fi(s’) = u(s') for all s € S” and fi(t) =0 for all t € T
By R, there exists p € Dist(Q) such that Lp(q,a,p) = T and there exists
i € Sat(@) such that p €g . Let s’ € S and suppose that fi(s’) > 0. Let §
be the correspondence function such that p @‘752 [i. By definition, there must
exist ¢ € @ such that p(¢’) > 0 and d(¢’,s’) > 0. By the definition of R,
this means that s’ is not inconsistent. As a consequence, for all ¢t € T, we
have fi(t) = 0 (1). Moreover, d(¢’,s’) > 0 also implies that s’ is consistent.
Thus, for all ¢ € Q and ¢t € T', we have that §(¢’,t) = 0 (2).

Let p € Dist(S’) such that for all s € S, u(s’) = fa(s’). By (1), p is indeed

a distribution. Moreover, we have by construction that p € Sat(p). Let

§ :Q — (8" —[0,1]) such that for all ¢ € Q and s" € S, 0'(¢',s") = d(¢', ).

By (2), we have that §’ is a correspondence function, and

(a) Forall ¢ € Q,if p(¢') > 0, then, by R, 6(¢’) is a distribution on S. Thus,
by (2), ¢’ is a distribution on S’.

(b) For all s" € S,

D onld)-5(d ) =D pld)5(ds)
7€Q q'eQ’

= p(s') = p(s).

(c) Whenever 6'(s’,¢") > 0, we have by definition d(¢’,s") > 0. Thus, by R,
¢ R s, and finally ¢ R’ s'.
Finally, we have that p @%, L.

2. Let a € A and p € Dist(Q) such that Lp(q,a,p) = T. By R, there exists
@ € C(S) and i € Sat(p) such that L(s,a,p) # L and p Exr . Let §
be the associated correspondence function. Let s’ € S and suppose that
f(s’") > 0. By definition, there must exist ¢’ € @ such that p(¢’) > 0 and
d(¢’,s") > 0. By the definition of R, this means that s’ is not inconsistent.
As a consequence, for all t € T', we have fi(t) = 0 (1). Moreover, 6(¢’,s") > 0
also implies that s’ is consistent. Thus, for all ¢ € @ and ¢t € T, we have
that 6(¢’,t) = 0 (2).

Let ¢ € C(S”) such that pu € Sat(p) iff there exists p' € Sat(@) such that,
for all ' € S, p(s’) = (/(¢') and for all t € T, 1/ (¢t) = 0. By construction,
we have @ € ¢ Thus, L'(s,a, ) # L.

Moreover, let u € Dist(S’) be the distribution such that for all s € S5,
wu(s’) = a(s"). By (1), p is indeed a distribution. By construction, we have
that p € Sat(p). Let ¢ : Q@ — (5" — [0,1]) such that for all ¢ € @ and
s e S, 8(,s) = d(qd,s). By (2), we have that ¢’ is a correspondence
function, and
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(a) Forall ¢’ € Q,if p(q¢') > 0, then, by R, §(¢’) is a distribution on S. Thus,
by (2), ¢’ is a distribution on S’.
(b) For all s" € S,

> o))=Y pld)0(d,s)
7€Q 7 eqQ’

= (&) = uls").

(¢) Whenever §'(s',¢") > 0, we have by definition 6(¢’,s’) > 0. Thus, by R,
¢ R s', and finally ¢ R s'.
Finally, we have that p @%, I
3. By R, we have that V(q) € V(s') = V'(¢).

Finally, R’ is a satisfaction relation. Moreover, we have by definition that
qo R’ s0, thus P = B(N).

<: Suppose that P |= 3(IN), and let R C Q x S’ be the corresponding satis-
faction relation. Define R C ) x S such that for all ¢ € Q and s € S, ¢gR s

iff s € §” and ¢ R’ s'. By construction, R is a satisfaction relation and gy R so.
Thus P = N.

D Appendix for Single Valuation Normal Form

Definition 18. Let N = (S, A, L, AP,V,sq) be an APA. If there exists a func-
tion N': S — 25 such that

1. 8" =Ues N(s),
2. for all s1,s2 € S such that s # s, N(s) "N (s") =0,
3. for all s € S, IN(s)| = |V (s)],

and, if |V (so)| = 1, then the normalization of N, denoted N(N), is the APA
N(N) = (8", A L',AP,V',N(s0)), such that

1. foralls' € S, |V'(s")] =1,

2. forall s €5, V(s) =Ugens V'(s")

3. for all s € S, for s, sh € N(s), s} # sy < V'(s}) #V'(sh), and

4. for all s € S and a € A, if there exists ¢ € C(S) such that L(s,a,p) # L,
then for all s € N(s), let L'(s',a,¢") = L(s,a,¢) for ¢’ € C(S") such that
Sat(¢') = {p' € Dist(S")|p: 5 = 3 ens) ¥ (1) € Sat(p)}.

Clearly, N(N) is an APA.

Theorem 10. Let N = (S, A, L, AP,V,sqy) be an APA with a single valuation
in the initial state. It holds that [N] = [N (N)].

Proof. Let N = (S, A, L, AP,V,s0) be an APA such that |V (sg)| = 1, and let
N(N) = (S, A L',AP,V',N(s0)) be the normalization of N, given the function
N:S—2%.
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C Let P = (Sp,A,Lp, AP, Vp,sl’) be any PA such that P € [N] with sat-
isfaction relation R C Sp x S with s}’ R sgp. We show that P € [N(N)],
implying that [N] C [NV(N)]. We define the relation R' C Sp x S’ such that
pR's < Vp(p) € V(&) A\pRN~1(s") and show that it is a satisfaction
relation relating s{’ and sj.

Let p € Sp and s’ € S’ be such that p R’ s':

1. Let a € A and ¢’ € C(S’), and assume that L'(s’,a,¢’) = T. By defini-
tion of N'(NV), this must-transition exist, since there exists a transition
LINTYs"),a,0) = T for some ¢ € C(S). Then, since P = N, there
exists pp € Dist(Sp) such that Lp(p,a,pp) = T and 3u € Sat(y) :
pp €r p. We will now show that 3’ € Sat(¢') : up g p'. Let
0:Sp — (S — [0,1]) be the correspondence matrix witnessing up Er p.
We construct &' : Sp — (" — [0,1]) as §(¢q)(t) = S(q)(N~L(t)) if
Ve(q) € V/(t), and 0 else. The distribution u’ € Sat(¢’) is defined as a
distribution that satifies u(s) = s — 32, a5 1/ (1)

(a) Take p’ € Sp such that pp(p’) > 0. We see, since for each t’ € S st.
d(q)(t") > 0, there exists precisely one t € S’ st. '(q)(t) = 0(q)(t'),

that
S S = 3000 = 1.
s'"es’ seS
(b) Let s €5’
> ur) (@) = > pp(p) - 5(p )N ("))
p'€Sp p'€Sp:Vp(p')EV/(s")

NN =Y W)

wEN (N —1(s"))
= 1/(s").

(¢) Assume that §'(p’)(s”) > 0. Then we know that Vp(p') € V'(s")
and 6(p’)(N~1(s")). By the latter, we know that p’ RN ~1(s"), and
therefore p’ R’ 5.

2. Let a € A and pup € Dist(Sp), and assume that Lp(p,a, up) = T. Since
P |= N, there exists ¢ € C(S) such that L(N~1(s"),a,¢) # L and Ipu €
Sat(p) : pp Er p. By definition of N'(N), there exists ¢’ € C(S’) such
that L(s',a,¢') = LINTY(s),a,¢) and Sat(¢’') = {i' € Dist(S)|u :
$ = D uens) W (1) € Sat(p)}. We will now show that Jp’ € Sat(y) :
up € p'. Let 6 : Sp — (S — [0,1]) be the correspondence matrix
witnessing up €gr p. We construct &' : Sp — (8" — [0,1]) as 0'(¢)(t) =
3(q)(N~L(t)) if Vp(q) € V'(t), and 0 else. The distribution u’ € Sat(y’)
is defined as a distribution that satifies u(s) = s — >, c (5 #'(1). Using

the same reasoning as above, we can deduce that pup @%, .
3. By construction of R, we know that Vp(p) € V/(s').
We conclude that sf’ R’ sf), since Vp(sh') € V(sg) = V'(sh) and sfF RN ~1(s}))
which is equivalent to saying that s&’ R s.
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D Let P = (Sp,A,Lp,AP,Vp,sl’) be any PA such that P € [N(N)] with
satisfaction relation R' C Sp x S’ with s§’ R s9. We show that P € [N],
implying that [N] 2 [N(N)]. We define the relation R C Sp x S such that
pRs <= 3s’ € N(s) : pR's" and show that it is a satisfaction relation
relating s’ and sq.

Let p € Sp and s € S be such that pR s:

1.

3.

