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Abstract—Probabilistic Automata (PAs) are a recognized While the theory is already quite complete, some fundamen-
framework for modeling and analysis of nondeterministic sp- tal aspects have to be improved in order to make it attractive
tems with stochastic behavior. Recently, we proposed Absct from a design point of view. First, our theory assumes that

Probabilistic Automata (APAs)—an abstraction framework for . . .
PAs. In this paper, we discuss APAs over dissimilar alphabet a non-stochastic behaviors of the components are defined over

determinisation operator, conjunction of non-determinigic APAs, the same alphabets. In various contexts this assumption is
and an APA-embedding of Interface Automata. We conclude unrealistic. Indeed, one should be able to combine theiegist

introducing a tool for automatic manipulation of APAs. design with new components whose ports and variables are not
yet specified [13].
|. INTRODUCTION Second, the conjunction operation has only been defined for

Probabilistic Automata (PAs), proposed by Segala [lfhose systems whose non-stochastic behaviors are dekbcribe
are a mathematical framework for rigorous specification arl a deterministic manner. Again, from the practical point
analysis of non-deterministic probabilistic systems, asren of view, one should be capable of handling non-determinism
precisely systems that combine concurrent behaviour wittherent to transition systems and concurrency.
discrete probabilistic choice. PAs are akin to Markov decis ~ Third, the existing composition operator for APAs as-
processes (MDPs). A detailed comparison with models sughmes closed system composition, inhibiting reasoningitabo
as MDPs, as well as generative and reactive probabilisdpen systems. Support for open systems, enables incrdmenta
transition systems is given in [2]. PAs are recognized as arpdeling and allows reasoning not only about stochastic
adequate formalism for various applications includingd@n- components, but also about the requirements for their usage
ized distributed algorithms and fault tolerant systems[8], (environment).

[5], [6], [7]. The aim of this paper is to propose solutions to the above

Recently [8], we have proposed Abstract Probabilistic Aunentioned problems. Our contributions are described below
tomata (APAs), that is a compact abstraction formalism for « We extend the theory of APAs to support specifications
sets of PAs. The model is a marriage between our new over dissimilar alphabets. The principle is similar to
abstract model for Markov chains[9] and modal automata, an what has been proposed for modal automata in [10].
abstraction for non-deterministic systems promoted by] [L0  Unfortunately due to interweaving of probabilistic and
and [11]. In an APA, non-deterministic behaviors are typed non-deterministic choices, proofs of correctness of [10]
with may and must modalities. The must modalities identify  could not be reused.
those behaviors that must be present in any implementations We show that the definition of conjunction proposed in [8]
while the may modalities refer to those behaviors that are is too strong for non-deterministic APAs. We propose a
allowed to be omitted in an implementation. In APAs, proba- more general construction that corresponds to the greatest

bility distributions that govern the successor states eptaced lower bound with respect to a new refinement relation,
by set of distributions, each of them representing a passibl more precise than refinements introduced before [8].
implementation of the abstraction. This result is of additional theoretical interest. In [14¢w
One of the major contributions of [8] was to develop the first  have shown that such greatest lower bound generally does
specification theory for PAs. This includes a satisfactiela- not exist for modal automata. Nevertheless it was possible

tion (to decide whether a PA is an implementation of an APA), to introduce it for APAs, which contain modal automata.
a consistency check (to decide whether the specificatioritadm  The new construction works for modal automata encoded
an implementation), a refinement (to compare specifications as APAs, because it potentially produces an APA which
terms of inclusion of sets of implementations), logical gam is not an encoding of any modal automaton.

sition (to compute the intersection of sets of implemeaots), « We present a determinization algorithm that given an APA
and structural composition (to combine specifications)r Ou  whose non-stochastic behaviors are non-deterministic,
framework also supports incremental design [12]. In additi computes its deterministic abstraction. We also show that
we have proposed an abstraction mechanism that allows to there are APAs for which there exists no deterministic
simplify the design in an aggressive manner. APAs accepting the same set of models (so determiniza-



tion must be lossy). This lossiness of the abstraction
further motivates the need for the weaker conjunction
operator mentioned above.

