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Abstract

Probabilistic Automata (PAs) are a widely-recognized mathematical framework for the
specification and analysis of systems with non-deterministic and stochastic behaviors.
In a series of recent papers, we proposed Abstract Probabilistic Automata (APAs), a
new abstraction framework for representing possibly infinite sets of PAs. We have
developed a complete abstraction theory for APAs, and also proposed the first spec-
ification theory for them. APAs support both satisfaction and refinement operators,
together with classical stepwise design operators.

One of the major drawbacks of APAs is that the formalism cannot capture PAs with
hidden actions – such actions are however necessary to describe behaviors that shall
not be visible to a third party. In this paper, we revisit and extend the theory of APAs
to such context. Our first main result takes the form of proposal for a new probabilis-
tic satisfaction relation that captures several definitions of PAs with hidden actions.
Our second main contribution is to revisit all the operations and properties defined on
APAs for such notions of PAs. Finally, we also establish the first link between stochas-
tic modal logic and APAs, hence linking an automata-based specification theory to a
logical one.

Keywords: Specification theory, probabilistic Automata, stuttering, logical
characterization, refinement

1. Introduction

Nowadays, systems are tremendously big and complex and mostly result from the
assembling of several components. These components are usually designed by teams
working independently but with a common agreement on what the interface of each

1This paper is an extended version of a conference paper presented at LFCS 2013 [1]. The main
differences are in the presentation of the theory, the addition of proofs for main theorems, and new
examples and definitions.
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component should be. These interfaces, also called specifications, precise the behav-
iors expected from each component as well as the environment in which they can be
used, but do not impose any constraint on how the components are implemented.

Instead of relying on Word/Excel text documents or modeling languages such as
UML/XML, as is usually done in practice, a series of recent works recommend re-
lying most possibly on mathematically sound formalisms. Mathematical foundations
that allow to reason at the abstract level of interfaces, in order to infer properties of
the global implementation, and to design or to advisedly (re)use components is a very
active research area, known as compositional reasoning [2]. Any good specification
theory shall be equipped with a satisfaction relation (to decide whether an implemen-
tation satisfies a specification), a refinement relation (to compare sets of implementa-
tions), a logical conjunction (to compute intersection of sets of implementations), and
a structural composition (to combine specifications). Additionally, properties such as
precongruence of composition with respect to refinement [2] shall also be satisfied.

Building good specification theories has been the subject of intensive studies among
which one finds classical logical specifications, various process algebrae such as CSP,
or Input/Output automata/interfaces (see [3, 4, 5]). Recently, a new series of works has
concentrated on modal specifications [6], a language theoretic account of a fragment of
the modal mu-calculus logic which is known to admit a more flexible and easy-to-use
compositional refinement method than those carried out in CSP [6, 7, 8].

As soon as systems include randomized algorithms, probabilistic protocols, or in-
teract with physical environment, probabilistic models are required to reason about
them. This is exacerbated by requirements for fault tolerance, when systems need to
be analyzed quantitatively for the amount of failure they can tolerate, or for the delays
that may appear. As Henzinger and Sifakis [2] point out, introducing probabilities into
design theories allows assessing dependability of IT systems in the same manner as
commonly practiced in other engineering disciplines.

In recent works [9, 10], we proposed Constraint Markov Chains (CMCs), a com-
plete specification theory for pure stochastic systems, namely Markov Chains (MCs).
Roughly speaking, a CMC is a MC equipped with a constraint on the next-state prob-
abilities from any state. An implementation for a CMC is thus a MC, whose next-state
probability distribution satisfies the constraint associated with each state. Contrary
to Interval Markov Chains where sets of distributions are represented by intervals,
CMCs are closed under both composition and conjunction. Later, in [11], the CMC
approach was extended to handle those systems that combine both stochastic and non-
deterministic behaviors, i.e., Probabilistic Automata (PA). APAs, is the result of com-
bining Modal Automata and CMCs – the abstractions for labelled transition systems
and Markov Chains, respectively. Like other modal-based specification theories, our
formalism can be used in various areas, including abstract model checking and com-
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Figure 1: Implementation PA (left) and specification APA (right) of a coffee machine.

positional reasoning.
The specification theory induced by APAs is more expressive than any classical

specification theories where both implementations and specifications are represented
by the same object. As an example, Segala’s theory assumes that both specifications
and implementations are represented with PAs [12, 13]. Such an approach does not per-
mit to represent an infinite set of non-deterministic behaviors in a finite way. On the
other hand, while satisfaction relation between PAs[14] can be expressed with classical
notions of (stochastic) simulations [12], ours requires the use of a rather more complex
definition of equivalence relation. Consider the implementation (left) and specification
(right) of a coffee machine given in Figure 1. The specification specifies that there
are two possible transitions from initial state I: a may transition labeled with action
r (reset) and a must transition labeled with action c (coin). May transitions, which
may not be implemented, are represented with dashed arrows. Must transitions, which
shall be present in any implementation of the specification, are represented with plain
arrows. The probability distributions associated with these actions are specified by the
constraints ϕr and ϕc, respectively. One can see that the implementation gives a more
precise behavior of the coffee machine: action r loops back to initial state i with prob-
ability 1, while coin leads to state a (coffee) with probability .6 and to state b (tea) with
probability .4. Satisfaction between implementation and specification lifts the classical
notion of simulation for PAs to APAs as follows: (1) all must transitions of the specifi-
cation must be matched with transitions in the implementations, and (2) all transitions
in the implementation must be matched with may transitions in the specification. Ad-
ditionally, we have to check that the probability distributions in the implementation are
matched with probability distributions in the specification that satisfy the given con-
straints.
Contribution. In the process of incremental design (as well as for other applica-
tions), it may be necessary to incrementally widen the scope of implementations. Usu-
ally, the latter is done by permitting the addition of hidden actions also called stutter
steps [12, 15] in the implementation. In some cases, such stetter steps are even consid-
ered at the specification level [15]. Introducing such actions is known to complicate
the definition and the computation of operations such as bisimulation/simulation [12].
Moreover, it may break up some properties such as precongruence of refinement with
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respect to composition [12]. The objective of this paper is to extend the APA specifica-
tion theory by considering implementations with stuttering steps. Our first contribution
is the definition of a new stochastic satisfaction relation for APAs. This relation gener-
alizes stochastic simulation to the APA level. We then study various notions of stutter-
ing and compare their expressivity. We also study the impact of adding stuttering on
various properties such as precongruence of refinement with respect to composition.
Finally, we define and study ML-(A)PA that is a new modal logic for APAs and stut-
tering PAs. ML-(A)PA generalizes the PML logic [16, 17] of Larsen et al. from PAs to
APAs and stuttering PAs.
Related work. A wide spectrum of different approaches study stuttering for non
stochastic systems [18] and stochastic ones [19, 20, 21]. In [21], the authors de-
fine weak bisimulation for fully probabilistic processes. This is in contrast with our
model that combines both probabilistic and non-deterministic aspects. In [19, 20],
weak bisimulation is extended to strictly alternating systems that combine both non-
determinism and probabilities. Although such systems are similar to PAs, it is known
that weak (branching) bisimulation for alternating systems is incomparable to weak
bisimulation for non-alternating systems [22]. Moreover, it is worth mentioning that
above mentioned works report on computing and checking weak bisimulation between
probabilistic systems, while our aim is to propose a notion of weak simulation (satis-
faction) between a probabilistic system and a probabilistic specification that represents
a possibly infinite set of implementations.

In [23], the author defines a notion of constraints on states to represent sets of prob-
ability distributions. Although this formalism resembles the one of constraints used in
APAs, the constraints in [23] are used in a different context. Indeed, while we use
constraints to represent sets of probabilistic transitions, [23] uses them to replace the
non-deterministic choice between internal transitions by probability distributions.

Finally we mention that the problem of defining compositionality in the probabilis-
tic setting with hidden steps has also been addressed in various settings [22, 24, 25,
26, 23, 27]. In particular [26] defines a general parallel composition operator for CSP
that deals with hidden steps, and [27] suggests the removal of hidden steps through
a transformation of CSP models. In both papers, the systems considered are strictly
alternating and results are obtained with respect to a ready-trace notion of equivalence
on processes, which makes it incomparable to our notion of stuttering satisfaction be-
tween specifications and implementations.
Structure. The paper is structured as follows. Section 2 recalls general background
on Probabilistic Automata and Abstract Probabilistic Automata, and proposes a new
notion of probabilistic satisfaction. Section 3 presents our first contribution that is a
study of the definition of stuttering for APAs. In Section 4, we introduce our second
contribution that is the modal logic ML-(A)PA. Section 5 discusses the problem of
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composing (A)PAs. Finally, Section 6 concludes the paper.

2. A Probabilistic Satisfaction for Abstract Probabilistic Automata

In this section, we briefly survey the concepts of Probabilistic Automata (PA) and
Abstract Probabilistic Automata (APAs). The reader is directed to [11, 28] for more
details. We also propose a new notion of probabilistic satisfaction inspired by proba-
bilistic simulation [29].

2.1. Abstract Probabilistic Automata
Let Dist(S) denote a set of all discrete probability distributions over a finite set S

and B2 = {>,⊥}.

Definition 1 (PA [12]). A PA is a tuple (S,A, L,AP, V, s0), where S is a finite set of
states with the initial state s0 ∈ S,A is a finite set of actions, L: S×A×Dist(S)→ B2

is a (two-valued transition) function, AP is a finite set of atomic propositions and V :
S → 2AP is a state-labeling function.

Consider a state s, an action a, and a probability distribution µ. The value of L(s, a, µ)
is set to > in case there exists a transition from s under action a to a distribution µ on
successor states. In other cases, we have L(s, a, µ) = ⊥.

We now switch to Abstract Probabilistic Automata (APA)[11], that is a specifica-
tion theory for PAs. Let S be a finite set. We define C(S) to be the set of constraints
defined over discrete probability distributions on S. Each element ϕ ∈ C(S) describes
a set of distributions: Sat(ϕ) ⊆ Dist(S). Let B3 = {>, ?,⊥}. APAs are formally
defined as follows.

Definition 2 (APA [11]). An APA is a tuple (S,A, L,AP, V, s0), where S is a finite
set of states, s0 ∈ S, A is a finite set of actions, and AP is a finite set of atomic
propositions. L : S × A × C(S) → B3 is a three-valued distribution-constraint
function, and V : S→22AP

maps each state in S to a set of admissible labelings.