Let a € A and ¢ € C(S5), and assume that L(s,a,p) = T. There exists
s' € N(s) : pR's', and therefore, by definition of A(s), there exists a ¢ €
C(9) st. L'(s',a,¢) = T. Since P = N (N), there exists up € Dist(Sp)
such that Lp(p,a,pp) =T and 3y’ € Sat(¢') : up Exrs 1. We will now
show that 3u € Sat(p) : pup Eg p. Let &' : Sp — (S" — [0,1]) be the
correspondence matrix witnessing pup €rs p'. We construct § : Sp —
(5 —[0,1]) as 6(q)(t) = Xopenrr) 0'(@)(t'). The distribution p € Sat(y)
is defined as the distribution that satifies p(s) = s+ 3_, cns) 4 (0)-

(a) Take p’ € Sp such that up(p’) > 0. Clearly, since S’ = Uses N (s),

Z 5(p/)(8”) _ Z Z 5/(pl)(tl) -1

s""eS s""eSteN(s")

(b) Let s €5’

S our®) 5@ = > ) DY d@HE)

p'ESp p'€ESP t'eN(s")

oD ) SO

t’EN(S”) p,ESP

S ) = (s,

tEN(s")

(c) Assume 6(p')(s”) > 0. Then there exists ¢ € N(s”) such that
§'(p')(#') > 0 and therefore p’ R’ ¢’ which implies p’ R s”.

. Leta € Aand up € Dist(Sp), and assume that Lp(p, a, up) = T. There

exists s’ € N(s) : pR’ ¢/, and since P = N(N), there exists ¢’ € C(5")
such that L'(s',a,¢’) # L and 3u’ € Sat(¢’) : up €xs 1. By definition
of N(N), there exists ¢ € C(S) such that L(s,a,¢) = L'(s',a,¢’) and
Sat(¢') = {p' € Dist(S)|p = s = X en(s) W (u) € Sat(p)}. We will
now show that Ju € Sat(p) : pp Er p. Let &' : Sp — (S" — [0,1]) be
the correspondence matrix witnessing up €/ 1'. We construct § : Sp —
(5 —[0,1]) as 6(q)(t) = >openr) 0'(@)(t'). The distribution p € Sat(y)
is defined as the distribution that satifies pu(s) = s = 32, cpr) 1/ (1)
Using the same reasoning as above, we can deduce that up €% .

Since there exists s’ € N(s) : pR’s’, we know that Vp(p) € V'(s'). By
definition V'(s) = Ugrenr(s)V'(8), so it is clear that Vp(p) € V(s).

We conclude that s’ R sg, since p R’ s)) and s{, € N(s0)).

By mutual inclusion, we conclude that [N] = [N(N)].
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E Appendix for Completeness

In this section, we describe a syntactic transformation f on CMCs, preserving
sets of implementations, such that the reverse of Theorem 8 holds. This trans-
formation consists in duplicating all the states of a given CMC C' in order to
simulate a non-deterministic choice.

Definition 19. Let C = (Q, qo, ¥, AP, V) be a CMC. Let I' be a fresh variable
(v ¢ AP). Define the CMC f(C) = (Q', ¢, ¢', AP U{I'}, V') such that Q' =
QN UQp, with Qn and Qp two copies of Q. If ¢ € Q, denote qn and qp the
copies of q belonging to Qn and Qp respectively. Let g, = (qo)p and define ¢’
such that

— for all qp € Qp, and 7 € Dist(Q"), V' (qp)(7) =1 iff 7(qgn) =1, and
— for all qn € Qn and 7 € Dist(Q"), ¥ (qn)(7) =1 iff
1. for all ¢y € Qn, we have (¢ ) =0, and
2. the distribution ' : ¢’ € Q — 7(qp) over Q is such that ¥ (q)(7") = 1.

Finally, let V'(gp) = V(q) and V'(qn) = V(q) U {gamma} for all ¢ € Q.

Since Markov chains are restrictions of CMCs, the same transformation can
be defined on Markov Chains.

The following theorem states that this transformation preserves implemen-
tation.

Theorem 11. Let M be a MC and C be a CMC. We have M = C <=
f(M) |= F(C).

The proof of this theorem is straightforward and left to the reader.

By introducing non-deterministic choices in the original CMCs, the transfor-
mation f enables us to turn any CMC into an APA that will have the same set
of implementations. This is formalized in the following theorem.

Theorem 12. Let C be a CMC. There exists an APA C such that, for all MC
M, we have M = C <= f(M) =pc C.

Proof. We define the transformation from CMCs to APAs C' — C and leave the
rest of the proof to the reader.
Let C = (Q,qo, v, AP, V) be a CMC. Let I" be a fresh variable (I" ¢ AP).

Define the APA C = (Q,{I'}, L, AP, v, do) such that

- Q = Q7

~ Q=40

V:geQ+— V(g), and

L is such that for all § € Q, L(¢, I, ) = T with ¢ € C(Q) such that for all
7 € Dist(Q), m € Sat(y) iff the distribution 7 : ¢/ € Q — 7(¢’) over Q is
such that ¥ (q)(x") = 1.
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F Proofs

F.1 Proof of Theorem 2

Refinement relations can be ordered as follows: thorough refinement is strictly
finer than weak refinement, and weak refinement is strictly finer than strong
refinement.

— It directly follows from the definitions (by a swap of quantifiers) that strong
refinement implies weak refinement. We prove that weak refinement implies
thorough refinement: let N = (S, A, L, AP,V,sp) and N' = (S", A’ L/, AP,
V', s() be APAs with AP = AP and A= A" If N < N’, then N <¢ N'.

Proof. Assume that N < N'. Then there exists a weak refinement relation
R’ C 8 x S such that soR's). Let P = (Sp, Ap, Lp, APp,Vp,st) such
that P = N; if [N] = 0, the theorem is true. Else, there exists a satisfaction
relation R” C Sp x S such that S(I]) R sq.

We now propose a relation R C Sp x S/, such that uRw iff Jv € S :
uR” v AvR w. We now show that R is a satisfaction relation.

Assume that u Rw and let v € S be a state such that « R” v and v R’ w.

1. Let a € A" and ¢’ € C(5’), and assume that L'(w,a,p’) = T: By
refinement of N and N, there exists ¢ € C'(S) such that L(v,a,p) =T
and VY € Sat(p), I’ € Sat(¢') with u €rs /. Moreover, by satisfaction
of P and N there exists up € Dist(Sp) such that Lp(u,a,u) = T and
Jus € Sat(p) : pp Err ps.

Take pg € Dist(S) such that up Er» pus and choose p’ € Dist(S’) such

that us €p p'. Let ¢ : S — (8" — [0,1]) and 0" : Sp — (S — [0,1])

be correspondence functions witnessing pup €rv ps and ps €gp ',

respectively. We now construct the correspondence function § : Sp —

(8" —[0,1]) by 8(s)(t) = 3, c58”(s)(r) - 8'(r)(t) and prove that pp €%
‘.

é;) Let s € P such that up(s) > 0.

PCIOED S ICUOIGRAGIO

tesS’ teS’ res

< I ) <7 I )
tesS’ es

> np(s = " up(s)- S8 (s)(r) - 8 (r) (1)

sepP sepP res
=S E00 - Y nels) -5 (5))
res seP
=Y 8 r)() - ps(r) = /().
res
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(c) Assume that 6(s)(t) > 0. Then, there exists r € S such that 6" (s)(r) >
0 and &'(r)(t) > 0. The implies that s R” r and 7 R’ t and by defini-
tion of R, s R t.

2. Let a € A and pup € Dist(Sp) and assume that Lp(u,a, ) >7 Then, by

satisfaction of P and N, there exists ¢ € C(S) such that L(v,a,p) >?
and Jug € Sat(p) with up g u. Moreover, by refinement of N and N’
there exists ¢’ € C(S’) such that L'(w,a,¢’) >?7 and Vu € Sat(p), Iu’ €
Sat(¢") with p Egr p'.
Choose pug € Dist(S) such that pp €g ps and choose ' € Dist(S’)
such that us €p p/. Let 8" : S — (S8 — [0,1]) and &' : Sp —
(S — [0,1]) be correspondence functions witnessing pp €p~ ps and
s €r p', respectively. We now construct the correspondence function
d:8p — (8" — [0,1]) by d(s)(t) = >_,c50"(s)(r) - 0'(r)(t). Using the
same reasoning as above, we can deduce that up @‘752 .

3. By definition 5, since u R” v, we have that Vp(u) € V(v). Moreover, since
v R w, we have that V(v) C V/(w). As a consequence, Vp(u) € V' (w).

Since s’ R" so and so R’ s{,, we have that sf’ R s{), and we conclude that R
is a satisfaction relation. Therefore P € [N'], and N <p N'.

— We now show that there exists APAs N; and Ns, such that Ny < N, but
N1 A5 No.

Proof. Consider the APAs Ny and Ny given in Figure 3.

e N7 =< Ny: We prove that R = {(s1,s]), (s2, $5), (s3,55), (s3,5}), (54, 85) }

is a weak refinement relation starting by proving s; R s}; the others
pairs are trivially related since the have no outgoing transitions and
their valuations correspond.
There is a constraint function ¢, € C(5) such that L(s1,a, p;) =? and a
constraint function ¢, € C(S") such that L(s’,a,¢,) =7. We now show
that Y € Sat(p,)3p € Sat(py) : p €r 1. Let p € Sat(p,) and let
0:8— (8" —[0,1]) be given as

(51,8/1) =1, (827512) = 1) (SQaSé) =7, (837521) —1 -7 (847515) = 1’

where v = 0'7%;3(;2), if u(s2) < 0.7, and v = 0'8%;3(;2) else.