« We propose a translation of APAs to Abstract Proba-
bilistic Interfaces (API) that is a stochastic extension of
the classical game-based interface automata proposed by
de Alfaro et al. APIs are similar to the stochastic 1/0
automata of Lynch except that they encompass a game-
based semantics that allows for an optimistic composi- 3
tion. Given two APIs, one can compute the environment {{0}}
in where they can work together in a proper manner.

« We introduce the APAC tool, in which the APA theory o, = (zo+az5 > 0.7) A (za+x5 > 0.2) A (za+a3+astas = 1)
has been implemented. APAC relies on the SMT solver
Z3[15] for checking relations between the probability
distributions of the components. To the best of our

knowledge, this is the first implementation of a theory pefinition 2: An Abstract Probabilistic AutomatofAPA)
that proposes both logical and structural compositions fgy 5 tuple(S, A, L, AP, V, s,), wheres is a finite set of states,
Probabilistic Automata. so €5, A is a finite set of actions, andP is a finite set of

I1. BACKGROUND atomic propositionsL : S x A x C'(S) — Bs is athreevalued
distribution-constraint function, antl : S — 22" maps each
state inS to a set of admissible labelings.

Fig. 1: Examples of a PA (top) and of an APA (bottom)

We now briefly introduce the specification theory Ab-
stract Probabilistic Automatas presented in [8]. We begin
with the notion of a probabilistic automaton [1]. LBist(.S) APAs play the role of specifications in our framework. An
denote a set of all discrete probability distributions cadnite  APA transition abstracts transitions of a certain unknown P
setS, and letBy, = {T, L}. Then: called its implementation. Given a statean actiona, and a

Definition 1: A probabilistic automaton(PA) is a tuple const_rgintgo, the value_ ofL(s, a, ) gives the modality O.f _the
(S, A, L,AP,V,s,), where S is a finite set of states with transition. More precisely the valué means that transitions
the initial states, € S, A is a finite set of actionsz; Undera must exist in the PA to every distribution Bat,);
S x A x Dist(S) — B, is a (two-valued transition) function ? means that these transitions are permitted to exisheans

AP'is a finite set of atomic propositions afd S — 2P is a that such transitions must not exist. Agdinmay be partial.
state-labeling function In practice, as will be seen in later definitions, a lack ofueal

for given argument is equivalent to the value, so we will
For a states, an actiona and a probability distribution., sometimes avoid defining -value rules in constructions to
the value ofL(s, a, 1) symbolizes the presencé) or absence ayoid clutter, and occasionally will say that somethinglasp
(L) of a transition froms under actiona to a distributionz. it 1 takes the value of., meaning that it is either taking this
specifying possible successor states. In pracfiomay be a yalue or it is undefined. The functidri labels each state with
partial function—if a value ofL is unspecified for a given 5 sypset of the powerset &P, which models a disjunctive
combination of arguments, then it behaves as if it was sgecifichgice of possible combinations of atomic propositions.
to be L. We occasionally writeMust(s) for the set of all actions
Example 1:The top of Figure 1 shows a PR over the such that there existg, so thatL(s,a,¢) = T, and write
singleton set of actions! = {a} and atomic propositions May(s) for the set of all action$ such that there exists, so
AP = {l,m,n,o}. In the figure, T-transitions are drawn ex- that L(s, b, 1)) = ?.
pllCItly, and L -transitions are elided. For example,ﬁhthere Examp|e 2:An examp|e of an APAN, with the same Sig_
is onea-transition froms; to the diStribUtiOﬂ[O, 0.2,0.5, 03] nature as the P, is shown in the bottom of Figure 1. Again

An abstract probabilistic automaton relaxes the above d#fe follow a graphical convention of eliding -transitions.
inition to allow describing multiple probabilistic autotaa Must (T) and may {) transitions are shown explicitly with
(including their probability distributions) within a sifgyab- Mmodalities appended to the action label. Here, in the APA
straction. Let”'(S) denote a set of all constraints over discretéere is one allowed-transition fromN to a constraintp,
probability distributions over a finite sef; so that each (specified under the automaton).