APAs play the role of specifications in our framework. An APA transition abstracts
transitions of a certain unknown PA, called its implementation. Given a state s, an
action a, and a constraint ϕ, the value of L(s, a, ϕ) gives the modality of the transition.
Here, B3 = {⊥, ?,>} denotes a lattice with the ordering ⊥ < ? < > and meet (u)
and join (t) operators. More precisely the value>means that transitions under a must
exist in the PA to some distribution in Sat(ϕ); ? means that these transitions are allowed
to exist; ⊥ means that such transitions must not exist. Again L may be partial. A lack
of value for given argument is equivalent to the ⊥ value, so we will sometimes avoid
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defining ⊥-value rules in constructions to avoid clutter, and occasionally will say that
something applies if L takes the value of⊥, meaning that it is either taking this value or
it is undefined. The function V labels each state with a subset of the powerset of AP ,
which models a disjunctive choice of possible combinations of atomic propositions.
We occasionally write Must(s) for the set of actions a such that there exists ϕ, so that
L(s, a, ϕ) = >, and write May(s) for the set of actions b such that there exists ϕ, so
that L(s, b, ϕ) 6= ⊥. Remark that in our formalism, Must(s) ⊆ May(s). This implies
that we do not allow inconsistencies at the level of modalities, i.e. required but not
allowed transitions.

2.2. A Probabilistic Satisfaction for APA
We now study the notion of satisfaction that relates a probabilistic automata P =

(SP , A, LP , AP, VP , s
P
0 ) to its corresponding APA specification N = (S,A, L,AP, V,

s0), The notion of satisfaction proposed in [11] directly relates distributions in P to
distributions in N . As in the notion of probabilistic forward simulation presented in
[14], we now extend this notion to account for linear combinations of distributions in
N , hence generalizing results in [11].

Definition 3 (Simulation [11]). Let S and S ′ be non-empty sets, and µ, µ′ be distri-
butions; µ ∈ Dist(S) and µ′ ∈ Dist(S ′). We say that µ is simulated by µ′ with respect
to a relationR ⊆ S × S ′ and a correspondence function δ : S → (S ′→ [0, 1]) iff

1. for all s ∈ S, δ(s) is a distribution on S ′ if µ(s) > 0,
2. for all s′ ∈ S ′,

∑
s∈S µ(s) · δ(s)(s′) = µ′(s′), and

3. whenever δ(s)(s′) > 0 then (s, s′) ∈ R.

We write µ bδR µ′ meaning that µ is simulated by µ′ with respect to R and δ, and we
write µ bR µ′ iff there exists a function δ such that µ bδR µ

′.

Probabilistic satisfaction extends APA satisfaction as defined in [11] by allowing
linear combinations of distibutions on the abstract side. We shall see that linear com-
binations are needed when introducing stuttering, hence this generalization.

Definition 4 (Probabilistic Satisfaction). Let P = (SP , A, LP , AP, VP , s
P
0 ) be a PA

and N = (S,A, L,AP, V, s0) be an APA. A binary relation R ⊆ SP × S is a proba-
bilistic satisfaction relation iff, for any (s, s′) ∈ R, the following conditions hold:

• for all a ∈ A and ϕ′ ∈ C(S) such that L(s′, a, ϕ′) = >, there exists a distribu-
tion µP ∈ Dist(SP ) such that LP (s, a, µP ) = > and there exists µ′ ∈ Sat(ϕ′)
such that µP bR µ′,
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• for all a ∈ A and µP ∈ Dist(SP ) such that LP (s, a, µP ) = >, there exists
ϕ1, . . . ϕn ∈ C(S) such that for all i, L(s′, a, ϕi) 6= ⊥ and there exists µi ∈
Sat(ϕi) and ρi ∈ [0, 1] such that

∑
i ρi = 1 and µP bR (

∑
i ρiµi), and

• VP (s) ∈ V (s′).

We say that P probabilistically satisfies N , written P |=P N iff there exists a proba-
bilistic satisfaction relation R such that sP0 R s0. The set of probabilistic implementa-
tions of APA N is defined by [[N ]]P = {P | P |=P N}.

It is easy to see that this extension of satisfaction is conservative with respect to all
the good properties presented in [11]. In the rest of this paper, we study the impact of
adding stuttering to the specification theory.

3. Stuttering for Abstract Probabilistic Automata

We now study an extension of the APAs specification theory where implementa-
tions may have stutter steps. Although several notions of stuttering for PA have already
been studied [30, 31, 32], our purpose in this paper is to relate the notion of stuttering
with the notion of satisfaction for APAs. For doing so, we introduce a new notion of
stuttering that can be easily linked to probabilistic satisfaction for APAs, as presented
in Definition 4. In the rest of this section, we first introduce various notions of stutter-
ing for PAs and then extend the satisfaction relation to them. Later, we shall study the
impact of stuttering on refinement and structural/logical composition.

3.1. Introducing Stutter Actions
Consider a PA P = (SP , A, LP , AP, VP , s

P
0 ). We must assume that any state s′

that can be reached from a state s by following a sequence of hidden actions H ⊆ AP
cannot be distinguished from s, i.e., have the same valuation as s.

Definition 5 (Consistent set of hidden actions). Let P = (SP , AP , LP , AP, VP , s
P
0 )

and let H ⊆ AP . We say that H is a consistent set of hidden actions regarding P if
∀s ∈ SP and ∀a ∈ H, if there exists µ ∈ Dist(SP ) such that LP (s, a, µ) = >, then
∀s′ ∈ S, we have µ(s′) > 0⇒ VP (s′) = VP (s).

The following example shows that, as it is the case for other specifications theories
(see e.g. [33]), there are various ways to formally define a stuttering transition.

Example 1. Consider the stuttering PA P given in Figure 2, and whose set of con-
sistent hidden action is given by {m, e}. P represents a coffee machine that has two
modes. Action m allows choosing between the two modes. In mode A, represented by
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Figure 2: Stuttering PA P with m and e
as hidden actions.
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Figure 3: Stuttering transition 1→∗ µ∗ in
P where stuttering happens both before
and after visible action c.

state 2 and its successors, the action c leads to states labeled with tea and coffee with
probability .5 each. From states 4 and 5, either the coffee machine can be reset with
action r, but will stay in the same mode, or can suffer an error (action e) that leads to
deadlock states 8 and 9. In mode B, one can again choose a sub-mode with action m,
leading to states 6 and 7 that deliver tea and coffee with different probabilities.
Considering different notions of stuttering will lead to different sets of executions for
the PA P . As an example, stuttering could be restricted to happen only before vis-
ible actions. The execution presented in Figure 4 represents a stuttering execution
1

c−→∗µ∗0 (informally, one can reach distribution µ∗0 from state 1 by following action c
interleaved with hidden actions), where the internal action m happens before the visi-
ble action c, leading to a distribution µ∗0. Remark that such an execution could not be
considered if we restricted stuttering to happen only after a visible action. The unfold-
ing of P given in Figure 5 presents two stuttering executions 1

r−→∗µ∗1 and 2
c−→∗µ∗2

where in both cases stuttering only happens after the visible action. Again, such execu-
tions could not be considered if we restricted stuttering to happen only before a visible
action. Finally, the execution presented in Figure 3 represents a stuttering transition
1

c−→∗µ∗ in P where stuttering happens both before and after the visible action c.

As illustrated in the example above, the choice made in the definition of stuttering will
have a strong impact on the executions allowed in PAs. In order to be as general as
possible, we choose to allow stuttering to happen both before and after visible actions.
The only restriction we make is that stuttering cannot happen independently of visible
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actions, that is, for each stuttering transition, a visible action must be taken. This leads
to the following definition.

Definition 6 (Stuttering transitions for PAs). Let P = (SP , AP , LP , AP, VP , s
P
0 ) be

a PA, and let H ⊆ AP be a consistent set of hidden actions. We define the notion of
H-stuttering recursively as follows:

Base case: For all s ∈ SP , a ∈ AP and µ ∈ Dist(SP ), we say that s a−→
H

1µ iff

L(s, a, µ) = >. As a shortcut, we write s τ−→
H

1µ if there exists b ∈ H such that

s
b−→
H

1µ.

Recursion: For all s ∈ SP , k > 1, a ∈ AP and µ∗ ∈ Dist(SP ), we say that
s

a−→
H

kµ∗ iff

1. either a /∈ H and there exists µ1 ∈ Dist(SP ) and b ∈ H such that
L(s, b, µ1) = > and the following conditions hold:

– for all states r ∈ SP such that µ1(r) > 0, there exists k′ < k and
µr ∈ Dist(SP ) such that r a−→

H

k′µr, and

– for all s′ ∈ SP ,
µ∗(s′) =

∑
r∈SP

µ1(r)µr(s
′),
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2. or there exists µ1 ∈ Dist(SP ) such that L(s, a, µ1) = > and a subset
R ⊆ SP such that the following conditions hold:

– for all states r ∈ R, we have µ1(r) > 0 and there exists k′ < k and
µr ∈ Dist(SP ) such that r τ−→

H

k′µr, and

– for all s′ ∈ SP ,

µ∗(s′) =

{ ∑
r∈R µ1(r)µr(s

′) if s′ ∈ R
µ1(s′) +

∑
r∈R µ1(r)µr(s

′) otherwise.

We say that s a−→
H

∗µ∗ if there exists k > 0 such that s a−→
H

kµ∗.

Informally stuttering can happen either before (case 1) or after (case 2) taking the visi-
ble action a. Remark that both cases are not exclusive and can interleave. If stuttering
occurs before action a, then all successor states r must admit a stuttering transition in-
volving a. In such case, the overall probability of reaching a state s′ is the sum through
all stuttering paths. If stuttering occurs after action a, then we denote by R the set of
successor states from which we stutter, and by SP \ R the set of states in which we
stop. Remark that the set R is dynamic in the sense that a different set R may be cho-
sen for each step of a stuttering transition. In this case the overall probability of going
to a state s′ ∈ R is the sum through all stuttering paths, while the overall probability
of going to a state s′ /∈ R is the addition of the probabilities of going to s′ directly
(without stutter) with the the sum through all stuttering paths.