1. By definition of §, for each s € S, d(s) is a distribution on S”.
2. Assume that p(s2) <0.7. For %, s) € 5" we have that

5 () 36)(5) = o) 01 ()
5(s)(sh) = p(sq) - (1= LT #ls2)
S )60 = ) (1= F)

= /L(83) — 0.7+ M(SQ)
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Using this observation, p’ : S — [0,1] given by s — u(s1), s5 —
(52), > 0.7 — i(s3), 5y — u(s3) — 0.7+ pa(s3), and s} > p(sa),
is a distribution on S, ' € Sat(yp,), and p €% . Similarly, if
wu(s2) > 0.7.
3. Pairs (s, s’) for which 6(s)(s’) > 0 are related by R by construction.
For valuations in s; and s}, respectively, it holds that {{l}} C {{i}}.

e N; £A5 Ny: suppose that there exists a satisfaction relation R’, and let
¢’ be the correspondence function witnessing relation of s; and s}. The
valuations require that ¢’ must be of the same type as § above with v > 0
(here v is not influenced by the value of pu(s2)). Consider the following
two distributions over S, pq and po given by

w1 s1+—0, s20— 0.6, s3+— 0.1, s4— 0.3

pa: 81— 0, s9— 0.8, s3+— 0.1, s4 — 0.1.

It must hold both, that 3u} € Dist(S")Vs' € 8" : 3" g pai(s) -d(s)(s') =
py(s') and Jusy € Dist(S")Vs" € 8" Y g pa(s) - 0(s)(s') = phH(s"). But
the first case implies requires v = 1, and the second case requires v = 0,
which shows that there can not exists a strong refinement relation, since
the correspondence function can not be fixed in advance.

— Finally, we show that there exists APAs N3 and N4, such that N3 <7 Ny,
but N3 ﬁ N4.

Proof. Consider the APAs N3 and Ny given in Figure 4.

e N3 =<r Ny: Any PA satisfying N3 will also satisfy Ny.

e N3 A Ny: Consider the pair (s2, s5). For this pair to be member of a weak
refinement relation R. Sat(p,) consists of the distribution p1 and ps that
give probability 1 to s3 and sy4, respectively. A correspondence function
§ such that ps €% ph, where pif is the distribution assigning probability
1 to s/, can not exist, since such a § will satisfy that §(s4)(s}) = 1. This
pair can not be related, since {{o}} Z {{n}}. The same applies for the
pair (82, s4). This implies, that N3 can not weakly refine Ny.

F.2 Proof of Theorem 3

Proof. Let N = (S, A, L, AP,V,sp) be an APA and let « : S — S’ be an ab-
straction function such that a(N) = (S, A', L', AP', V', a(sp)) is the induced
APA. We define a relation R C S x S" as s R a(s) and show that R is a weak
refinement relation.

Assume that s R’ for s € S and s’ € S’. Notice, that this is implies that

s €v(s).

1. Leta € Aand ¢’ € C(5), and assume that L'(s’, a,¢’) = T. This implies, by
definition of abstraction, that there exists ¢ € C(S5), such that L(s,a, ) =
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T. Let u € Sat(yp) and construct u' € Dist(S’) as p/(s”) = a(u)(s”) for all
s € S, Clearly, p' € Sat(y’).

Define 6 : S — (8" — [0,1]) as 6(u)(v) = 1, if a(u) = v, and 0 else. We now
show that p @%, .

(a) Let u € S such that u(u) > 0. Clearly, 6(u) is a distribution on .

(b) Let v € S".

Suw) s = Y )

ues u st. a(u)=v

= 37 ) = 4 (v),

u€y(v)

by definition of an abstraction of a distribution.
(¢) Assume that 6(u)(v) > 0. Then a(u) = v, and u R v.

2. Let a € A and ¢ € C(S), and assume that L(s,a, ) >?

(a) If L(s,a,¢) = T and Vs; € v(s")3p1 € C(S) : L(s1,a,p1) = T, we
have that ¢’ € C(S’) defined as in case (a) of Definition 9 yields that
L'(s',a,¢')=T.

Again define y/ € Dist(S’) as the distribution defined by p'(s”) =
a(p)(s”) for all s € S’ and some p € Sat(y), and by the same rea-
soning as above, u Ers 1.

(b) If L(s,a,) = T and Js1 € v(s)Ip1 € C(S) : L(s1,a,¢1) # L, we
have that ¢’ € C(S’) defined as in case (b) of Definition 9 yields that
(s a,¢') =7,

Again define ' € Dist(S’) as the distribution defined by u/'(s”) =
a(p)(s”) for all " € S’ and some p € Sat(y), and by the same rea-
soning as above, y Ers 1.

(c) If L(s,a,0) =T and Vs1 € y(s') : 81 # s,Vp1 € C(S) : L(s1,a,01) = L,

we have that ¢’ € C'(S’) defined as in case (b) of Definition 9 yields that
(s a,') =7,
Again define p/ € Dist(S’) as the distribution defined by p/(s”) =
a(p)(s”) for all " € S’ and some p € Sat(y), and by the same rea-
soning as above, u €r/ 1.

(d) If L(s,a,p) =7: Similar to the above case.

3. By Definition 9, it is easy to see that V(s) C V/(s').

Trivially, the initial states sp and «(sg) are related, so we conclude that R is
a weak refinement relation.
F.3 Proof of Theorem 4
Let N, N’ and N” be action-deterministic consistent APAs. It holds that 8* (N A

N') = N, B*(N AN') X N, and, if N7 < N and N” < N’  then N” <
B*(N A N').
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Proof. Let N = (S,A,L,AP,V,s¢) and N' = (S, A, L', AP, V' s{) and N =
(S", A, L", AP, V" s) be three APAs. Let NAN' = (SXS’ A,L, AP,V (s0,5}))
be the conjunction of N and N’ defined as above.

(1) We first show that 5*(NAN') <g N. Obviously, if NAN" is fully inconsistent,
then 8*(N A N') is empty and refines N with the empty refinement relation.
Suppose now that 5*(N A N') = (T, A, LT, AP,V (sq,s})), with T C S x S,
is not empty. Define the relation R C T x S such that for all s,¢ € S and
s e 8, (s,8)Rt iff s =t. We show that R is a (strong) refinement relation.
Let (s,s") € T such that (s,s") R s.

1. Let a € A and ¢ € C(S) such that L(s,a,p) = T. Since (s,s') € T, we

know that there exists ¢’ € C(S’) such that L'(s,a,¢’) # L. Thus define
@ € C(S x S’ such that i € Sat(p) iff

— the distribution u s€ 8= cg il(s,s")) is in Sat(p), and

— the distribution p/ : s’ € S — Zees ((s,8")) is in Sat(¢’).
By definition of NAN’, we have that L((s,s),a,¢) = T. Consider now ¢T
C(T) the constraint such that u”" € Sat(oT) ﬁthere exists 1 € Sat(p) such
that Vt € T, uT(t) = i(t) and Vt € S\ T, u( ) = O According to the defini-
tion of pruning, we know that LT ((s, s'),a,¢T) = Ve oona L((8,8"),a,0).

Since ¢ € ng(g’ “)e 1t holds that LT ((s,s’),a,pT) = T.
Thus there exists go € C(T) such that LT((s,s'),a,o?) = T. Then, define
the correspondence function 6 : T — (S — [0, 1]) such that 6((¢,¢'),¢") =1
iff " = t. Let uT € Sat(p?), fi the corresponding distribution in Sat(@),
and p the distribution such that p: ¢t € S+ 3, g fi((t,t')). By definition,
w is in Sat(p). We now show that u? €% p.

— For all (¢,¢') € T', §((t,¢')) is a distribution on S by definition.

— Lette S.
SooaT ) ()= > W (1) (By Def of )
(t,t"")eT t'eS’|(t,t")eT

= > Q(t,t) (By Defof u”)

t'eS'|(t,t)eT

= > iu(t,t)  (By Def of u7)
tes’

= p(t) (By Def of 1)

— Finally, if 6((¢,t),t"”) > 0, then ¢t =t” and (¢,¢') Rt by definition.
Thus pT @% 1L
2. Let a € A and pT € C(T) such that LT((s,s"),a,¢T) # L. By definition
of LT, there exists ¢ € ¢7"". Thus, L((s,s'),a,$ # L in N A N’, and a
distribution p” satisfies o7 iff there exists a distribution ji € Sat(@) such
that T (t) = ji(t) for all t € T and niu(t) = 0 for all t € S x S\ T. Since T
contains only consistent states, there exists u” € Sat(¢T). Let it € Sat(p)
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be a corresponding distribution in @. By definition of l~/, there must exist
p € C(S) and ¢’ € C(S5') such that L(s,a,¢) # L and L'(s',a,¢") # L.
Moreover, p € Sat(p) iff the distributions p: t € S — >, g p((t,t')) and
Pt eS8 =3, qp((t,t')) are respectively in Sat(p) and in Sat(e').
Since i € Sat(@), let u and ' be the corresponding distributions in Sat(y)
and Sat(y’). Define the correspondence function ¢ : T — (S — [0, 1]) such
that 0((¢,t'),¢") = 1 iff t" = t. We now show that ! €% pu.
— For all (¢,¢') € T', §((t,¢')) is a distribution on S by definition.