elementy € C'(5) describes a set of distributionSaty) €~ A PA is essentially an APA in which every transition
Dist(S5). In this paper we do not fix the language of constraints(s ¢, ;1) = m is represented by the same modality transition

used to generat€’(S). Instead, we just require that(S) [(s a,) = m with Saly) = {u}, and each state-label
is closed under usual Boolean connectives, that it includggnsists of a single set of propositions.

equalities over summations and multiplications of prolitgbi
values, and that it allows for existential quantification ofAs already mentioned, we relate APA specifications to PAs
variables. Also leBs = {T,?, L}. Then: implementing them, by extending the definitions of satitfec



introduced in [16]. We begin by relating distributions betm unreachable. After a single application gfto an APA N,
sets of states [8]: it holds that[N] = [B(N)]. Pruning itself may introduce
inconsistent states, so we apgiyuntil a fixpoint is reached,

Definition 3: Let S and.S’ be non-empty sets, a " be o T
i s S Pty sets, and 4 which is guaranteed to happen after a finite number of steps.

distributions; ;. € Dist(S) and i’ € Dist(S’). We say tha
is simulatedby 1’ with respect to a relatiol C S x S’ and

e ’ ;
a clorrlispor;ldancse f;nctl.o&. i ?.ést._) [O,rllg]:? .I:f 0 [N] € [M]. Such notion of refinement, although theoretically
) Foralls € 5, §(s) is a distribution onS” if u(s) > satisfying, is not easy to establish algorithmically. Fhist

' , N — (!
g) \Ij\(/)r: all s 655 : X’:Sesout(? : 5(5)58 ) %M (s'), reason [8] introduces a more syntactic refinement, called a
) Wheneveni(s)(s’) > 0 then (s, s") € R. weak refinement;

We write 4 €% p/ meaning thatu is simulated byu’ with o
respect toR and§, and we writey €p 1 iff there exists a  Definition 5: Let N = (5,4, L,AP,V,s9) and N’ =

. - o is a weak refinementelation iff, for all (s,s’) € R, the
Now, the following definition, originating in [8], formally following conditions hold:

establishes the roles of PAs and APAs as implementations an
specifications respectively. For a FA satisfying an APAN

we require that any must-transition 8fis matched by a must-
transition of P agreeing with the distributions specified by the
constraint, and any must-transition Bfis matched by a may-
or must-transition inV.

We say that an APAV thoroughly refinesnother APAM iff

) WheneverL/(s’,a,’) = T for some actiomm € A and
distribution constrainty’ € C(S’) then L(s,a,¢) = T
for some distribution constraigte C'(.S) such that/p. €
Saly). I’ eSaly’). p €r 1/

2) WheneverL(s,a, ) # L for someac A andpeC(S)
then L'(s',a,¢’) # L for some constrainy’ € C(5")
Definition 4: Let P = (S, A,L,AP,V,s;) be a PA and such thatvu € Safy). I’ € Saly’). u €g 1

N = (S, A, L',AP, V' s;) be an APA. A binary relation  3) V(s) C V'(s').

R C S x S is asatisfaction relationiff, for any (s,s") € R, e say that\V' weakly refinesN’, denotedN < N’, iff there

the following conditions hold: exists a weak refinement relation relatingand s},.

1) Wheneverl/(s',a,¢’) = T for somea€ A, ¢’ €C(S5’)
then alsoL(s,a, ) = T for some distributiorye such
thaty €r ¢/ andy’ € Saty’).

2) WheneverL(s,a, ) =T for somea€ A, p€Dist(S)

The correspondence functi@nis not fixed in advance, and
can be chosen for eaghand i/ separately so that €2, /'.

The weak refinement is sound with respect to the thorough
then L(s', a,¢') is defined withL'(s',a, ') # L for refinement: ifN_j N’ then [[N]] C [N'] 8] I_t ?s _known _
somey’ € C(S') andy € Saly') such thay ex /. that_ thg two refmer_nents coincide for (_jeterm|n|st|c APAs if

3) V(s) € V'(s). the initial state admits exactly one labeling¥(so) = 1) [8].