In the rest of the paper, we denote by a−→
H

∗
A (resp. a−→

H

∗
B) stuttering transitions

where stuttering only happens after (resp. before) the visible action a, obtained by
removing item 1. (resp. 2.) from the recursive part of Definition 6.

Example 2. Consider the PA P = (SP , AP , LP , AP, VP , 1) given in Figure 2, and a
distribution µ∗ such that µ∗(5) = µ∗(8) = µ∗(10) = µ∗(11) = .25. The situation
is represented in Figure 3. Let us see how to derive that 1

c−→
{e, m}

3µ∗. We follow the
following description.

1. for [1
c−→

{e, m}
3µ∗]., we have c /∈ {e,m} and LP (1,m, µ1) = > with m ∈ {e,m}

(case 1). states 2 and 3 are the only states for which µ1 gives a non-zero proba-
bility, and 2

c−→
{e, m}

2µ2 and 3
c−→

{e, m}
2µ3, with µ∗(s′) = µ1(2)µ2(s′) + µ1(3)µ3(s′).

2. for [2
c−→

{e, m}
2µ2]., we have LP (2, c, µ′2) = > (case 2) and there exists R =

{4} ⊆ SP such that µ′2(4) > 0 and 4
τ−→

{e, m}
1µ4. In addition, we obtain after

simplifications: µ2 :

{
8 7→ µ′2(4)µ4(8) = .5

5 7→ µ′2(5) + 0 = .5
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We observe that [4
τ−→

{e, m}
1µ4] is a base case.

3. [3
c−→

{e, m}
2µ3]. We have c /∈ {e,m} and LP (3,m, µ′3) = > with m ∈ {e,m} (case

1). states 6 and 7 are the only states for which µ′3 gives a non-zero probability,
and 6

c−→
{e, m}

1µ6 and 7
c−→

{e, m}
1µ7 with µ3(s′) = µ′3(6)µ6(s′) + µ′3(7)µ7(s′). We

observe that [6
c−→

{e, m}
1µ6] and [7

c−→
{e, m}

1µ7] are base cases.

Finally, we obtain the following result:

µ∗(5) = µ1(2)(µ′2(5)) = .25 µ∗(10) = µ1(3)(µ′3(6)µ6(10) + µ′3(7)µ7(10)) = .25

µ∗(8) = µ1(2)(µ′2(4)µ4(8)) = .25 µ∗(11) = µ1(3)(µ′3(6)µ6(11) + µ′3(7)µ7(11)) = .25

3.2. On Stutter Satisfaction
We now introduce the notion of stutter satisfaction, that is an extension of Defini-

tion 4 for stuttering PAs.

Definition 7 (Stutter Satisfaction). Let P = (SP , AP , LP , AP, VP , s
P
0 ) be a PA, let

N = (S,A, L,AP, V, s0) be an APA such thatA ⊆ AP andH = AP \A is a consistent
set of hidden actions for P . A binary relation R ⊆ SP × S is a stutter satisfaction
relation iff, for any (s, s′) ∈ R, the following conditions hold:

1. for all a ∈ A and ϕ′ ∈ C(S), if L(s′, a, ϕ′) = >, then there exists a distribution
µ∗ ∈ Dist(SP ) such that s a−→

H

∗µ∗ and there exists µ ∈ Sat(ϕ′) such that

µ∗ bR µ,
2. for all µ∗ ∈ Dist(SP ) and a ∈ A such that s a−→

H

∗µ∗, there exist constraints

ϕ1, . . . ϕn ∈ C(S) such that for all i, L(s′, a, ϕi) 6= ⊥ and there exist ρi ∈ [0, 1]
and µi ∈ Sat(ϕi) such that

∑
i ρi = 1 and µ∗ bR (

∑
i ρiµi), and

3. VP (s) ∈ V (s′).

We say that P = (SP , AP , LP , AP, VP , s
P
0 ) stutter-satisfies N = (S,A, L,AP, V, s0),

written P |=∗ N , iff A ⊆ AP ,H = AP \ A is a consistent set of hidden actions for P ,
and there exists a stutter satisfaction relationR such that sP0 R s0. The set of stuttering
implementations of APA N is given by [[N ]]∗ = {P | P |=∗ N}. Algorithms to decide
such satisfaction relation can be obtained directly from those proposed in [10, 28]
for the case where there are no cycles involving only stuttering actions. Otherwise,
the problem is still open. Notice that stuttering satisfaction reduces to probabilistic
satisfaction when the set of hidden actionsH is empty. Hence stuttering satisfaction is
a conservative extension of probabilistic satisfaction.
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Example 3. The PA P given in Figure 2 satisfies the specification of the coffee ma-
chine of Figure 1 with the notion of stuttering satisfaction given above. The stuttering
satisfaction relationR is as follows: R = {({1, 2, 3, 6, 7}, I), ({4, 5, 8, 9, 10, 11}, C)}.
We show how state 1 of P satisfies state I of the specification and leave it to the reader
to verify that the rest of the relationR satisfies the axioms of Definition 7 above.

• In the specification, we have L(I, c, ϕc) = >. There exists a matching distribu-
tion in P : we have 1

c−→
{e, m}

3µ∗, with µ∗ defined in Example 2, and µ∗ bR µc with

µc : C 7→ 1 ∈ Sat(ϕc),

• in the implementation, we can verify that for all a ∈ {r, c} and µ∗P such that
1

a−→
{e, m}

∗µ∗P , we have a matching constraint and distribution in the specification:
either ϕr or ϕc, and

• VP (1) = {ready} ∈ V (I) = {{ready}}.

Remark that the choice we made on the definition of stutter transitions by allowing
stuttering to happen both before and after the visible action strongly influences the
notion of stuttering satisfaction. We denote by |=∗A (resp. |=∗B) the notion of satisfaction
obtained by replacing the general notion of stutter transition a−→

H

∗ with the restricted

notion a−→
H

∗
A (resp. a−→

H

∗
B). The following theorem states that the different notions of

stutter satisfaction |=∗, |=∗A and |=∗B cannot be compared in general.

Theorem 1. There exists PAs P , PA and PB and an APA N such that:

P |=∗A N P |=∗B N P |=∗ N
PA |=∗A N PA 6|=∗B N PA 6|=∗ N
PB 6|=∗A N PB |=∗B N PB |=∗ N

Proof. Consider PAs PB and PA given in Figures 6 and 7. Both represent different
implementations of a coffee machine with hidden actions m and e. One can see that
PA PB cannot satisfy the specification N of the coffee machine given in Figure 1 if
we only allow stutter to happen after visible actions. Indeed, in this case, there is no
possible transition from Initial state 1 in PB. On the contrary, if we allow stutter to
happen only before visible actions, then PB satisfies N . If stuttering is allowed to
happen both before and after the visible actions, then PB also satisfies N . Thus, we
have the following:

PB 6|=∗A N, PB |=∗B N, PB |=∗ N.

12
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Figure 6: PA PB with internal action m.
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c, 1

1′

2′ 3′
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Figure 7: PA PA with internal action e.

Consider now PA PA given in Figure 7. In PA, an error can happen from initial
state 1′ using hidden action e to lead in a bad state 2′. This state is not conform to the
specification and prevents PA from satisfying N if stutter can happen before visible
actions. However, if stuttering is only allowed to happen after visible actions, then
State 2′ is not reachable anymore in PA. Thus, we obtain the following:

PA |=∗A N, PA 6|=∗B N, PB 6|=∗ N.

Finally, in the case of PA P given in Figure 2, we have that

P |=∗A N, P |=∗B N, P |=∗ N.

�

Refinement. We now consider refinement, that is a relation that allows us to compare
APAs in terms of sets of implementations. In Segala’s theory, refinement boils down
to (stochastic) simulation. In the context of APAs, refinement usually extends the
definition of satisfaction. Extending Definition 7 would require to consider stuttering
in the specification itself, which is not the topic of this paper. For this reason, we use
the refinement relation proposed in [28].

Definition 8 (Refinement [28]). Let N = (S,A, L,AP, V, s0) and N ′ = (S ′, A, L′,
AP, V ′, s′0) be APAs. R ⊆ S × S ′ is a refinement relation iff, for all (s, s′) ∈ R, the
following conditions hold:

1. ∀a ∈ A, ∀ϕ′ ∈ C(S ′), if L′(s′, a, ϕ′) = >, then ∃ϕ ∈ C(S) : L(s, a, ϕ) = >
and ∀µ ∈ Sat(ϕ), ∃µ′ ∈ Sat(ϕ′) such that µ bR µ′,

2. ∀a ∈ A, ∀ϕ ∈ C(S), if L(s, a, ϕ) 6= ⊥, then ∀µ ∈ Sat(ϕ), ∃ϕ′ ∈ C(S ′) :
L′(s′, a, ϕ′) 6= ⊥ and ∃µ′ ∈ Sat(ϕ′) such that µ bR µ′, and

3. V (s) ⊆ V ′(s′).

13



We say that N refines N ′, denoted N �W N ′, iff there exists a refinement relation
relating s0 and s′0. In [28], it is shown that for two given APAs N1 and N2, we have
N1 �W N2 ⇒ [[N1]] ⊆ [[N2]], where [[Ni]] represent PAs without stuttering steps. The
following theorem extends this result to the case of PAs with stuttering steps.

Theorem 2. Let P be a PA and let N and N ′ be APAs. If P |=∗ N and N �W N ′,
then P |=∗ N ′.

Proof. Let P = (SP , AP , LP , AP, VP , s
P
0 ) be a PA and let N = (S,A, L,AP, V, s0)

and N ′ = (S ′, A, L′, AP, V ′, s′0) be APAs. Assume that P |=∗ N and N �W N ′. Let
H = AP \ A be the set of hidden actions in P . Let RH and R′ be the relations such
that P |=∗ N and N �W N ′, respectively. Consider the relation R′H ⊆ SP × S ′ such
that sP R′H s′ iff there exists s ∈ S such that sP RH s and sR′ s′. We prove thatR′H is
a stutter satisfaction relation.

Let sP ∈ SP and s′ ∈ S ′ such that sP R′H s′, and let s ∈ S be the associated state
in N .