— Lette S.
ST ) o .= Y. WT((tt)  (By Def of 5)
(t,t")eT t'eS|(t,t')eT

= > Q(tt) (By Defof u)

eS| (t,t)eT

= Y Al(t,¢)) (By Defof u7)

t'eS’
= p(t) (By Def of )

— Finally, if 6((¢,t),t"”) > 0, then ¢t =t” and (¢,¢') Rt by definition.
Thus p” @% L.
Finally, there exists ¢ € C(S) such that L(s,a,p) # L and there exists
a correspondence function § such that for all u? € Sat(p?), there exists
w € Sat(p) such that u? €% .

3. By definition, VT ((s, ) = V((s,5")) = V(s) N V'(s") C V(s).
Finally, R is a (strong) refinement relation, and we have *(N A N') <g N.
(2) By a similar proof, we obtain that 8*(N A N') <g N’.

(3) We finally prove that if N” < N and N” < N’ then N” < 3*(N A N’).

Let R C §” x S and R’ € S” x S’ be the refinement relations such that
N"” < N and N” < N'. Obviously, if NAN' is fully inconsistent, then §*(NAN")
is empty. In this case, there are no consistent APAs refining both N and N’. As
a consequence, N is inconsistent, which violates the hypothesis. Suppose now
that 3*(N AN') = (T, A, LT, AP, VT (s0, s})), with T C S x S, is not empty.
Define the relation RY C §” x T such that s” R (s,s') € T iff s Rs € S and
s"R's' € S'. We prove that RT is a (weak) refinement relation.

Let s € S, € 8 and s” € S” such that s” R (s, s).

1. Let a € A and o7 € C(T) such that LT((s,s),a,¢T) = T. By definition,
we have L((s,s'),a,$) = T with ¢ € C(S x §") such that u” € Sat(e?) iff
there exists ji € Sat(p) such that u? (t) = fi(t) for all t € T and ji(t) = 0 for
allt €8x 8\ T.

By definition of L, there must exist ¢ € C(S) and ¢’ € C/(S’) such that either
L(s,a,) = T and L'(s';a,¢") # L or L(s,a,¢) # L and L'(s',a,¢") = T.
Suppose the former holds. Since L(s,a,p) = T and s” R s, there exists
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©" € C(S") such that L"(s",a,¢"”) = T and for all u” € Sat(¢"), there
exists p € Sat(p) such that p/’ €x p (1).
Since L"(s",a,¢") = T and s” R's’, there exists p’ € C(S’) such that
L'(s',a,p") # L and for all " € Sat(yp”), there exists p/ € Sat(p’) such that
u €r p' (2). By action-determinism of N’, we have p’ = ¢’
Let ¢ € Sat(¢"). By (1) and (2), there exists p € Sat(p) and p’ € Sat(y’)
such that p” €g pand p” €r/ 1. Since (s,s’) and s” are consistent, remark
that for all ¢,¢ in S x S"\ T, we cannot have s” Rt and we cannot have
s"R (3).
We now build u7 € Sat(p?) such that u €g~ u”. Let u” be the distribution
on T such that for all (t,t') € T, pT((¢,t')) = u(t)- ' ('). Again, since (s, s’)
and s” are consistent, we have that V(¢,t') € S x S"\ T, u(t) = p/(¢') = 0.
Thus p” is indeed a distribution, and by definition of ¢ and ¢T', we have that
u? € Sat(pT). Let § and &’ be the correspondance functions such that p” €%
pand p” €%, p'. Define the correspondance function 6" : §” — (T — [0,1])
such that for all t” € S” and (¢,t') € T, 6" (", (¢,t')) = o(t",t) - 0'(t", ). We
now prove that " €%, u
— Forallt” € 8", i ,u”(t”) > 0, both §(t") and ¢’(t") are distributions. By
(3), we know that for all (t,t') €S xS\T, st t)=24(t",t)=0.As
a consequence, 6" (t") is a distribution on 7.
— Define p?(t,¢') = 3 cqn /(") - 8" (¢", (t,1')). We prove that, for all
(t,t") € T, we have pT'(t,t") = uT'(t, ).
e Let ¢ € S’ we have

Z p(t,t/) _ Z Z // 5// 7 (t,t/))

teS|(t,t")eT teS|(t,teT t"eS”

Z Z // t” t) 5l(t”,t/)

teS|(t,t)eT t"eS”

Z Nll(t”) . 5l(t”,t/) . Z 5(t”,t)
tes" tESl(t,t')eT

Z ,LLI/(t”) . 5’(75”, t/)
tlIeSII

p'(t') by definition.

e Let t € S, we have

Z p(t,t/) _ Z Z // 5// 7 (t,tl))

t'eS|(t,t)eT t'eS!|(t,t)eT t"eS”

Z Z // . t” t) 5 (t”,tl)

t'eS|(t,t)eT t"eS”

Z ,u”(t”) . 5(75”,75) . Z (5’(75”,75/)

t’eS"” t'eS|(t,t")eT
_ Z ,u”(t”) . 5(75”,75)
t//eS//
w(t) by definition.
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Thus we have that for all (t,¢/) € T, p = uT.
As a consequence, for all (t,t') € T, >, cqn " (") - 6"(t", (L, 1)) =
put (1),
— If §"(t", (t,¢')) > 0, then by definition 6(t”,t) > 0 and & (¢”,¢') > 0. As
a consequence, t" Rt and t"" R't', thus t" R" (t,t').
Finally, " €rn p”.
. Let a € A and ¢” € C(S”) such that L"(s",a,¢”) # 1. Since s" R s
and s” R's’, there must exist ¢ € C(S) and ¢’ € C(S’) such that both
L(s,a,¢) # L and L'(s',a,¢') # L. As a consequence, L((s,s),a,p) # L,
with ¢ € C(S x 8") such that p € Sat(p) iff the distributions p : t € S +—
Yopes At t)) and p 1t € 8" Y7, o p((L, 1)) are respectively in Sat(yp)
and in Sat(¢’). Moreover, since s” and (s,s’) are consistent, there exists
o7 € C(T) such that LT((s,s"),a,¢T) # L and pT € Sat(pT) iff there ex-
ists p € Sat(@) such that pT (¢, ') = p(t,t') for all (¢,¢') € T and p(t,t') =0
for all (t,t') € S x S"\T.
Let " € Sat(yp"”). We prove that there exists u” € Sat(pT) such that
w'" €rr pT. By definition of ¢ and ¢, we know that there exist u € Sat(y)
and y' € Sat(y’) such that p”’ €r p and p” €r/ p'. Let 6 and § the
correspondance functions such that p” €% p and p” @%, u'. Let fi the
distribution on S x S” such that for all (¢,¢") € Sx S, mu(¢, t’ ) w(t)-p/ ().
By definition, we have that fi € Sat(p). Moreover, since s” and (s,s’) are
consistent, we know that (1) for all (¢,¢) € S x S’ \ T, we have pu(t) =
W (t') =0 and (2) for all t” € S” and (t,t') € S x S’ \ T, we cannot have
" Rt and we cannot have t” R’ t'. Define u” the distribution on T such that
for all (t,¢') € T, uT'(t,¥') = fi(t,t'). By (1), u* is indeed a distribution, and
uT € Sat(pT). Define the correspondance function §” : S” — (T — [0,1])
such that for all t”” € S” and (¢t,t') € T, 6" (t", (¢,t')) = 6(t",t)-6'(t",t"). We
now prove that u’ @%l” ul.
— Forall ¢ € 8", if u” (") > 0, both §(¢") and §'(¢"") are distributions. By
(2), we know that for all (¢,¢') € S x S\ T, 6(t",t) =d'(t",t') = 0. As
a consequence, 8" (¢"") is a distribution on T'.
— Define p?'(t,¢') = 3 cqn /(") - 8" (¢", (t,1')). We prove that, for all
(t,t") € T, we have pT (¢, t") = uT (¢, ).
e Let t' € S, we have

Z p(t,t/) o Z Z // 5// " (t,t/))

teS|(t,t")eT tesS|(t,teT t"eS”

Z Z // . 75// t) y(t”,t’)

teS|(t,t)eTt"eS”

Z ,u”(t”) . 5/(t//, t/) . Z 5(75”,75)
t"eS” teS|(t,t")eT
_ Z N/l(t”) . y(t”,t/)
t”ESN
w' (') by definition.
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e Lett €S, we have

Z p(t,t/) _ Z Z // 5// " (t,tl))

veS!|(tt)eT teS!|(t,t)eT + €S

Z Z // . t” t) 5’(75”,75/)

t'eS|(t,t)eT t"eS”

Z ,u”(t”) . 5(75”,75) . Z 5/(t//,t/)

tes” t’eS’|(t,t')eT
> w8t )

t//ES//

= pu(t) by definition.