We say thatP satisfiesN, denotedP = N, iff there exists a  Definition 6: An APA N = (S, A, L,AP,V,sq) is deter-
satisfaction relation relating, ands{,. If P = N, thenP is ministic if it satisfies the following two conditions:

called an implementation of (specification). [action-determinismAn action determines the successore

Example 3:The relation R = {(s15}), (s25}), (s3s), S-Va€ANpeC(9)|L(s,a,p)# L} <1.
(s45}), (s4s5)} is a satisfaction relation betweeR and N [labeling-determinism] Labels discern possible successor
of Fig. 1. It is easy to see that all pairsi\ {(s1,s})} fulfill  statesVseSVac AVpeC(S) if L(s,a,p) # L then:
the definition, as they have no outgoing transitions and the
labelings of states i respect the labeling constraintséf

So considetsy, s}). Condition 2 is satisfied vacuously. Take ~ (#'(s) > 0Ap"(s") >0 = V(s)NV(s") =0).
¢ =10,0.2,0.5,0.15,0.15] € Safp,). Let u = [0,0.2,0.5,
0.3] be the distribution of the only-transition of P. We are ) ot MR ,
showing that condition 1 above is satisfied, i.e. thag u/. PUt Not Iabellng—deElermlnlstlc. The distributions’ =
This is witnessed by the following correspondance functios 0-4:0:4,0.1,0.1], p” = [0’0'5’_9'2’0'?”0) are both in
3(s2,8h) = 0(ss,84) = 1, 8(s4,5,) = (s5,5) = 0.5, and S_a(cpx) a_nd give positive probab_lllty toy and s/, respec-
5(s:, ;) = 0 for all remaining pairs of states.  tively, while their labeling constraints intersect ¢fn}}.

V', u" € Safy),s’,s" € S.

Example 4:The APA N in Fig. 1 is action-deterministic,

To conclude this section, we present the definition of palrall

We denote the set of all implementations &f by [N] = composition, which is known to be a precongruence with
{P| P|= N} An APA N is said to beconsistentff [N] # 0. respect to weak refinement [8].

A states of an APA is called consistent if and onlylif(s) # Definition 7: Let N = (S, A, L,AP,V,s5) and N’ —

and (.L(S’ a,p) = T = Sat(@) #£ (). If all states ofN are (ls,’ A’ L', AP, V', s}) be APAs WithAPN AP’ = (. The par-
consistent thenV is consistent, but not necessarily the othe " , L
allel composition ofN || s N/ with respect to a synchronization

way around. - o ~
: . . . setA C AnA’isgivenasN|| ;N = (Sx S, AUA' L, APU
In [8], a pruning operator3 is defined that filters out AP,V (s0,5))) and

distributions leading to inconsistent states, makingdlstates



1) For eachu c A IV. CONJUNCTION
Jp. L(s,a,0) # L V' . L'(s,a,¢') # L 1 A. Incompleteness of Conjunction
i((s, s'),a,p) = L(s,a,0) ML (s',a,¢") @) A conjunction operator combines two specifications into a
) . . single one, ideally describing the intersection of theiplea
V- L(s,a,¢) = LVVYP L(s' a,¢") = L (2) Mentation sets (spV AM] = [N]N[M]). In [8], conjunction

v L((s,5'),a,¢) = L
whereg € C(S x S’) is so thati € Sa{y) iff there
existsy € Safy) andy’ € Saty’) such thati(u,v) =
w(u) - p/(v) forall w € S andwv € 5.

was only defined for action-deterministic APAs witlentical
alphabets In this paper, we first show that that construction
is incorrect for non-deterministic APAs. Then we generliz

to the non-deterministic caseith dissimilar alphabetsLet’s
recall the definition given in [8]:

/.
2) Foreach: € A\ A" Definition 9: Let N' = (S, A, L, AP, V, s) and N’ = (S,
B I ~ , A, L',AP, V', sy) be action-deterministic APAs. Their con-
SaP) = (i | ity 5) €5ap) il ) =0 TN v # 5} jynction is the APAN AN = (Sx ', A, L AP, V., (s0, 5)))
((s,8"),a,8) = L(s,a,¢) whereV ((s,s')) = V(s)NV'(s') and L is defined as follows.
_ Given an actioru € A and a statds, s’) € Sx S
3) And symmetrically for eaclh € A"\ A:
» - - Jo. L(s,a,0) =T V. L'(sa,¢)=1
Sa(p') = {i' | W (s,) €Saly’), ' (u,v) =0 for u # s} ( E)( N afalse (T ) )
7 ’ ~/ 1o ’ 5,8 ), @, =
L((s,s"),a,8") = L'(s', a,¢)
. Vo.L(s,a,0) =L 39" L'(s',a,¢) =T @
/ _ / / !/ / P
4) V((s,s")) ={BUB'| BeV(s) andB' e V'(s')}. T((s, ), a false — T
[1l. EXTENSIONS OFALPHABETS Vo.L(s,a,0) 2T V. L/(s',a,) = L
So far, the specification theory of APAs has required that E((s s),a, ) =1 ®)
all specifications share same alphabets of actions andslabel o
We are now going to lift this restriction, by introducing the Vo.L(s,a,p0) =1L Vo' . L'(s' a,¢)#T 5
alphabet extension mechanism. Just like for modal tramsiti L((s,8),a,_)=1 ©6)
systems [17], for which there exist two ways of extending U
signatures [13], for APAs it is also necessary to choose the L(s,a,9) #L L'(sa,¢') # L Ko

modality of transitions for new actions introduced, depegd L((s,s'),a,¢) = L(s,a,p) UL'(s',a,¢")
on the operation being applied to the result. _
The weak extension is used when conjoining specificationiere € C(S x S’) such thati € Saty) iff both

with different signatures. This extension adds may loop-tra ;. .. . ~ N
" : istribution s : ¢ t,t")) is in Sa and
sitions for all new actions and extends the sets of atom(?c pot= Z A1) (¥)

" ) X ) t'es’
prOpOSItlonS in a classical way: diStribUtionM/ NN Z[L((t,f/)) is in Sa(go’)
Definition 8: Let N = (S, A, L,AP,V, sg) be an APA, and tes

let A” andAF be sets of actions and atomic propositions such |n [8] it is shown that this construction captures the grsiate
that AC A" and APC AP'. Let the weak extension aV to |ower-bound with respect to weak refinement, i.e. RarN’,

(A’,AP) be the APAN(A',AP) = (S, A", L', AP, V', 50)
such that for all states € S:
o L'(s,a,p) = L(s,a,p) if a € A,
o L'(s,a,)="71if a € A’\ A andp only admits a single
point distributiony such thatu(s) = 1.
e« V'(s)={BCAP | BNAPe V(s)}.

A different extension, the strong one, is used in parallg[1
composition. This extension adds must self-loops for all n ¥
actions and extends the sets of atomic propositions in

classical way. See Appendix A for a formal definition.

e

and N action-deterministic consistent APAs over the same
action alphabet we have that:

e B*(NAN') <N andf*(N AN') < N’

o If N“ XN andN” < N’ thenN" < *(N A N').

At the same time this construction is inadequate for non-
deterministic APAs. Combining one must-transition witlv-se
al may-transitions using the same action is problemete.
ow that the conjunction of non-deterministic APAS, usimeg
dsfinition above, is not a lower bound with respect to neither
thorough refinement nor weak refinement.

These different notions of extension give rise to different Lémma 1:The construction of Def. 9 is strictly stronger
notions of satisfaction and refinement between structuitrs wthan the greatest lower bound of the thorough refinement and

dissimilar sets of actions. Satisfaction (or refinementjveen

of the weak refinement for non-deterministic APAs, in the

structures with different sets of actions is defined as th@llowing sense:

satisfaction (respectively refinement) between the sirest
after extension to a union of signatures.