1. Let a ∈ A and ϕ′ ∈ C(S ′) such that L′(s′, a, ϕ′) = >. By R′, there exists
ϕ ∈ C(S) such that L(s, a, ϕ) = > and ∀µ ∈ Sat(ϕ)∃µ′ ∈ Sat(ϕ′) : µ bR′ µ′.
By RH, there exists a distribution µ∗ ∈ Dist(SP ) such that sP

a−→
H

∗µ∗ and

there exists µ ∈ Sat(ϕ) such that µ∗ bRH µ. Let δH : SP → (S → [0, 1])
be the correspondence function witnessing µ∗ bδHRH µ. Let µ′ ∈ Sat(ϕ′) such
that µ bR′ µ′ and let δ′ : S → (S ′ → [0, 1]) be the witnessing correspondence
function. We show that µ∗ bR′H µ′. Consider the function δ′H : SP → (S ′ →
[0, 1]) such that δ′H(s′P )(s′1) =

∑
s1∈S δH(s′P )(s1)δ′(s1)(s′1). We show that δ′H is

a correspondence function such that µ∗ bδ
′
H
R′H

.

(a) Let s′P ∈ SP . By construction, we have that
∑

s′1∈S′
δ′H(s′P )(s′1) = 1.

(b) Let s′1 ∈ S ′.∑
s′P∈SP

µ∗(s′P )δ′H(s′P )(s′1) =
∑
s′P∈SP

µ∗(s′P )
∑
s1∈S

δH(s′P )(s1)δ′(s1)(s′1)

=
∑
s1∈S

∑
s′P∈SP

µ∗(s′P )δH(s′P )(s1)δ′(s1)(s′1)

=
∑
s1∈S

δ′(s1)(s′1)
∑
s′P∈SP

µ∗(s′P )δH(s′P )(s1)

=
∑
s1∈S

µ(s1)δ′(s1)(s′1) = µ′(s′1).

14



(c) Assume that δ′H(s′P )(s′) > 0. Then there exists s1 ∈ S such that
δH(s′P )(s1) > 0 and δ′(s1)(s′1) > 0. Therefore s′P RH s1 and s1R′ s′1.
Thus, by definition, s′P R′H s′1.

2. Let a ∈ A and µ∗ ∈ Dist(SP ) such that s a−→
H

∗µ∗. By RH, there exist

ϕ1, . . . ϕn ∈ C(S) such that, for all i, L(s, a, ϕi) 6= ⊥ and there exists ρi ∈ [0, 1]
and µi ∈ Sat(ϕi) such that

∑
i ρi = 1 and µ∗ bRH (

∑
i ρiµi). Let δH be the

associated correspondence function. By R′, there exist ϕ′1, . . . ϕ
′
n ∈ C(s′) such

that, for all i, L′(s′, a, ϕ′i) 6= ⊥ and ∀µi ∈ Sat(ϕi)∃µ′i ∈ Sat(ϕ′i) : µi bR′ µ′i.
Let δi be the correspondence functions such that µi bδiR′ µ

′
i. For all s′ ∈ SP , if

µ∗(s′) = 0, then define δ′(s′)(s′2) = 0 for all s′2. Otherwise, define δ′ as follows:

δ′(s′)(s′2) =
∑
s′1∈S

+
1

δH(s′)(s′1)

∑n
i=1 ρiµi(s

′
1)δi(s

′
1)(s′2)∑n

j=1 ρjµj(s
′
1)

where S+
1 is the set of states s′1 in S1 such that there exists i such that µi(s′1) > 0.

We can safely assume that whenever s′1 6∈ S+
1 , we have δH(s′)(s′1) = 0. It

follows that δ′ is a correspondence function and that µ∗ bδ′R′H (
∑

i ρiµ
′
i).

3. By RH, we have VP (sP ) ∈ V (s), and by R′, we have V (s) ⊆ V ′(s′). Thus
VP (sP ) ∈ V ′(s′).

Since sP0 R′H s′0, we conclude thatR′H is a stutter satisfaction relation, and therefore
P |=H N ′. �

Conjunction. We now turn our attention to conjunction, an operation that allows us
to combine requirements of several specifications. The main property of conjunction
of two APAs is that it represents the intersection of their sets of implementations. We
first recap the definition of conjunction between APA introduced in [28]. We then
show that this definition conserves its properties even in the presence of stuttering in
the implementations.

Definition 9 (Conjunction [28]). Let N = (S,A, L,AP, V, s0) and N ′ = (S ′, A, L′,
AP, V ′, s′0) be APAs sharing action and proposition sets. Their conjunction N ?N ′ is
the APA (S×S ′, A, L̃, AP, Ṽ , (s0, s

′
0)) where Ṽ ((s, s′)) = V (s) ∩ V ′(s′) and
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a ∈ (Must(s′)\May(s)) ∪ (Must(s)\May(s′))

L̃((s, s′), a, false) = >
, (1)

a ∈ (May(s)\May(s′)) ∪ (May(s′)\May(s))

L̃((s, s′), a, ϕ̃) = ⊥
, (2)

a∈May(s)∩May(s′) L(s, a, ϕ) 6=⊥ L′(s′, a, ϕ′) 6=⊥
L̃((s, s′), a, ϕ̃) = ?

, (3)

where ϕ̃ ∈ C(S × S ′) such that µ̃ ∈ Sat(ϕ̃) iff both

distribution µ : t→
∑
t′∈S′

µ̃((t, t′)) is in Sat(ϕ) and

distribution µ′ : t′ →
∑
t∈S

µ̃((t, t′)) is in Sat(ϕ′).

a ∈ Must(s) L(s, a, ϕ) = >
L̃((s, s′), a, ϕ̃>) = >

, (4)

where ϕ̃> ∈ C(S × S ′) such that µ̃ ∈ Sat(ϕ̃) iff both

the distribution µ : t→
∑
t′∈S′

µ̃((t, t′)) is in Sat(ϕ), and

there existsϕ′ ∈ C(S ′) withL′(s′, a, ϕ′) 6= ⊥ and the distribution µ′ : t′ →
∑
t∈S

µ̃((t, t′))

is in Sat(ϕ′).

a ∈ Must(s′) L′(s′, a′, ϕ′) = >
L̃((s, s′), a, ϕ̃′>) = >

, (5)

where ϕ̃> ∈ C(S × S ′) is such that µ̃ ∈ Sat(ϕ̃) iff both
there exists ϕ ∈ C(S) such that L(s, a, ϕ) 6= ⊥ and the distribution µ : t →∑
t′∈S′

µ̃((t, t′)) is in Sat(ϕ), and

the distribution µ′ : t′ →
∑

t∈S µ̃((t, t′)) is in Sat(ϕ′).

We now show that conjunction is the greatest lower bound with respect to refine-
ment [28], i.e. for all APAs N1, N2 and N3, (N1 �W N2) ∧ (N1 �W N3) ⇐⇒
N1 �W (N2 ?N3). In fact, we can show a more elaborated result, that is conjunction
coincides with the intersection of sets of (stuttering) implementations: for all N1 and
N2, [[N1]] ∩ [[N2]] = [[N1 ?N2]]. We first show that conjunction is sound.
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Lemma 1 (Conjunction is sound). Given two APAs N1 and N2, it holds that [[N1 ?
N2]]∗ ⊆ [[N1]]∗ ∩ [[N2]]∗.

Proof. Let N1 = (S1, A, L1, AP, V1, s
1
0) and N2 = (S2, A, L2, AP, V2, s

2
0) be two

APAs, and let N1 ?N2 = (S ×S ′, A∪A′, L̃,Σ∪Σ′, Ṽ , (s1
0, s

2
0)) be their conjunction,

defined as in [28].
Let P = (S,A′, L, AP, V, s0) be a PA such that P |=∗ N1 ? N2. We prove that

P |=∗ N1 and P |=∗ N2. Let R ⊆ S × (S1 × S2) be the stuttering relation witnessing
P |=∗ N1 ? N2. Define the relations R1 ⊆ S × S1 and R2 ⊆ S × S2 such that
(s, s1) ∈ R1 iff there exists s2 ∈ S2 such that (s, (s1, s2)) ∈ R and (s, s2) ∈ R2

iff there exists s1 ∈ S1 such that s, (s1, s2) ∈ R. We prove that R1 is a stuttering
satisfaction relation. The proof forR2 is symmetric.
Let s ∈ S and s1 ∈ S1 such that (s, s1) ∈ R1 By construction there exists s2 ∈ S2

such that (s, (s1, s2)) ∈ R.

1. Let a ∈ A and ϕ1 ∈ C(S1) such that L1(s1, a, ϕ
1) = >. By construction of

N1 ? N2, there exists ϕ̃ ∈ C(S1 × S2) such that (̃L)((s1, s2), a, ϕ̃) = >, and
ϕ̃ is such that µ̃ ∈ Sat(ϕ̃) iff the distribution µ1 : s′1 7→

∑
s′2∈S2

µ̃((s′1, s
′
2)) is

in Sat(ϕ1) and there exists ϕ2 ∈ C(S2) such that L2(s2, a, ϕ2) 6= ⊥ and the
distribution µ2 : s′2 7→

∑
s′1∈S1

µ̃((s′1, s
′
2)) is in Sat(ϕ2).

ByR, there exists µ∗ ∈ Dist(S) such that s a−→
H

∗µ∗ and there exists µ̃ ∈ Sat(ϕ̃)

such that µ∗ bR µ̃. Let µ1 : s′1 7→
∑

s′2∈S2
µ̃((s′1, s

′
2)) be the projection of µ̃ on

S1. By construction of ϕ̃, we have µ1 ∈ Sat(ϕ1). Let δ̃ be the correspondence
function such that µ∗ bδ̃R µ̃ and define δ1 such that, for all s′ ∈ S and s′1 ∈
S1, δ1(s′)(s′1) =

∑
s′2∈S2

δ̃(s′)(s′1, s
′
2). By construction, δ1 is a correspondence

function and we have µ∗ bδ1R1
µ1.

2. Let µ∗ ∈ Dist(S) and a ∈ A such that s a−→
H

∗µ∗. ByR, there exists ϕ̃1, . . . ϕ̃n ∈

C(S1 × S2) such that for all i, L̃((s1, s2), a, ϕ̃i) 6= ⊥ and there exists ρi ∈ [0, 1]
and µ̃i ∈ Sat(ϕ̃i) such that

∑
i ρi = 1 and µ∗ bR (

∑
i ρiµ̃i).