Thus we have that for all (t,#') € T, p = p”.
As a consequence, for all (t,t') € T, >, cqn (") - 6"(t",(t, 1)) =
pt (1),
— If §" (", (t,¢')) > 0, then by definition 6(t”,¢) > 0 and & (¢”,¢') > 0. As
a consequence, t” Rt and ¢ R't', thus t" R" (t,t).
Finally, u" er» u?.

3. Since s” R s, we know that V”(s"”) C V(s). Moreover, since s” R's', we
also have V"' (s"”) C V'(s’). As a consequence, we obviously have V" (s") C
V(s)NV'(s") = VT((s,s").

Finally, R” is indeed a (weak) refinement relation between N and 3*(N A
N'). Moreover, we know that sg R so, s{ R sg, and (so, s) is consistent. As
a consequence s R (so, s) and N" < B*(N AN').

F.4 Proof of Theorem 5
Let N; = (S;, Ai, Li, AP;, Vi, s8) and N} = (S, A}, L', AP}, V/, s ) be APAs with

for i =1,2 with APLN AP, =) and AP[ N APy = {). Let AC (A1 NAz) (AN
AL). If Ny = Ny and Na < N, then we have N1l 1 N2 < Nj|| 1V5. Consequently,

for PAs P and P', if P = Ny and P’ = Na, then P|| ;P = N1 5 Na.

Proof. Assume that Ny < Ni and Ny < N} with weak refinement relations R
and Ra, respectively. Let Ni|| N2 = (51 X Sa, A1 UAs, L, AP1 UAP,V, (s}, s2))
and N{”ANQ/ = (Si X Sé?*A/l U A127LlaAP1 U APQ; Va (SO/a 3(2) ))

Define the relation R C (S x Sa) x (S] x S%) such that (sq, s2) R(s], sb) iff
s1R1 8] and s2 Ro sh. We now show that R is a weak refinement relation such
that Nq|| 1Nz < N{HANé

Assume that (s1, s2) R(s], s5) -

— Let a € AjUAS and ¢ € C(S] x S%) such that L'((s), s5),a,¢’) = T. There
are three cases:

o If a € A, then there exists ¢] € C(S7) and ¢4 € C(S%) such that

Ly (s, a,¢)) = Ly(sh,a,¢5) = T and ' € Sat(¢) iff there exists p) €

Sat(e)) and ph € Sat(ph) such that p/ = p) - ph. Since s1 Ry s} and
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s2 Ra s, there exists ¢1 € C(S1) and o € C(S2) with Li(s1,a,¢1) =
Lo(s2,a,92) = T and Yuy € Sat(p1),3p) € Sat(ey) : 1 €Er, p) and
Vo € Sat(pz), Iuy € Sat(py) : 2 Er, pa-
Define ¢ € C(S1x.S2) such that Sat(p) = Sat(p1)-Sat(ps2). By definition
of Nyl 4N2, we have L((s1,82),a,¢9) = T. Let u € Sat(p). Then there
exist p1 € Sat(pr) and ps € Sat(ps) such that g = py-pe. Since s1 Rq 8
and s2 Ro sh, there exist p) € Sat(e)), ph € Sat(ph) and correspondence
functions 61 : S; — (S — [0,1]) and d2 : S2 — (S5 — [0,1]), such that
p1 €, i and py €3, pib.
Define the correspondence function § : (S7 x Sa3) — ((S] x S%) — [0,1])
as 0(u,v)(u,v") = 61 (u)(u) - d2(v)(v"). Consider the distribution u' such
that p/ = pf - ph. By construction, i/ € Sat(¢'). We now prove that
1 ER 1

1. Assume that for (u,v) € Sy x Sz, p(u,v) > 0. Then we have

Y s )= 3 Y s - ()

(u’,v")eSTxSh u’eS| v'eS)
=| X aw@) ]| Y @)
u’' €S v'eS)
=1

Thus d(u, v) is a distribution on S x S5.
2. Let (v/,v") € S x S5.

S ) 8w 0)W ) = 303 pn(w) - pav):

(u,v)eleSQ u€S, vESy
51 (U'a ul) ' 52(“7 UI)

= <Z p (u) - 51(U)(U')> -
u€eSy
(Z pa(v) 62<v><v'>>

VESs
= py(u') - pp(v') = p'(u',0").

3. Assume that 6(u,v)(u’,v") > 0. Then 61 (u)(u') > 0 and d2(v)(v') >
0, and since N7 < N and Ny = Nj, uR; v and v Rov'. Thus, by
definition of R, we have (u,v) R(u',v").

o If a € A} \ A: then there exists ¢} € C(S]) such that L (s}, a,¢}) =
T. Since s; Ry s, there exists ¢1 € C(S1) with Li(s1,a,¢1) = T and
Vi € Sat(p1),3p) € Sat(y)) such that py Er, uf.

Define ¢ € C(S; x Ss) such that u € Sat(p) iff for all v € S; and
v # 89, (u,v) = 0 and the distribution pq : ¢ — p(t, s2) is in Sat(py).
By definition of Ny|| N2, we have L((s1,s2),a,¢) = T. Let u € Sat(yp).
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Then there exists a u1 € Sat(p1) such that p; can be written as t —
w(t, s2) and furthermore there exists uj € Sat(y¢)) and a correspondence
function 671 : S1 — (S] — [0,1]) such that @%l wh

Define the correspondence function d : (Sy x S3) — ((S7 x S4) — [0,1])
as 0(u,v)(u,v") = §(u)(u') if v = s9 and v/ = s}, and 0 else. Consider
the distribution p’ over S} x S4 such that for all v’ € S and v’ # s,
' (u',v") =0 and for all v € S} u/(u/,sh) = py(u). By construction,

I

1 € Sat(¢'). We now prove that u €% u':
1. Assume that for (u,v) € S1 x Sz, p(u,v) > 0. Then we have

Z S(u,v)(u',0v") = Z Z 81 (u)(u')

(u’,v")eSTxSh u’eS| v'es]

= Z 51 (u)(u') = 1.

u’ €S

Thus §(u, v) is a distribution on S x S5.
2. Let (u/,v") € S1 x S4, with v’ # sb.

S o) o)) = 303 plwv) -0

(u,v)€S1XS2 u€eS1 vESs
=0
YA
= p'(u',0"),

Let v’ € S}, we have

Z /.L(U, U) ' 5(“’) U)(U'/v 512) = Z Z M(ua U) ' 5(“’) U)(U'/a 8/2)

(u,’v)ESlXSQ u€EST v=s2

3. Assume that §(u,v)(u',v") > 0. By definition of §, we have 01 (u)(u') >
0 and v = s9,v" = s}. By definition of §;, we thus have u R u’. Since
s2 Ra sh by assumption, we finally have (u,v) R(u,v’).
o If a € A} \ A, the proof is similar.

— Let a € A; U Ay and ¢ € C(S7 x S2) such that L((s1, $2),a, ) # L. There
are three cases:

o If a € A, then there exists p; € C(S1) and @2 € C(Ss) such that
Li(s1,a,¢1) =7, La(sa2,a,p2) >7, and p € Sat(yp) iff there exist g €
Sat(p1) and ps € Sat(pz) such that g = gy - po. Since s; Ry s) and
s2 Ra sh, there exists ¢} € C(S7) and ¢4 € C(S%) with L} (s}, a,¢}) >7?,
Ly(sh,a,¢5) >7, and Yy € Sat(e1),3uy € Sat(p]) : 1 Er, py and
Vo € Sat(psz), Ius € Sat(py) : 2 Er, pa-
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Define ¢’ € C(S7 x S4) such that Sat(yp’) = Sat(yp)) - Sat(eh). By
definition of N7||zN4, we have L'((s},s5),a,¢’) >7. Let u € Sat(yp).
By definition of ¢, there exist pu; € Sat(yp1) and ps € Sat(ps2) such
that p = pq - po. Furthermore, since s1 Ry s} and s3 Ro sh, there exist
wy € Sat(p)), ph € Sat(ph) and two correspondence functions 07 : S1 —
(S7 — [0,1]) and 9 : So — (S5 — [0,1]) such that py @%1 wy and
jo €32, .
Define the correspondence function § : (S7 x S3) — ((S] x S%) — [0,1])
such that, for all u,u,v,v’, d(u,v)(v',v") = 01(u)(u') - d2(v)(v"). By the
same calculations as above, we know that, that the distribution y’ o,
S1 x Sy constructed as p’ = iy - py is in Sat(y') and gives that p ST

o If a € A} \ A, then there exists p1 € C(S1) such that Li(s1,a,¢1) >7.
Since s1 Rq s}, there exists ¢} € C(S7) with L (s}, a,¢}) >7 and Yy, €
Sat(p1),3py € Sat(py) : 1 Er, pi-
Define ¢’ € C(S] x S4) such that u/ € Sat(¢’) iff for all ' € S} and
v # sh,u(u’,v") = 0 and the distribution u} : t — u(t, s5) is in Sat(¢)).
By definition of Ni|| N5, we have L'((s}, s5),a,¢") >7. Let u € Sat(yp).
Let p11 be the distribution on Sy such that for all t € Sy, u1(t) = u(t, s2).
By definition, pu; € Sat(pi). Let u) € Sat(¢)) and a correspondence
function 671 : S1 — (S] — [0,1]) such that @%l wh
Define the correspondence function § : (S7 x S3) — ((S] x S5) — [0,1])
such that for all u, u’, v,v’", §(u,v)(u',v") = 6(u)(u') if v = 59 and v/ = sb,
and 0 else. By the same calculations as above, we know that, the distri-
bution u/ € Sat(y’) such that for all v’ € S1 and v' # sb, p/(u/,v") =0
and for all u' € S, ) = p/ (v, sb), gives that p €% .

e If a € AL\ A, the proof is similar.