1) There exists a PAl, and APAsN and N’ such that
I'=N andI = N’ but notl =N AN'.
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Fig. 2: lllustration that conjunction using Definition 9 istna greatest lower bound.

2) There exists an APA/, such thatM/ < N andM < N’ can (potentially) either weaken the construction or sthéaig
but notM < N A N'. the refinement. There are issues with any of the solutions.

Proof: Figure 2 presents two APAY = ({1,2}, {a} First, strengthening the refinement makes it even more gtron
L {ea 5}. V.1) and N’ = ({A,B,C}, {a}, I/ {6 o 5}, with respect to thorough refinement (so it becomes less pre-
v A,) 'Eogéth,er with their conjur;cti;)rj\f7/\ N constructed CiS€ Which is undesirable), and moreover the known strong
according to Definition 9. The rigthmost part of the figuréefmement [8] still violates Lemma 1 (i.e. it is too coarse).

shows a PAI = ({s1, 2}, {a}, L1, {e,a, B}, V1, s1), which Second, the natural weakening of the construction gives a

shows that the conjunction is too strong with respect to tﬁgsultlng conjunction APA that is too weak with respect e th

thorough refinement. It holds thdt= N and I = N’, but weak refmem_ent. . . :
T 1 (N A N’). The conjunction ofV and N’ has two must Instead of fine tuning the construction, which could become

transitions, and the one leading @, C') is not fulfilled by I. very complicated, we decided 1o explore another posgbilit

For the second part of the theorem it is sufficient to intetrprgamkely prokposft_a a we‘a;lvkhe?rharjd ?Ore p:jeus.teh r'(:flgnAement(,j the
I as the APAM and the argument follows. weak weak refinemenivhich 1S designed wi S (an

not CMCs) in mind. The weak weak refinement approximates
For dissimilar alphabets, conjunction can be treated sepBorough refinement even better than weak refinement, and it
rately from alphabet extension. One first computes the (Jvedlas a naturally characterized greatest lower bound.
alphabet extensions for both APAs, and then compute condn the weak refinement, cf. Def. 5, the correspondence
junction using the above definition 9. Formally: function is established for two constraints: for each sotut
Definition 10: Let N, = (S1, A, L1, APy, V.s1), No=(S,, Of one, there must be a correspondance to some solution of
A, Ly, AP, V5, s5) be action-deterministic APAs. Their con-the other constraints. Weak weak refinement weakens this
junction is the APAN; A Ny = [Ny 1 a] A [N2 4 o], with ~ condition by allowing to choose, for each solution of the
a=(A; UAy,APUAP) and A defined as above. first constraint, both a different correspondence functiod

Considering the above definition for APAS with di 'm'Iara different constraint (transition) to which it will be liek:
sieerng ve aetini S W GISSIMIAT b efinition 11: Let N = (S, 4, L, AP, V, s0) and N = (S,

action sets, the following theorem trivially holds. .
g Y AL L',AP.V',s,) be APAs WithAP = AP and A = A'. A
Theorem 1:Let Ny, N2, and N3 be action-deterministic (g|ation R € § x §' is a weak weak refinement relatipiff
consistent APAs over action alphabéts A;, A3 and atomic for all (s 57) € R, the following conditions hold:

propc§,|tlzr; se'ta\ssPl, AZQ and_AP33respect2/eI);PLetc_yrz :. 1) Ya € ANy € C(S).L'(s,a,¢) = T = Jp €
(A UA;, AP, UAP;), andaias = (Ui Ai,U;—, AP;). Then: C(S).L(s,a,p) = T andVu € Sat(p). I’ € Saly’)

1) B*(Nifraaz A Nafraqz) < Nifrase such thaty ex 1/,
2) If Nafraizs X Niftaies and Nsfroies < Nafragos 2) Va € AVyp € C(S).L(s,a,p) # L = Vu €
then N3 fraias < B* (N1 fraie A Nafraus) ffaines Safy). 3¢’ € C(S').L'(s,a,¢') # L and Iy e
B. Weak weak Refinement Sat(y') such thaty €x 4/, and

3) V(s) CV'(s).