By construction of N1 ? N2, there exists ϕ1
1, . . . ϕ

1
n ∈ C(S1) such that for all

i, L1(s1, a, ϕ
1
i ) 6= ⊥ and µ1

i : s′1 7→
∑

s′2∈S2
µ̃i((s

′
1, s
′
2)) ∈ Sat(ϕi). As a

consequence, as above, we have µ∗ bR1 (
∑

i ρiµ
1
i ).

3. By construction, VP (s) ∈ Ṽ ((s1, s2)) = V1(s1) ∩ V2(s2), thus VP (s) ∈ V1(s1).

Finally, R1 is a stuttering satisfaction relation. Moreover, we have s0R(s1
0, s

2
0),

thus s0R1 s
1
0 and P |=∗ N1. Symmetrically, P |=∗ N2. Finally, we have [[N1 ?N2]]∗ ⊆

[[N1]]∗ ∩ [[N2]]∗. �
We now show that conjunction is complete.
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Lemma 2 (Conjunction is complete). Given two APAs N1 and N2, it holds that
[[N1]]∗ ∩ [[N2]]∗ ⊆ [[N1 ?N2]]∗.

Proof. Let N1 = (S1, A, L1, AP, V1, s
1
0) and N2 = (S2, A, L2, AP, V2, s

2
0) be two

APAs, and let N1 ?N2 = (S ×S ′, A∪A′, L̃,Σ∪Σ′, Ṽ , (s1
0, s

2
0)) be their conjunction,

defined as in [28].
Let P = (S,A′, L, AP, V, s0) be a PA such that P |=∗ N1 and P |=∗ N2. We prove

that P |=∗ N1 ? N2. Let H = A′ \ A. Let R1 and R2 be the stuttering satisfaction
relations associated to P |=∗ N1 and P |=∗ N2 respectively. LetR ⊆ S× (S1×S2) be
the relation such that sR(s1, s2) iff sR1 s1 and sR2 s2. We prove thatR is a stuttering
satisfaction relation.
Let s ∈ S and (s1, s2) ∈ S1 × S2 be such that sR(s1, s2). By construction, we have
sR1 s1 and sR2 s2.

1. Let a ∈ A and ϕ̃ ∈ C(S1 × S2) such that L̃((s1, s2), a, ˜phi) = >. By construc-
tion of N1 ?N2, there are two cases.

(a) There exists ϕ1 ∈ C(S1) such that L1(s1, a, ϕ1) = > and ϕ̃ is such that µ̃ ∈
Sat(ϕ̃) iff the distribution µ1 : s′1 7→

∑
s′2∈S2

µ̃((s′1, s
′
2)) is in Sat(ϕ1) and

there exists ϕ2 ∈ C(S2) such that L2(s2, a, ϕ2) 6= ⊥ and the distribution
µ2 : s′2 7→

∑
s′1∈S1

µ̃((s′1, s
′
2)) is in Sat(ϕ2).

(b) There exists ϕ2 ∈ C(S2) such that L2(s2, a, ϕ2) = > and ϕ̃ is such that µ̃ ∈
Sat(ϕ̃) iff the distribution µ2 : s′2 7→

∑
s′1∈S1

µ̃((s′1, s
′
2)) is in Sat(ϕ2) and

there exists ϕ1 ∈ C(S1) such that L1(s1, a, ϕ1) 6= ⊥ and the distribution
µ1 : s′1 7→

∑
s′2∈S2

µ̃((s′1, s
′
2)) is in Sat(ϕ1).

Assume that case (a) holds (case (b) is symmetric). Then, by R1, there exists a
distribution µ∗ ∈ Dist(S) such that s a−→

H

∗µ∗ and there exists µ1 ∈ Sat(ϕ1)

such that µ∗ bR1 µ1. Moreover, by R2, there exists ϕ2 ∈ C(S2) such that
L2(s2, a, ϕ2) 6= ⊥ and there exists µ2 ∈ Sat(ϕ2) such that µ∗ bR2 µ

2. Let δ1

and δ2 be the associated correspondence functions, and let µ̃ be the distribution
such that for all s′1 ∈ S1 and s′2 ∈ S2, µ̃((s′1, s

′
2)) = µ1(s1)µ2(s2). By construc-

tion, we have µ̃ ∈ Sat(ϕ̃). Let δ : S → ((s1 × S2) → [0, 1]) be such that,
for all s ∈ S, s′1 ∈ S1 and s′2 ∈ S2, δ(s)((s′1, s

′
2)) = δ1(s′1)δ2(s′2). Again, by

construction, we have that µ bδR µ̃.
Thus there exists µ∗ ∈ Dist(S) such that s a−→

H

∗µ∗ and there exists µ̃ ∈ Sat(ϕ̃)

such that µ∗ bR µ̃.
2. Let µ∗ ∈ Dist(S) and a ∈ A such that s a−→

H

∗µ∗. By R1 and R2, there exist

constraints ϕ1
1, . . . ϕ

1
n ∈ C(S1) and ϕ2

1, . . . ϕ
2
m ∈ C(S2) such that for all i, j,

L1(s1, a, ϕ
1
i ) 6= ⊥, L2(s2, a, ϕ

2
j) 6= ⊥, and there exist distributions µ1

i ∈ Sat(ϕ1
i )
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and µ2
j ∈ Sat(ϕ2

j) and coefficients ρ1
i , ρ

2
j ∈ [0, 1] such that

∑
i ρ

1
i =

∑
j ρ

2
j =

1 and µ∗ bR1 (
∑

i ρ
1
iµ

1
i ) and µ∗ bR2 (

∑
j ρ

2
jµ

2
j). Thus, by construction of

N1?N2, there exist constraints ϕ̃i,j ∈ C(S1×S2) such that L̃((s1, s2), a, ϕ̃i,j) =?
and µ̃i,j ∈ Sat(ϕ̃i,j) iff the distribution µ1

i,j : s′1 7→
∑

s′2∈S2
µ̃i,j((s

′
1, s
′
2)) is in

Sat(ϕ1
i ) and the distribution µ2

i,j : s′2 7→
∑

s′1∈S1
µ̃i,j((s

′
1, s
′
2)) is in Sat(ϕ2

j).
Let µ̃i,j be the distributions such that µ̃i,j : (s′1, s

′
2) 7→ µ1

i (s
′
1)µ2

j(s
′
2). As above,

we have that for all i, j, µ̃i,j ∈ Sat(ϕ̃i,j). Moreover,
∑

i,j ρ
1iρ2

j = 1 and µ∗ bR∑
i,j ρ

1
i ρ

2
j µ̃i,j .

3. By construction, VP (s) ∈ V1(s1) and VP (s) ∈ V2(s2), thus VP (s) ∈ Ṽ ((s1, s2)) =
V1(s1) ∩ V2(s2).

Thus, R is a stuttering satisfaction relation. Moreover, we have sR(s1
0, s

2
0) by

construction, thus P |=∗ N1 ?N2. Finally, we have [[N1]]∗ ∩ [[N2]]∗ ⊆ [[N1 ?N2]]∗.
�

From the above two lemmas, it follows that the conjunction of two APAs exactly
represents the intersection of their sets of implementations.

Theorem 3. Given two APAs N1 and N2, it holds that [[N1]]∗ ∩ [[N2]]∗ = [[N1 ?N2]]∗.

Proof. The above theorem holds by double inclusion, following Lemmas 1 and 2. �

4. Logical characterization

We now turn our attention to proposing a modal logic ML-(A)PA for PAs and APAs.
This logic resembles the Probabilistic Modal Logic PML [16, 17]. The main differ-
ences between PML and ML-(A)PA are that (1) ML-(A)PA is designed to specify
properties for both PAs and APAs, while PML is restricted to PAs, (2) The semantics
of ML-(A)PA for PAs considers stuttering transitions, while PML does not, and finally
(3) unlike PML, ML-(A)PA is disjunction and negation-free. We first give the syn-
tax of ML-(A)PA and semantics for PAs and APAs, then we study its soundness and
completeness.

ψ ::= Vval | ψ1 ∧ ψ2 | 〈a〉.pψ′ | [a].pψ
′,

where Vval ∈ 22AP , a ∈ A, . ∈ {≥, >}, and p is a rational in [0, 1]. Let F (A,AP ) be
the set of formulas over A and AP .

We define the semantics of ML-(A)PA for both PAs and APAs. Let P = (SP , AP ,
LP , AP, VP , s

P
0 ) be a PA and let N = (S,A, L,AP, V, s0) be an APA. Assume that

A ⊆ AP is a set of actions such that H = AP \ A is a consistent set of hidden actions
for P . We define the satisfaction relation between states of P (resp. N ) and formulas
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PA Semantics APA Semantics

ψ s[|=∗ ψ ⇐⇒ s[|= ψ ⇐⇒

Vval VP (s) ∈ Vval V (s) ⊆ Vval

ψ1 ∧ ψ2 s[|=∗ ψ1 and s[|=∗ ψ2 s[|= ψ1 and s[|= ψ2

〈a〉.pψ′
∃µ∗ ∈ Dist(SP ) s.t. s a−→

H

∗µ∗ and(∑
{s′ | s′[|=∗ψ′} µ

∗(s′) . p
) ∃ϕ ∈ C(S) s.t. L(s, a, ϕ) = > and(

∀µ ∈ Sat(ϕ) :
∑
{s′ | s′[|=ψ′} µ(s′) . p

)
[a].pψ

′
∀µ∗ ∈ Dist(SP ), if s a−→

H

∗µ∗, then(∑
{s′ | s′[|=∗ψ′} µ

∗(s′) . p
) ∀ϕ ∈ C(S), if L(s, a, ϕ) 6= ⊥, then(

∀µ ∈ Sat(ϕ) :
∑
{s′ | s′[|=ψ′} µ(s′) . p

)
Figure 8: Semantics of ML-(A)PA for PAs and APAs.

in F (A,AP ) by induction as in Figure 8. We say that P satisfies ψ, written P [|=∗ ψ, iff
AP \A is a consistent set of hidden actions for P and sP0 [|=∗ ψ. We say that N satisfies
ψ, written N [|= ψ, iff s0[|= ψ. The logic ML-(A)PA and its relation to PAs/APAs is
illustrated in the following example.