— For atomic propositions we have that, V((s1,s2)) = Vi(s1) U Va(s2) and
V'((sh,85)) = {B = B1UBy | By € V/(s}) and By € VJ(s5)}. Since
S1R1s) and s3Rash, we know by definition that Vi(s1) € V{(s}) and
Va(s2) € V4(sh). Considering By = Vi(s1) and By = Va(s2), we thus have
that V((s1,s2)) € V'((s], s5)).

By observing that (s}, s3) R(s§ ,s2 ), since s§ R1sp and s3 Ra 2, we conclude
that R is a weak refinement relation.

F.5 Proof of Theorem 6

Proof. Let M = (S, A, L, AP,V,so) and N = (8", A", L", AP", V" s{) be APAs
and let A C AN A" be a synchronization set such that the parallel composition
of M and N is given as M|| ;N = (S x S”, AU A" L, AP U AP",V, (s0,50)).

Let ; : S — 8" and ag : S — 8. Let an (M) = (8", A, L', AP, V', a(s0)),
ag(N) = (S A", L, AP", V" a(sy)) and (a1 x aa)(M|| zN) = (8" x S, AU
A" L', APUAP" V', (a(s0), a(sy))) be the induced APA. Let oy (M)]| g02(N) =
(8" x 8" AUA" L",APUAP" V" (a(s0),a(s])))

Notice that the signatures of ay(M)|| sa2(N) and (o X a2)(M]|| N) only
differs on constraint function and valuation function. We establish the result, by
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proving that for all (s',5") € S’ x S, a € AU A", and p € C(S' x §"), that
V/(s/’ s///) — V”(Sl, s///) and LI((S/78/H)7(L, SE) — L/I((Sl, SIH),(L, @).
Let (s',8") € §" x §".

— The valuation of (s, ") in oy (M)]| 5a2(N) is

‘7”(8/,8/”) — {BUBI|B E VI(S/) /\BI 6 VI/I(SI”)}
= U {BUB'|BcV(s)AB €V"(s")}

(s,8")E(v1xv2)(s",5"")
- U V(s,s")
(s,8")E(v1xv2)(s",5"")

_ ‘7/(8/, S”/).

— For constraint functions we have the following:
e Letae Aand ¢ € C(S"xC") such that L'((s', s"),a, ') = T: then for
all (s,5"”) € (71 x72)(s",s"), we have that there exists ¢ n € C(SxS")
yielding L((s, s"),a,opn) = T and

Sat(@') = (a1 X az) U Sat(p) | . (3)

(5,5" )€ (1 Xy2) (s, 7"),
Fop NEC(SXS"):L((8,8"),a,0 0 N)=T

For each of these wpn, we have, by the definition of parallel com-
position, that there exists py € C(S) and on € C(S”) such that
L(s,a,pon) = T and L"(s",a,0on) = T and ppyn € Sat(oarn) iff
there exists pn € Sat(par) and py € Sat(pn) st. parn(u, v) = par(u)-
pn (v) for all (u,v) € SxS”. Define @, (ar) € C(S’), such that Sat(¢q, (ar))
is the abstraction of the union of satisfaction sets of such ¢ps. Similarly,
define @,,(n) € C(S"), such that Sat(¢,,(n)) is the abstraction of the
union of satisfaction sets of such ¢y . That is,

Sat(¢a, (m)) = Oél(U Sat(pnr)) (4)

s€v1(s'),FemEC(S):L(s,a,00)=T

Sat(¢aq(N)) = ozg(U Sat(en))

s €v1(s"), 3N EC(S):L(s" a,on)=T

We will now have that L'(s’, a, 0o, (ar)) = T and L' (5", a, 0o, n)) = T.

=1

The definition of parallel composition implies that L”((s', s"), a, @") =
T and plo, (v)|jas(nv) € Sat(@”) iff there exists pq, vy € Sat(@a, (ar))
) ()

and fo, (n) € Sat(Pay(N)) St fay (M) ]z (V) (U V) = Hay (ar) (W) - fas (3 (
for all (u,v) € S x S”. It is clear that Sat(@’) = Sat(@”).

The proof is similar, if L'((s',s"),a, @) =.
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e Leta ¢ A (wlog. a € A\ A) and @' € C(S’ x C") such that L'((s',s"), a,
') = T: then for all (s,s”) € (71 x ¥2)(s',8""), we have that there exists
omn € C(S x 8") yielding f/((s,s”),a, omn) = T and ¢’ is defined
as in Equation 3.

For each of these ¢y, we have, by the definition of parallel compo-
sition, that there exists ¢y € C(S) such that L(s,a,pp) = T and
par N € Sat(eyn) iff for all w € S and v # 5", pprn(u,v) = 0 and
par| N (u,8") = @oar(u). Define oo, (ary € C(S’), such that Sat(eq, (ar))
is the abstraction of the union of satisfaction sets of such ;s i.e. as in
Equation 4. We will now have that L'(s’, a, pa,(a) = T.

The definition of parallel composition implies that L”((s', s"), a, §") =
T and po, (M) ez vy € Sat(@”) iff there exists pia,ar € Sat(pa,nr) st. for
allu € 8" and v # 5", fia, (M) ||as () (U, v) = 0 and ia, (1) fjas(v) (1, 8™) =
Lo (o) (w). It is clear that Sat(p') = Sat(@”).

The proof is similar, if L'((s',s"),a, @) =.
F.6 Proof of Theorem 8

We first propose the following tranformation from APA to CMC.

Definition 20. Let N = (S, A, L, AP,V,sq) be a deterministic APA such that
APNA :A@/,\ Let € be a fresh variable. The CMC' corresponding to N is N =
<Q7 éE)’ 1/}’ A7 V>! thh

- Q=5x(Au{e),

= q0 = (0, ¢€),

— A= APUA,

— V((s,€)) = V(s) for all s,

- V((s,a)) ={BU{a} | BeV(s)} foralls anda € A, and
— 1 is such that

o Forall (s,¢) € Q, ¥((s,€))(m) =1 iff

7((s,€)) =0
Vs' #s,be AU{e}, ((s',b)) =0
Va € Must(s), m(s,a) >0
Va ¢ May(s), w(s,a) =0
e Forallac A and (s,a) € Q, ¥((s,a))(x) = 1 iff (1) for all &' € S and
be A, we have w((s',b)) =0 and (2) the distribution 7’ : s’ +— w((s',€))
is such that there exists ¢ € C(S) such that L(s,a,¢) # L and n' €
Sat(p).

The proof consists of two parts:
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1. Let N = (S, A, L, AP, V, sg) be a deterministic APA such that AP N A = 0.
Let N be the CMC corresponding to IV using the transformation presented
in Definition 20. We have the following: For all MC M, M Eyc N <~
M EN.

2. Let N = (S,A,L, AP,V,sp) be an APA. If N is deterministic and in single
valuation normal form, then we have that N is a deterministic CMC in single
valuation normal form.

For point 2, it is required to have both actions and valuations determinism
on the original APA in order to have determinism on the CMC. The rest of the
proof is obvious. What remains is to present the proof of point 1.

Proof. =: Let M = (Q,qo, 7, An, V) be a Markov Chain. We first prove
that if M Eyc N, then M | N. Suppose that there exists a PA P =
(Sp, A, Lp, AP, Vp, s’) such that M satisfies P and P |= N. Let N= <@, qo, Y, A\,
‘7) be the transformation of N following Definition 20.

By the satisfaction relation between M and P, we obtain that Ay, = AUAP
and Q = Qn UQp. Let RMC C Qp x Sp be the satisfaction relation witnessing
that M satisfies P. Let RF4 C Sp xS /lge the satisfaction relation witnessing
P = M. Consider the relation R C @ x @ such that

— qR(s,¢) iff there exists p € S), such that gRMC pand pRFA s, and
— for all a € A, g R(s,a) iff there exists ¢’ € @) such that

e 7(q')(q) >0,

e Vi(q) = Vu(q') U{a}, and

o ¢ R(s,e).

We prove that R is a satisfaction relation for CMCs. First consider ¢ € @ and
s € S such that ¢ R(s,€). By definition, there exists p € Sp such that gRMCp
and p RPA .