We say thatV, weakly weakly refinesVsy, denotedV; <y

, iff there exists a weak weak refinement relation relating
and s;,.

The weak refinement (Def. 5), along with the so called
strong refinement8], had been introduced for Constraint
Markov Chains in [9], as syntax directed sound characterzi\z2
zations of thorough refinement. They were then generaliz@‘?:l
to APAs in [8] in a “natural” way. It follows directly that weak weak refinement is weaker

As we see from Lemma 1 the conjunction construction dfian weak refinement and thus strong refinement. For action-
[8] is too strong with respect to the weak refinement for nometerministic APAs, weak weak refinement is equivalent to
deterministic systems. In order to address this problere, oweak refinement.



C. Conjunction of Non-deterministic APAs

We thus propose the following definition for conjunction of
possibly non-deterministic APAs.

Definition 12: Let N=(S, A, L,ARV, so) and N’ = (5", A,
L',AP, V' s;) be APAs sharing action and proposition sets.
Their conjunctionN ® N’ is the APA(SxS’, AUA’, L, APU

APV, (50, 55)) whereV'((s, s')) = V(s) N V/(s') and EZEen =1 e o = 1)V (a9 = 1)
oy = Weo =1)
a€ (Must(s’)\May(s)) U (Must(s)\May(s')) (8) Fig. 3: APAN ® N’ obtained using Definition 12
L((s, s'),a,false) =T ’
a € (May(s)\May(s')) U (May(s')\ May(s)) Theorem 2:Let Ny, N2, and N3 be consistent APAs shar-
(s ).0.0) = L ; (9) ing action and atomic proposition sets. It holds that
’ y @y = * *
7 o 0*(N1® N2) =y Ny and*(N1 ® Nz2) <=w Na.
a€May(s)NMay(s’)  L(s,a,p)#L  L'(sla,¢")# L o If N3=<y Ny and N3 <y N3 then N5 <y (N1 ® N»).
L((s,s"),a,8) =7 As expected, the new conjunction is weaker than the old

(10) one, thus it gives a more precise result:

whereg € C(S x S’) such thati € Sa{p) iff both
Theorem 3:Let N; and N, be APAs. It holds thatV; A

distribution s : t — Y~ ji((¢,t')) is in Saty) and Ny < Ny ® Ny.
tes’ . ) L
distribution 1/’ : ' — Zﬁ((wl)) is in Sa(y'). Altho.ugh the new n0.t|0n of conjunction mtrqduce; some
ppaye syntactic redundancy with the new must transitions, it agre
with the notion given in Definition 9 when considering action
a € Must(s) L(s,a,0)=T (11) deterministic APAs.
L((s,s),a,37) =T ’ Theorem 4:Let N; and N, be action-deterministic APAs.

We haveN; ® Ny < N1 A Ns.

It follows from Theorems 3 and 4 thiN:AN, ]| = [N1GN2]
for any two action-deterministic APA%/; and N-.

wherep ' € C(S x S') such thati € Saty) iff both
the distributiony : t — » _ ji((¢,)) is in Say), and

t'eS’
there existsy’ € C(s’)E with L'(s',a,¢') # L1 and the Finally, just like in the case of action-deterministic ARPAs
distribution  : ¢/ — Z[‘((t’t/» is in Sa(y’). non-deterministic APAs with dissimilar alphabets can be-ha
es dled by first equalizing their action and atomic proposition

sets using weak extension.
a € Must(s’)  L'(s',a,¢) =T

= — ; (12) V. DETERMINISM
L((s,8),a,¢"") =T . .

. _ . . In the previous section we have seen that the use of non-
where@ ' € C(S x ') is such thatu € Satyp) iff both determinism changes expressiveness of APAs with respect
there existsy € C(5) such thatL(s,a,¢) # L and the to the known conjunction operator. In fact, non-deterntiais
distribution . : t — Z f((t,t")) is in Sat(p), and APAs aregenerallymore expressive than deterministic ones.