Example 4. Consider the specification of a coffee machine N given in Figure 1 and
the implementation P of the coffee machine given in Figure 2. Let A = {r, c} and
AP = {ready, tea, coffee} and consider the following formulas in F (A,AP ):

ψ1 ::=[c]≥1{{coffee}, {tea}} ψ3 ::=〈c〉≥.5{{coffee}}
ψ2 ::=[r]≥1 ([c]≥1{{coffee}, {tea}}) ψ4 ::={{ready}} ∧ 〈c〉≥1 ([r]≥1{{ready}})

One can verify that N [|= ψ1, N [|= ψ2 and N [|= ψ4 and that N does not satisfy
ψ3. Indeed, state C of N does not satisfy the formula {{coffee}}. However, one can
verify that P [|=∗ ψ1 ∧ ψ2 ∧ ψ3 ∧ ψ4. In particular, the satisfaction of ψ3 is ensured
by the existence of a distribution µ∗ given in Figure 3 such that 1

c−→
{e, m}

∗µ∗ in P and

µ∗({coffee}) = .5.

We now show that ML-(A)PA is sound and complete with respect to stutter satis-
faction. We start with soundness: for all APA N = (S,A, L,AP, V, s0) and for all
formula ψ ∈ F (A,AP ), if N satisfies ψ, then all (stuttering) implementations of N
also satisfy ψ. This is formalized in the following theorem.

Theorem 4 (Soundness). LetN = (S,A, L,AP, V, s0) be an APA andψ ∈ F (A,AP )
be a formula. If N [|= ψ, then for all PA P = (SP , AP , LP , AP, VP , s

P
0 ) such that

P |=∗ N , it holds that P [|=∗ ψ.
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Proof. If N is inconsistent, i.e. [[N ]]∗ = ∅, then the theorem trivially holds.
Let N = (S,A, L,AP, V, s0) be a consistent APA, and assume that N is pruned,
i.e. N has no inconsistent states. Let ψ ∈ F (A,AP ) such that N [|= ψ. Let P =
(SP , AP , LP , AP, VP , s

P
0 ) such that P |=∗ N . Let H = AP \ A be the set of hidden

actions in P . Since P |=∗ N , we know that H is a consistent set of hidden actions for
P . Let RH be the stutter satisfaction relation witnessing P |=∗ N . We now prove that
P [|=∗ ψ by induction on the structure of ψ.

Base case Assume that ψ = Vval ∈ 22AP . Since N [|= ψ, we have s0[|= Vval. Thus,
V (s0) ⊆ Vval. Since P |=∗ N , we have VP (sP0 ) ∈ V (s0). As a consequence,
VP (sP0 ) ∈ Vval and sP0 [|=∗ Vval. Therefore, P [|=∗ ψ.

Inductive step There are three cases that we treat separately.

1. ∧. Assume that ψ = ψ1∧ψ2. SinceN [|= ψ, we have that s0[|= ψ1 and s0[|= ψ2.
By induction, we thus have that sP0 [|=∗ ψ1 and sP0 [|=∗ ψ2. As a consequence, we
have sP0 [|=∗ ψ1 ∧ ψ2, and therefore P [|=∗ ψ.

2. 〈 〉. Assume that ψ = 〈a〉.pψ′. Since N [|= ψ, there must exist ϕ ∈ C(S) such
that L(s0, a, ϕ) = >, and for all µ ∈ Sat(ϕ),∑

{s′ | s′[|=ψ′}

µ(s′) . p.

ByRH, there must exists a distribution µ∗ ∈ Dist(SP ) such that sP0
a−→
H

∗µ∗ and

there exist µ ∈ Sat(ϕ) such that µ∗ bRH µ.

By definition of bRH , we know that there exists a correspondence function δ :
SP → (S → [0, 1]) such that∑

{s′∈S | s′[|=ψ′}

µ(s′) =
∑

{s′∈S | s′[|=ψ′}

∑
sP
′∈SP

µ∗(sP
′)δ(sP

′)(s′).

By induction, we have that if s′[|= ψ′, then for all sP ′ ∈ SP such that (s′P , s
′) ∈

RH, it holds that s′P [|=∗ ψ′. Thus, for all s′P ∈ SP , if sP ′[6|=∗ ψ′, then (s′P , s
′) /∈
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RH, thus δ(sP ′)(s′) = 0. Therefore,∑
{s′∈S | s′[|=ψ′}

µ(s′) =
∑

{s′∈S | s′[|=ψ′}

∑
{sP
′∈SP | sP

′[|=∗ψ′}

µ∗(sP
′)δ(sP

′)(s′)

=
∑

{sP
′∈SP | sP

′[|=∗ψ′}

∑
{s′∈S | s′[|=ψ′}

µ∗(sP
′)δ(sP

′)(s′)

=
∑

{sP
′∈SP | sP

′[|=∗ψ′}

µ∗(sP ′) ∑
{s′∈S | s′[|=ψ′}

δ(sP
′)(s′)

 .

Since for all s′P ∈ SP , it holds that
∑

s′∈S δ(s
′
P )(s′) = 1, we thus have∑

{s′∈S | s′[|=ψ′}

µ(s′) ≤
∑

{sP
′∈SP | sP

′[|=∗ψ′}

µ∗(sP
′).

Moreover, we have by induction that
∑
{s′∈S | s′[|=ψ′} µ(s′) . p, thus∑

{sP
′∈SP | sP

′[|=∗ψ′} µ
∗(sP

′) ≥
∑
{s′∈S | s′[|=ψ′} µ(s′) . p. Therefore,

sP0 [|=∗ 〈a〉.pψ′ and P [|=∗ ψ.

3. [ ]. Assume that ψ = [a].pψ
′. Since N [|= ψ, we have that for all ϕ ∈ C(S)

such that L(s0, a, ϕ) 6= ⊥ and for all µ ∈ Sat(ϕ), it holds that∑
{s′∈S | s′[|=ψ′}

µ(s′) . p.

Let µ∗ ∈ Dist(SP ) such that sP0
a−→
H

∗µ∗. By RH, there must exist ϕ1, . . . ϕn ∈
C(S) such that, for all i, L(s0, a, ϕi) 6= ⊥, and there must exist ci ∈ [0, 1] and
µi ∈ Sat(ϕi) such that

∑
i ci = 1 and µ∗ bRH (

∑
i ciµi). Let µ =

∑
i ciµi.

By definition of bRH , there must exist a correspondence function δ : SP →
(S → [0, 1]) such that∑

{s′∈S | s′[|=ψ′}

µ(s′) =
∑

{s′∈S | s′[|=ψ′}

∑
sP
′∈SP

µ∗(sP
′)δ(sP

′)(s′).

Since s0[|= ψ, we know that for all i, we have∑
{s′∈S | s′[|=ψ′}

µi(s
′) . p.
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B C

A {{α}}

{{α}} {{α}, {β}}

a, ϕ,>

µ ∈ Sat(ϕ) ⇐⇒
(µ(B) = .5) ∧ (µ(C) = .5)

Figure 9: APA N≤ such that
N≤[|= ψ5.

1

2

{α}

a, 1

{α}

Figure 10: PA P≤ such that P≤ |=∗ N≤ and
P≤[6|=∗ ψ5.

Therefore, we also have:∑
{s′∈S | s′[|=ψ′}

µ(s′) =
∑

{s′∈S | s′[|=ψ′}

∑
i

ciµi(s
′)

=
∑
i

ci(
∑

{s′∈S | s′[|=ψ′}

µi(s
′))

.
∑
i

cip = p.

As above, we can prove that
∑
{sP
′∈SP | sP

′[|=∗ψ′} µ
∗(sP

′) . p.

Therefore, we have that for all µ∗ ∈ Dist(SP ) such that sP0
a−→
H

∗µ∗, it holds that∑
{sP
′∈SP | sP

′[|=∗ψ′} µ
∗(sP

′) . p. Thus sP0 [|=∗ [a].pψ
′ and P [|=∗ ψ.

�
It is worth mentioning that soundness would not hold if ML-(A)PA was equipped

with negation or with the comparison operators {<,≤}. This is illustrated in the fol-
lowing example.

Example 5. Assume that ML-(A)PA is equipped with the dual comparison operator
≤. Consider the formula ψ5 ::= [a]≤.5{{α}}.
Consider APA N≤ given in Figure 9. Since {{α}, {β}} 6⊆ {{α}}, we have that state
C of N≤ does not satisfy {{α}}. It thus follows that N≤[|= ψ5. Now consider PA P≤
given in Figure 10. One can verify that P≤ |=∗ N≤. However, since state 2 of P≤
satisfies {{α}}, we have that P≤[6|=∗ ψ5. A similar example can be produced to prove
that ML-(A)PA would not be sound if equipped with negation.

We now show that ML-(A)PA is complete with respect to stutter satisfaction, i.e.
for all APAN = (S,A, L,AP, V, s0) and for all formula ψ ∈ F (A,AP ), if all (stutter)
implementations of N satisfy ψ then N also satisfies ψ. This is formalized in the
following theorem.
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Theorem 5 (Completeness). Let N = (S,A, L,AP, V, s0) be a consistent APA and
let ψ ∈ F (A,AP ). It holds that (∀P ∈ [[N ]]∗, P [|=∗ ψ) =⇒ N [|= ψ.

This theorem is proved using induction on the structure of the formula. Given an
APA N = (S,A, L,AP, V, s0), we use the notation (N, s) for the APA N with initial
state s0 replaced by s.
Proof. We give a proof for the contraposition of the statement:

N [6|= ψ =⇒ ∃P ∈ [[N ]]∗ : P [6|=∗ ψ.

Let N = (S,A, L,AP, V, s0) be a consistent APA, and assume that N is pruned.
Let ψ be a formula such that N [6|= ψ. The proof uses induction on the structure of
ψ. For each case, we build an implementation P of N such that P [6|=∗ ψ. Notice that
stuttering satisfaction for APAs reduces to probabilistic satisfaction when the set of
hidden actions is empty. Moreover, recall that the classical notion of implementation
presented in [11] implies probabilistic satisfaction. In the following, we prove that

N [6|= ψ =⇒ ∃P ∈ [[N ]]P : P [6|=∗ ψ.

Since for all APA N , [[N ]]P ⊆ [[N ]]∗, this is enough to prove the theorem.

Base case Assume that ψ = Vval ∈ 22AP . Since N [6|= ψ, we have that V (s0) 6⊆ Vval.
Thus, there exists v ∈ V (s0) such that v /∈ Vval. Let P = (SP , A, LP , AP, VP , s

P
0 )

be a PA such that P |=P N and VP (sP0 ) = v. Such a P exists because N is con-
sistent. Since VP (sP0 ) = v /∈ Vval, we have that sP0 [6|=∗ Vval, and therefore P [6|=∗ ψ.