— By RMY | we have that Vis(q) = Vp(p). By RF4, we know that Vp(p) €
V(s). Since V((s,€)) = V(s), we have, Vas(q) € V((s,¢)).

— Let ¢ be a correspondance function such that, for all ¢ € Q, s’ € S and
a € A, 6, (sa) =1if s =3, m(q)(¢') > 0 and Var(¢") = Vir(q) U {a}
and 0 else.

e Let ¢/ € Q such that 7(q)(¢") > 0. By RMY there exists a € A and a dis-
tribution p over Sp such that Vs (¢') = V(p) U{a}, Lp(p,a,p) = T and
7(¢") Egme p. Thus, we have 7(¢)(¢’) > 0 and Vi (¢') = Vi (q)U{a}. As
a consequence, (¢, (s,a)) = 1, and for all (s',b) # (s,a), (¢, (s',0)) =
0. Finally, 6(¢’) defines a distribution on @

e Let v =7(q) x 6. We prove that ~ satisfies ¢((s, €)):

* By definition of 4, for all ¢ € @, we have (¢, (s,€)) = 0. As a
consequence,

Y((s,€)) = Y m(@)(d) - 6(d’, (s,€) = 0.

qEQ
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* By definition of d, we also have that for all ¢’ € Q, s’ € S with s’ # s
and b € AU {e}, d(¢, (s',b)) = 0. As a consequence,

Vs' #s,b€ AU{e}, 7((s',0) = Y m(a)(d) - 6(¢,(s',b)) = 0.

qeEQ

% Let a € Must(s), and ¢ € C(S) such that L(s, a, ) = T. By R, we
have that there exists a distribution p over Sp such that Lp(p,a, p) =
T and there exists p € Sat(y) such that p €gar p. Thus, by RMC,
we have that there exists ¢’ € Q such that Vi (¢') = Vp(p) U {a} =
V(@) U{a}, 7(q)(¢") > 0 and 7(¢’) Exme p. By definition of §, we
have that §(¢’, (s,a)) > 0. As a consequence,

Y(s,a)) = Y w(a)(q") - 6(¢", (s,)) > 0.

q// GQ

* Let a ¢ May(s), i.e. such that for all ¢ € C(S), we have L(s,a,p) =
L. Suppose that v((s,a)) > 0. By definition of «, there must exist
¢ € @ such that 7(q)(¢’) > 0 and §(¢/, (s,a)) > 0. By definition of
d, we thus have Vi (¢") = Var(q) U {a} = Vp(p) U {a}. Moreover, by
RMC | there exists a distribution p such that Lp(p,a,p) = T and
7(¢') €guc p. Thus, by RF4, there must exist ¢ € C(S) such that
L(s,a,p) # L, which is a contradiction. As a consequence, we have

1((s,a)) = 0.

Finally, we have that ~ satisfies ¥((s, €)).

e Let ¢ € Q and (¢',a) € CA) such that 0(¢’, (s’,a)) > 0. By definition of
0, we have that 7(q)(¢') > 0, a # ¢, Vi (¢') = Var(q) U {a} and ¢’ = s.
Since q R(s, €), we have, by definition of R, that ¢’ R(s,a).

Let ¢ € Q, s € S and a € A such that ¢ R(s,a). By definition, there exists
¢ € @Q such that 7(¢)(q) > 0, Var(q) = Var(¢') U {a} and ¢’ R(s,€).

— Since ¢’ R(s,€), we know that there exists p € Sp such that ¢ R p and
pR" s. Thus, we have Var(¢') = Vp(p) € V(s). Moreover, by definition
of N, we have that V((s,a)) = {BU{a} | B € V(s)}. Since Vas(q) =
Var(¢) U{a} and Vi (¢') € V(s), we have that Vys(q) € V((s,a)).

— Since ¢ RMC p and m(q')(q) > 0, there exists a distribution p over Sp such
that Lp(p,a,p) = T and there exists a correspondance function §¢ such
that m(q) @g.jjv,co p. Moreover, since p RF s, there exists ¢ € C(S) such that
L(s,a,¢) # L, and there exist p € Sat(p) and a correspondance fucntion
674 such that p @?j,fA .
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Define the correspondance function § : @ — (@ — [0,1]) such that for all
q" € Q and s" €S,

Vb e A, §(¢",(s",b)) =0, and
5((]//’ (SN, 6)) _ Z 5MC(q//jp//) . 5PA(p//’ SN).

p"’€P

e Let ¢” € Q such that 7(q)(¢") > 0. By RMC, we know that 6™ (¢")
is a distribution over Sp. Let now p” € Sp such that §M(¢")(p") > 0.
By RM we know that p(p”) = >oueq (g, u) SMC(u,p") > 0. As a
consequence, by RY A, we know that 674 (p”) is a distribution over S.
As a consequence, we have that §(¢”) is a distribution over @

e Let v =7(q) x 6. We prove that ~ satisfies ¢((s, a)).

x By definition of §, we have that for all s” € S and b € A,

Y((s",0) = Y wla)(g") - 3(g", (5", b)) = 0.

q" EQ

x Let 4/ 1 s — ~((s”,€)). Let s € S. By definition, we have

M

Z 5MCq p 5PA(p l/)

q"eQ p'’€Sp

S DD m @) - M) | 5T
p"€SPp \qd"€Q
= Z p(p") - 674", s") By definition of §¢
€SP
= u(s") By definition of §74

Finally, we have v’ = p. Since, by definition, u € Sat(p), we have
that there exists ¢ € C(S) such that L(s,a,p) # L and 7’ € Sat(y).
Thus v satisfies ¥ ((s, a)).

x Let ¢ € Q and (s”,b) € @ such that 6(¢”, (s”,b)) > 0. By definition
of §, b = € and there must exist p”” € Sp such that (1) 6™ (q”,p") >
0 and (2) 674(p”,s") > 0. By (1), we have ¢’ RM p and by (2),
we have p” RFA s”. As a consequence, by definition of R, we have
¢ R(s",€).

Thus R is a satisfaction relation for CMCs. Moreover, we trivially have that
qo R(s0, €), which gives that M =ar¢ N.
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<:Let M =(Q, qo, 7, Anr, Var) be a Markov Chain. We prove that if M = N
then M |=Mc N, i.e. there exists a PA P such that M satisfies P and P = N.
Let N = <Q qo, v, A V) be the transformation of IV following Definition 20.
Let R be the satisfaction relation for CMCs witnessing that M = N. First
observe that, by R, the Markov chain M satisfies the following properties: Let
Qp={qeQ|3seS, qR(s,e)}and Qn ={qg € Q |Is € S,a € 4, qR(s,a)},
we have

— QpNQnN = 0 because of their valuations and R,

— Vq,q' € Qp, m(q)(¢') = 0 and Vg,¢' € Qn, 7(q)(¢) = 0,
— qo € {p, and

— Ay = AU AP.

Define the PA P = (Sp, A, Lp, AP, Vp,st) such that Sp = Qp, with sf’ = qo,
Vp is such that for all ¢ € Qp, Vp(q) = Va(q), and Lp is such that for all
s € Sp, a € A and for all distribution p over Sp, L(s,a,p) = T iff there exists
q" € QN such that

- m(g)(¢') >0,
- V(¢)=V(qg)U{a}, and
- p=n(q).

By construction, it is trivial that M satisfies P using the identity relation on
Qp.

We now prove that P = N. Let RPA C Sp x S the relation such that p’RPA s
iff pR(s,e). We prove that RP4 is a satisfaction relation for APA. Let ¢ € Sp
and s € S such that ¢ RF4 s.

1. Let a € A and ¢ € C(S) such that L(s, a,p) = T. By construction, we have
that a distribution ~ over Q satisfies 1((s, €)) if ¥((s,a)) > 0.
Since ¢ R(s, €), we have that there exists a correspondance function 0 : @ —
(]v — [0,1]) such that w(q) x 0 satisfies ¥((s,€)). As a consequence, there
must exist ¢ € @ such that w(q)(¢’) > 0 and (¢, (s,a)) > 0. By R again,
we have that Vas(¢") = Var(q) U {a} = Var(s) U {a}.
As a consequence, in P, we have that Lp(q,a,p) = T with p = 7(¢).
Moreover, since §(¢', (s,a)) > 0, we have that ¢’ R(s,a). Thus, there exists
a correspondance function 8’ : Q — (Q — [0,1]) such that 7(¢’) x 8’ satisfies
¥((s,a)), i.e. the distribution v : s’ € S+ [7(¢") x §'](s', €) is such that there
exists ¢’ such that L(s,a,¢’) # L and 4" € Sat(¢’). By determinism of
N, we have ¢ = ¢’. Let 674 be the correspondance function between P
and S such that for all p’ € Sp and s’ € S, §F74(p',s') = &' (¢, (s',€)).
By construction of ¥((s,a)), we have that for all p’ € Sp, b € A and s’ €
S, 8'(p',(s',b)) = 0. Thus, 674 is a correct correspondance function by
construction.
Moreover, we have that p x 674 € Sat(p), and, for all p/, s’ such that
§PA(p',s") > 0, we have that &' (p/, (s',€)) > 0. So, by R, we have p’ R(s', €),

and thus p’ RF4 ¢
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Finally, we have that there exists p such that Lp(g,a,p) = T, and there
exists v/ = p x 674 € Sat(p) such that p @‘75;11; 7.