Inductive step There are three cases that we treat separately.

1. ∧. Assume that ψ = ψ1 ∧ ψ2. Since N [6|= ψ, we have s0[6|= ψ1 or s0[6|=
ψ2. Assume that s0[6|= ψ1; By induction, there exists P = (SP , A, LP , AP, VP ,
sP0 ) ∈ [[N ]]∗ such that sP0 [6|=∗ ψ1, thus sP0 [6|=∗ ψ1 ∧ ψ2 = ψ. The other case is
symmetric.

2. 〈 〉. Assume that ψ = 〈a〉.pψ′. Since N [6|= ψ, we have that for all ϕ ∈ C(S)
such that L(s0, a, ϕ) = >, there exists a distribution µϕbad ∈ Sat(ϕ) such that∑

{s | s[|=ψ′}

µϕbad(s) 6 .p.

For all s ∈ S we define the following:
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• If s[|= ψ′, then by soundness and consistency, there exists an implemen-
tation Ps = (Ss, A, LPs , AP, VPs , t

s
0) that probabilistically satisfies (N, s)

and such that Ps[|=∗ ψ′. Let Rs ⊆ Ss × S be the satisfaction relation
witnessing Ps |=P (N, s).

• If s[6|= ψ′, then by induction, there exists a PA Ps = (Ss, A, LPs , AP,
VPs , t

s
0) such that Ps |=P (N, s) and Ps[6|=∗ ψ′. Let Rs ⊆ Ss × S the

probabilistic satisfaction relation witnessing Ps |=P (N, s).

We now provide an implementation P that probabilistically sastisfiesN and such
that P [6|=∗ ψ. Let P = (SP , A, LP , AP, VP , si), where SP := {si} ∪

⋃
s∈S Ss.

The initial state si of P will mimic all must-transitions from s0 to the initial
states of Ps, for all s ∈ S.

• For all ϕ ∈ C(S) st. L(s0, a, ϕ) = >, recall that there exists a distri-
bution µϕbad ∈ Sat(ϕ) such that

∑
{s∈S | s[|=ψ′} µ

ϕ
bad(s) 6 .p. Given such

a constraint ϕ and the associated distribution µϕbad, define the distribution
ρϕ ∈ Dist(SP ) as follows: for all t ∈ SP , if there exists s ∈ S such that
t = ts0, then ρϕ(t) = µϕbad(s). Otherwise, ρϕ(t) = 0.
Define the following transitions in P : for all ϕ ∈ C(S) such that
L(s0, a, ϕ) = >, let LP (si, a, ρ

ϕ) = >.

• By consistency, we know that for all b ∈ A \ {a} and ϕ ∈ C(S) st.
L(s0, b, ϕ) = >, there exists at least one distribution µϕ ∈ Sat(ϕ). Given
such a constraint ϕ, we pick up arbitrarily one distribution µϕ ∈ Sat(ϕ)
and define ρϕ ∈ Dist(SP ) as follows: for all t ∈ SP , if there exists s ∈ S
such that t = ts0, then ρϕ(t) = µϕ(s). Otherwise, ρϕ(t) = 0.
Define the following transitions in P : for all b ∈ A \ {a} and for all ϕ ∈
C(S) such that L(s0, b, ϕ) = >, let LP (si, b, ρ

ϕ) = >.

• Let VP (si) be chosen arbitrarily in V (s0).

All potential successors t of si in P , are the initial states ts0 of PAs Ps. This is
illustrated in Figure 11.

Formally, for all s ∈ S and t ∈ Ss, define the following:

• for all b ∈ A and µ ∈ Dist(Ss) such thatLPs(t, b, µ) = >, letLP (t, b, ρµ) =
> with ρµ ∈ Dist(SP ) defined as follows.

ρµ(t′) =

{
µ(t′) if t′ ∈ Ss
0 otherwise.
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Ps′ [6|=∗ ψ′

ts
′

0 ts
′′

0 ts
′′′

0 ts00 s′ s′′ s′′′

Nµϕbad

s0

s′[6|= ψ′

si

Ps′ Ps′′ Ps′′′ Ps0

P
ρϕ

Figure 11: Constructing P from N (only illustrating µϕbad in N , and not the full
constraint).

• VP (t) = VPs(t)

We now show that P |=P N . Define the relationR = {(si, s0)}∪
⋃
s′∈SRs′ over

SP × S. We now prove thatR is a probabilistic satisfaction relation.

Let (t, s) ∈ R.

• If (t, s) = (si, s0), then

– Let b ∈ A and ϕ ∈ C(S) st. L(s0, b, ϕ) = >. By construction
of P , there exists ρϕ ∈ Dist(SP ) st. LP (si, b, ρ

ϕ) = >. Define the
correspondence function δ : SP → (S → [0, 1]) such that δ(t′)(s′) = 1
if t′ = ts

′
0 and δ(t′)(s′) = 0 otherwise. Then, by construction, there

exists µ ∈ Sat(ϕ) such that ρϕ bδR µ.
– Let b ∈ A and ρ ∈ Dist(SP ) st. LP (si, b, ρ) = >. By construction,

there must exist a constraint ϕ ∈ C(S) such that L(s0, b, ϕ) 6= ⊥ and
ρ = ρϕ. As above, there thus exists µ ∈ Sat(ϕ) such that ρϕ bR µ.

– VP (si) ∈ V (s0),

• If (t, s) is not (si, s0), then there exists s′′ ∈ S such that (t, s) ∈ Rs′′ . As a
consequence, remark that t ∈ Ss′′ .

– Let b ∈ A and ϕ ∈ C(S) st. L(s, b, ϕ) = >. By Rs′′ , there ex-
ists µ ∈ Dist(Ss′′) such that LPs′′

(t, b, µ) = > and there exists a
correspondence function δ : Ss′′ → (S → [0, 1]) and a distribution
µ′ ∈ Sat(ϕ) such that µ bδRs′′

µ′.
Define the correspondence function δP : SP → (S → [0, 1]) such that
δP (t′)(s′) = δ(t′)(s′) if t′ ∈ Ss′′ , and δP (t′)(s′) = 0 otherwise.
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Let ρµ ∈ Dist(SP ) such that ρµ(t′) = µ(t′) if t′ ∈ Ss′′ , and ρµ(t′) = 0
otherwise. By construction, we have that LP (t, b, ρµ) = >. We now
show that ρµ bδPR µ′.
∗ Let t′ ∈ SP such that ρµ(t′) > 0. By construction we thus have
t′ ∈ Ss′′ , and ∑

s′∈S

δP (t′)(s′) =
∑
s′∈S

δ(t′)(s′) = 1.

∗ Let s′ ∈ S. We have∑
t′∈SP

ρµ(t′)δP (t′)(s′) =
∑
t′∈Ss′′

µ(t′)δ(t′)(s′) = µ′(s′).

∗ If δP (t′)(s′) > 0, then t′ ∈ Ss′′ and δ(t′)(s′) > 0. ByRs′′ , we thus
have (t′, s′) ∈ RSs′′

and therefore, (t′, s′) ∈ R.
Finally, there exists ρµ ∈ Dist(SP ) such that LP (t, b, ρµ) = > and
there exists µ′ ∈ Sat(ϕ) such that ρµ bR µ′.

– Let b ∈ A and ρ ∈ Dist(SP ) st. LP (t, b, ρ) = >. By construc-
tion, there exists a distribution µ ∈ Dist(Ss′′) such that ρ = ρµ and
LPs′′

(t, b, µ) = >. Thus, by Rs′′ , there exists ϕ1, . . . ϕn ∈ C(S) such
that L(s, b, ϕi) 6= ⊥, and there exists µi ∈ Sat(ϕi) and ci ∈ [0, 1]
such that

∑
i ci = 1 and µP bR (

∑
i ciµi). Let µ′ =

∑
i ciµi and

δ : Ss′′ → (S → [0, 1]) be the correspondence function witnessing
µ bδRs′′

µ′.
Define the correspondence function δP : SP → (S → [0, 1]) such that
δP (t′)(s′) = δ(t′)(s′) if t′ ∈ Ss′′ , and δP (t′)(s′) = 0 otherwise. As
above, we can prove that ρ bδPR µ′.
Finally, there exists ϕ1, . . . ϕn ∈ C(S) such that L(s, b, ϕi) 6= ⊥ and
there exists µi ∈ Sat(ϕi) and ci ∈ [0, 1] such that

∑
i ci = 1 and

ρ bR (
∑

i ciµi).
– Since (t, s) ∈ Rs′′ , we have that VPs′′

(t) ∈ V (s). Since VP (t) =
VPs′′

(t), we thus have VP (t) ∈ V (s).

Finally,R is a probabilistic satisfaction relation. Since, by construction, we have
(si, s0) ∈ R, we conclude that P |=P N .

We now prove that P [6|=∗ ψ = 〈a〉.pψ′. Let ρ ∈ Dist(SP ) such that si
a−→
∅

∗ρ.

Since P is non-stuttering, this amounts to LP (si, a, ρ) = >. By definition, for
all t ∈ SP , if ρ(t) > 0, then there exists ϕ ∈ C(S) and µϕbad ∈ Sat(ϕ) such that
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for all t′ ∈ SP , if there exists s ∈ S such that t′ = ts0, then ρ(t) = µϕbad(s) and
otherwise ρ(t) = 0. Moreover, by construction of P , if s′ ∈ S and s′[6|= ψ′, then
ts
′

0 [6|=∗ ψ′. As a consequence, we have

∑
{t∈SP | t[|=∗ψ′}

ρ(t) =
∑

{s∈S | ts0[|=∗ψ′}
ρ(ts0) ≤

∑
{s∈S | s[|=ψ′}

µϕbad(s) 6 .p.

Therefore, P [6|=∗ 〈a〉.pψ.

3. [ ]. Assume that ψ = [a].pψ
′. Since N [6|= ψ, there exists a constraint ϕbad ∈

C(S) st. L(s0, a, ϕbad) 6= ⊥ and there exists a distribution µbad ∈ Sat(ϕbad) such
that ∑

{s∈S | s[|=ψ′}

µbad(s) 6 .p.

For all s ∈ S we define the following:

• if s[|= ψ, then by soundness and consistency, there exists an implementation
Ps = (Ss, A, LPs , AP, VPs , t

s
0) such that Ps |=P (N, s) and Ps[|=∗ ψ. Let

Rs ⊆ Ss × S be the satisfaction relation witnessing Ps |=P (N, s).

• if s[6|= ψ′, then, by induction, there exists an implementation Ps = (Ss, A,
LPs , AP, VPs , t

s
0) such that Ps |=P (N, s) and Ps[6|=∗ ψ′. Let Rs ⊆ Ss × S

be the probabilistic satisfaction relation witnessing Ps |=P (N, s).

Using a similar implementation P as the one defined in the previous case, we
obtain that P |=P N and P [6|=∗ ψ.

�
It is worth mentioning that completeness would not hold if ML-(A)PA was equipped

with disjunction. This is illustrated in the following example, adapted from [8].

Example 6. LetN∨ = ({A,B}, {a}, L∨, {α, β}, V∨, A) be an APA such that V∨(A) =
V∨(B) = {{α}} and L(A, a, ϕ) =? with µ ∈ Sat(ϕ) iff µ(B) = 1. Assume that ML-
(A)PA is extended with disjunction and consider the formula ψ6 ::= 〈a〉≥1{{α}} ∨
[a]≥1{{β}}. Since state A does not have any must transition, we have that N∨[6|=
〈a〉≥1{{α}}. Moreover, since V∨(B) 6⊆ {{β}}, we have that N∨[6|= [a]≥1{{β}}. As
a consequence, N∨[6|= ψ6. However, any implementation of N∨ either contains no
transition at all, thus satisfying [a]≥1{{β}}, or it contains a transition leading to {α}
with probability 1, thus satisfying 〈a〉≥1{{α}}. As a consequence, ∀P ∈ [[N∨]]

∗, P [|=∗
ψ6.
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In addition to being sound and complete with respect to stutter satisfaction, ML-
(A)PA also matches the notion of conjunction of APAs, as shown in the following
theorem.

Theorem 6. Let N1 and N2 be two APAs and let ψ1 and ψ2 be two formulas. If N1[|=
ψ1 and N2[|= ψ2 then (N1 ?N2)[|= (ψ1 ∧ ψ2).

Proof. Let N1 and N2 be two APAs and let ψ1 and ψ2 be two formulas such that
N1 |=A ψ1 andN2 |=A ψ2. We know that conjunction of APAs matches the intersection
of their sets of implementations. Thus for all PA P such that P |= N1 ∧ N2, we have
P |= N1 and P |= N2. By soundness of our logic, we thus have P |= ψ1 and P |= ψ2.
Thus P |= ψ1∧ψ2. Hence, for all P such that P |= N1∧N2, it holds that P |= ψ1∧ψ2.
Thus, by completeness of the logic, it holds that N1 ∧N2 |=A ψ1 ∧ ψ2. �

5. On composition of APAs and Stuttering

We now show that the notion of structural composition that allows to combine
APAs does not preserve precongruence of refinement. Consider the classical notion
of composition between PAs, originally proposed by Segala [12] and extended to the
setting of APAs [11]. This notion of composition allows to synchronize on a common
set of actions Ā while allowing independent progress on the complement of Ā. When
composing APAs, the resulting constraint represents products of distributions satisfy-
ing the original constraints. We recall the formal definition of composition of APAs
from [11, 28].

Definition 10 (Parallel composition of APAs [28]). Let N = (S,A, L,AP, V, s0)
and N ′ = (S ′, A′, L′, AP ′, V ′, s′0) be APAs and assume AP ∩ AP ′ = ∅. The parallel
composition of N and N ′ w.r.t. synchronization set Ā ⊆ A ∩A′, written as N‖ĀN ′, is
given as N‖ĀN ′ = (S × S ′, A ∪ A′, L̃, AP ∪ AP ′, Ṽ , (s0, s

′
0)) where

• L̃ is defined as follows:

– For all (s, s′) ∈ S × S ′, a ∈ Ā, if there exists ϕ ∈ C(S) and ϕ′ ∈ C(S ′),
such that L(s, a, ϕ) 6= ⊥ and L′(s′, a, ϕ′) 6= ⊥, define L̃((s, s′), a, ϕ̃) =
L(s, a, ϕ) u L′(s′, a, ϕ′) with ϕ̃ the new constraint in C(S × S ′) such that
µ̃ ∈ Sat(ϕ̃) iff there exists µ ∈ Sat(ϕ) and µ′ ∈ Sat(ϕ′) such that
µ̃(u, v) = µ(u) · µ′(v) for all u ∈ S and v ∈ S ′.
If either for all ϕ ∈ C(S), we have L(s, a, ϕ) = ⊥, or ∀ϕ′ ∈ C(S ′), we
have L′(s′, a, ϕ′) = ⊥ then for all ϕ̃ ∈ C(S × S ′), L̃((s, s′), a, ϕ̃) = ⊥.
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Figure 12: APA specifications and stuttering PA implementations showing that (P1 ‖∅
P2) 6|=∗ (N1 ‖∅ N2).

– For all (s, s′) ∈ S × S ′, a ∈ A \ Ā, and for all ϕ ∈ C(S), define
L̃((s, s′), a, ϕ̃) = L(s, a, ϕ) with ϕ̃ the new constraint in C(S × S ′) such
that µ̃ ∈ Sat(ϕ̃) iff for all u ∈ S and v 6= s′, µ̃(u, v) = 0 and the distribu-
tion µ such that µ(t) = µ̃(t, s′) is in Sat(ϕ).

– For all (s, s′) ∈ S × S ′, a ∈ A′ \ Ā, and for all ϕ′ ∈ C(S ′), define
L̃((s, s′), a, ϕ̃′) = L′(s′, a, ϕ′) with ϕ̃′ the new constraint in C(S × S ′)
such that µ̃′ ∈ Sat(ϕ̃′) iff for all u 6= s and v ∈ S ′, µ̃′(u, v) = 0 and the
distribution µ′ such that µ′(t′) = µ̃′(s, t′) is in Sat(ϕ′).

• Ṽ is defined as follows: for all (s, s′) ∈ S×S ′, Ṽ ((s, s′)) = {B̃ = B∪B′ |B ∈
V (s) and B′ ∈ V ′(s′)}.

Unfortunately, the notion of stuttering satisfaction as presented in Section 3 is not
compatible with composition. This is formalized in the following theorem.

Theorem 7. There exists two compatible (in the sense of composition) PAs P1 and P2

and two compatible (in the sense of composition) APAsN1 andN2 such that P1 |=∗ N1,
P2 |=∗ N2 and P1 ‖Ā P2 6|=∗ N1 ‖Ā N2.

Proof. Consider PAs P1 and P2 and APAs N1 and N2 given in Figure 12. We have
that P1 |=∗ N1 and P2 |=∗ N2. Let Ā = ∅ be the synchronization set. The composition
of the specifications N = N1 ‖∅ N2 is given in Figure 13a. The composition of imple-
mentations P = P1 ‖∅ P2 is partly sketched in Figure 13b. Let µ∗ be the distribution in
P1 ‖∅ P2 such that µ∗(3, 2′) = µ∗(3, 3′) = .5. The stuttering transition (1, 1′)

a−→
{e, f}

∗µ∗

in P is shown in Figure 13b.
States (3, 2′) and (3, 3′) of P cannot satisfy state (B,A′) of N . Indeed, the outgo-

ing transitions of states (3, 2′) and (3, 3′) cannot be redistributed to satisfy constraint
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Figure 13: APA N1 ‖∅ N2 and stuttering transition in P1 ‖∅ P2 preventing satisfaction.

ϕ̃2. As a consequence, the transition (1, 1′)
a−→
{e, f}

∗µ∗ in P cannot match the transition

(A,A′)
a,1−→(B,A′) in N . Thus (P1 ‖∅ P2) 6|=∗ (N1 ‖∅ N2). �

The reason for this setback is the well known problem of distributed schedul-
ing [34]. When composing two stuttering PAs, one allows interleaving of atomic
stuttering steps from both sides, which generates extra behaviors. Our solution is to
transform a PA P with a consistent set of hidden actions H into a non-stuttering PA
P̂H that satisfies the same APA specifications as P . This transformation removes stut-
tering by computing all the distributions that can be reached with stuttering in P and
inserting them in the transition function of P̂H.

Definition 11. Let P = (SP , AP , LP , AP, VP , s
P
0 ) be a PA and let H be a consistent

set of hidden actions for P . Define the PA P̂H = (SP , AP \ H, L̂HP , AP, VP , sP0 ) such
that

∀s ∈ S, a ∈ AP \ H, µ ∈ Dist(S), L̂HP (s, a, µ) = > ⇐⇒ s
a−→
H

∗µ in P.

By construction, P̂H is such that for all APA N = (S,AP \ H, L, AP, V, s0), we
have

P |=∗ N ⇐⇒ P̂H |= N.

We have the following theorem.

31



Theorem 8. Let P1 = (S1
P , A

1
P , L

1
P , AP

1, V 1
P , s

P1
0 ) and P2 = (S2

P , A
2
P , L

2
P , AP

2, V 2
P ,

sP2
0 ) be two PAs such that AP 1 ∩ AP 2 = ∅. Let N1 = (S1, A1, L1, AP 1, V 1, s1

0) and
N2 = (S2, A2, L2, AP 2, V 2, s2

0) be APAs such that H1 = A1
P \ A1 and H2 = A2

P \ A2

are consistent sets of hidden actions for P1 and P2 respectively, with H1 ∩ A2 =
H2 ∩ A1 = ∅. For all Ā ⊆ A1 ∩ A2, we have the following:

if P1 |=∗ N1 and P2 |=∗ N2 then P̂1

H1 ‖Ā P̂2

H2 |= N1 ‖Ā N2.

6. Future work

As future work, we plan to extend our study to other operations on APAs which
have been left out in this paper. In particular, once the APA framework is equipped
with a quotienting operator, studying the relation between stuttering and quotienting
will be of great interest. We also plan on extending specifications with stuttering. This
is complex as one will have to define a notion of may/must stutter transition in the
specification APAs. The main problem is the constraints on distributions: the recursive
step in the stutter transitions will have to take into account and propagate that the stutter
remains valid for any solution of the constraints.
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