2. Let a € A and p € Dist(Sp) such that Lp(q,a,p) = T. By construction,
there exists ¢ € Qn such that 7(q)(¢") > 0, Vi(q") = Vim(q) U {a} and
p=m(q).

Since ¢ R(s, €), we have that there exists 0 such that 7(q)xJ satisfies 1((s, €)).
Since 7(q)(¢’) > 0, delta(q’) defines a distribution over Q. As a consequence,
there exists (s,b) € @ such that (¢’ (s',b)) > 0. Since m(q) X § satisfies
¥((s,€)), we have that (s',b) = (s,a).

Thus 6(¢', (s,a)) > 0, and, by definition of §, we have that ¢’ R(s,a). As a
consequence, there exists a correspondence function ¢ such that w(q’) x ¢’
satisfies ¥((s, a)), i.e. the distribution ' : s’ € S — [7(¢') x ¢'](¢', €) is such
that there exists ¢ such that L(s,a,p) # L and v € Sat(p). Let 674 be
the correspondance function between P and S such that for all p’ € Sp and
s'e S, 6PA(p',s") =8 (', (s',¢€)). By construction of 1((s,a)), we have that
for all p € Sp, b€ Aand s’ € S, §'(p', (s',b)) = 0. Thus, 674 is a correct
correspondance function by construction.

Moreover, we have that p x 674 € Sat(p), and, for all p/,s’ such that
§PA(p',s") > 0, we have that & (p/, (s, ¢€)) > 0. So, by R, we have p' R(s', €),
and thus p’ RF4 ¢

Finally, there exists ¢ € C(S) such that L(s,a,p) # L and there exists
v = p x 674 in Sat(p) such that p @g:;A ~.

3. By construction, we have Vp(¢q) = Vas(q). By R, we have Vi (¢) € ‘7((8, €)) =
V(s). Thus Vp(q) € V(s).

Finally, R” 4 is indeed a satisfaction relation. Since we trivially have that
st RPA S0, thus P = N. As a consequence, we have that there exists a PA P
such that M satisfies P and P = N. Thus M =pc N.

F.7 Proof of Theorem 9

Let N = (S, A, L, AP,V,so) and N’ = (S', A, L', AP, V', s{,) be two deterministic
APA in single valuation normal form. Suppose also that N and N’ are pruned,
i.e. that they do not have any inconsistent state. We have that [N] C [N'] iff
N <g N'.

Proof. Let N = (S,A,L,AP,V,s9) and N' = (S A, L', AP,V' s{) be two
pruned deterministic APA in single valuation normal form.

<: As already stated in Theorem F.1, if N <g N’, then [N] C [N'].

=: Suppose that [N] C [N']. We prove that N <g N’.

Let N = <CA2,q/E),w,g, ‘A/> and N/ = <@\/,%,’¢I,A\, ‘//\’> be the CMCs equivalent
to N and N’ obtained by the transformation proposed in Definition 20. By
Definition 15, we have that [N]arc C [N']arc- As a consequence, by Theorem 8,
we have that [N] C [[]/\?’]] Since N and N’ are deterministic CMCs in single
valuation normal form, we have, by Theorem 18 of [3], that N = N’ with a
strong refinement relation between CMCs.
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Let R be the strong refinement relation between CMCs such that N < N
Define the relation R C S x S’ such that s R s" iff (s,e)R(s’,€). We prove that
R is indeed a strong refinement relation on APAs. Let s € S and ¢ € S’ such
that s Rt.

1. Let a € A and ¢’ € C(5) such that L'(t,a,¢’) = T. By construction, we
have (s, e)ﬁ(t, €), thus there exists a correspondance function & such that
for all distribution 7 satisfying ¢ ((s,€)) we have that 7/ = 7 x S satisfies
¥'((t,€)). By construction, of ¢', we thus have that 7/((s,a)) > 0. As a conse-
quence, there exists (s, b) € Q such that 7((s',b)) > 0 and 6((s', b)(t,a)) > 0.
By definition of 8 and ¢, we have that s’ = s and b = a. Thus 7((s,a)) > 0.
Again, since 7 satisfies ¢, we have a € May(s). Thus there exists ¢ € C(5)
such that L(s,a,p) # L.

Moreover, we have that (s,a)R(¢,a). Let &' be the associated correspondance

function. Let 1 € Sat(p) and let y/ € Dist(Q) such that for all &' € S and

be A, y((s,€) = pu(s’) and p/'((s',b)) = 0. By definition, we have that '

satisfies ¥((s,a)). Thus, we have that p' = p/ x &' satisfies ¢/ ((¢,a)). As a

consequence, the distribution p € Dist(S’) such that p(t') = p'((¢', €)) for all

t' is such that there exists ¢’ such that L'(t,a,¢”) # L and p € Sat(y”).

By action-determinism of N’, we have that ¢ = ¢'.

Let § be the correspondance function such that §(s',t") = §'((s',¢€), (¢, ¢€)).

We prove that u @% p-

(a) Let s € S such that p(s’) > 0. As a consequence, p'((s',¢)) > 0. As a
consequence, by definition of ', we have that 6/((s', )) is a distribution
over Q'. Moreover, since p/ = u' x 0 satisfies ¥'((t,a)), we have that
forall € T and b € A, p'((¢,b)) = 0. As a consequence, we have that
for all # € T and b € A, §((s,€), (t,b)) = 0. Thus §(s') is a correct
distribution over Q. R

(b) By definition, we have p’ = p/ x ¢’. Since p((s’,b)) =0 for all b € A, and
since &' ((s/,€), (t',b)) =0 for all ' € S, #' € " and b € A, we have that
p = x 0. As a consequence, we have that for all ¢’ € S,

ST uls) - 85, ) = plt).
s’eS
(c) Let s’ € S and ¢ € T such that §(s’,t') > 0. By definition of §, we have
§'((s',€), (t',€)) > 0. Thus (s',e)R(t, €), and consequently s’ Rt'.
Finally, we have that p @‘752 p.
2. Let a € A and ¢ € C(S) such that L(s,ap) # L. By construction, we

have (s,e)R(t,€), thus there exists a correspondance function § such that
for all distribution 7 satisfying 1((s,€)) we have that m/ = 7 x 0 sat-
isfies ¢'((t,€)). By construction of v, and because N is pruned, there
must exist 7 € Dist(Q) satisfying /1&\((5, €)), with 7((s,a)) > 0. As a conse-

quence, § defines a distribution on @', thus there exists (t',) € ZQ\’ such that
5((s,a), (t',b)) > 0. By the reccursion axiom, we have b = a. Let 7/ = 7 x 4,
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we have 7' ((¢',a)) > 0. Since 7’ satisfies ¥’ ((¢,€)), we have that necessarily
t’ = t. As a consequence, by definition of ¢, there must exist ¢’ € C(S")
such that L'(t,a,¢’) # L.
Moreover, we have that (s, a)R(t, a). Let &' be the associated correspondance
function. Let 1 € Sat(p) and let 4/ € Dist(Q) such that for all &' € S and
be A, p((s,e)) = u(s') and p/((s',0)) = 0. By definition, we have that p’
satisfies ¥((s,a)). Thus, we have that p’ = ' x &' satisfies 1’ ((t,a)). As a
consequence, the distribution p € Dist(S") such that p(t') = p/((', €)) for all
t' is such that there exists ¢’ such that L’(t,a,cp”) # L and p € Sat(y”).
By action-determinism of N’, we have that ¢ = ¢'.
Let d be the correspondance functlon such that 6(s',¢") = &'((s,€), (¥, €)).
We prove that CR p-
(a) Let s” € S such that pu(s') > 0. As a consequence, 1//((s',€)) > 0. As a
consequence, by definition of &', we have that ¢’ ((s',€)) is a distribution

~

over Q'. Moreover, since o = y/ x 0 satisfies ¢/((¢,a)), we have that
forall # € T and b € A, p'((t',b)) = 0. As a consequence, we have that
forall t € T and b € A, 8\/((8/,6), (t',b)) = 0. Thus §(s’) is a correct
distribution over Q. R

(b) By definition, we have p’ = u/ x ¢’. Since u((s’,b)) =0 for all b € A, and
since &' ((s,€), (t',b)) =0 for all ' € S, #' € " and b € A, we have that
p =1 x 0. As a consequence, we have that for all ¢/ € S,

S ls') - 6(, 1) = pl).
s’es
(¢) Let s’ € S and t' € T such that 6(s’,t") > 0. By definition of 4, we have
§'((s',€), (t,€)) > 0. Thus (s, e)R(,€), and consequently s' R ¢'.
Finally, we have that @‘752 p-
3. Since (s, e)R(t, €), we have that V(s) C V'(s).

Finally, R is a strong refinement relation. Moreover, we have by construction
that SORtO, thus NV js N'.
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