S t'es’ o Fig. 4 presents a non-deterministic APA, whose set of im-
the distributiony’ : t — 3, o i((¢, 1)) is in Sat(y’). plementations cannot be specified by a single deterministic

APA. States2 and 3 have overlapping labeling constraints
The apparent complexity of the new definition concurs oygo statel has nondeterministic behaviour). We cannot put
experience from specification theories for discrete systenhese states on two separatéransitions as this introduces
For example, in [18] the notion of conjunction is presentegktion nondeterminism. We cannot merge them either, as thei
for nondeterministic Modal Automata, resulting in a Sim”asubsequent evolutions are different (and for the same measo
sophistication for resolving nondeterminism (modal awdtan we cannot facto{a,~} to a separate state).
do not contain the probabilistic part). Nevertheless use of deterministic abstractions of non-
Example 5:Following the example of Fig. 2, we build thedeterministic behaviours is an interesting alternativeetging
conjunction of APAsSN and N’ using Definition 12. The APA on more complex refinements and more complex operators.
N®N'is given in Figure 3. Clearly, the PAgiven in Figure 2 Below, we present a determinization algorithm that can be
is an implementation ofV ® N'. applied to any APAN, producing a deterministic APA(N),
ch that:N < p(N).
Our algorithm is based on subset construction and it
ssembles the determinization procedure for modal tiansi
systems described in [19].

. . . S

We now give the main result of the section: as expected,
the conjunction operator, given in Definition 12 matches tr}%
greatest lower bound of the weak weak refinement.



— If, for all ¢ € Q, we have thatvp € C(9),
L(gq,a,p) = L, then definel’(Q,a,¢’) = L for
all ¢ € C(5").

— Else, definey’ € C(S") such thaty’ € Sat(¢')
iff (1) VQ' ¢ Reach(Q,a), we havepy/(Q') = 0,
and (2) there existyy € Q, ¢ € C(S) and

{7 H{B,7}} u € Sat(p) such thatL(q,a,¢) # L andVvVQ' €
o =(r2=1)V (23 =1) Reach(Q,a), 1/(Q") =Y, co 1(d). Then define
Fig. 4. A (labeling) nondeterministic APA whose set of
implementations cannot be obtained with a deterministi& AP Yge Q,3p e C(S):
, , Tif ’
L'(Q,a,¢") = L(g,a,9) =T
Let N = (S, A, L,AP,V, s0) be a (consistent) APA in single 7 else

valuation normal form (i.e. for all statesthe setV(s) is a

singleton). Given a set of stat€sC S, an actionn € A and a By constructionp(N) is action- and labeling-deterministic.
valuationa € AP we define 1-step reachabiliBeach(Q, a,a) As expected, determinization is an abstraction. This isédf
to be the maximal set of states with valuatiarthat can be ized in the following theorem.

reached with a non zero probability using a distribution  Theorem 5:Let N be an APA in single valuation normal
satisfying a constrainp such thatL(q,a, ) # L for some form. ThenN =< p(N).

g € Q. Formally,Reach : 2° x 24 x 24P — 25 and:

Reach(Q,a,a) = U{S €S | V(s)=aand3q € Q. V1. COMPOSITION AND GAMES

So far APAs largely rely on the composition operation
o € 0(5). 3u & Saty). Lig,a,0) # L andpu(s) > 0} defined for modal transition systems. While, this operation
We lift this definition to all possible labelings as follows:  mimics the classical composition between transition syste

it does not allow to reason about open systems, when some

Reach(Q,a) = {Reach(Q,a, @) | o C AP} transitions are not in system’s control. In a series of wagq [

[20], de Alfaro and Henzinger proposed an approach based
on game theory for doing so. More precisely, they introduced
Reach™(Q,a) = Reach”_l(@ a) U U Reach(Q’, a) Interface Automata, or input/output automata [21] with anga

Now define then-step reachability as

Q' €Reach™1(Q,a) semantic. When composing two such interfaces, the algorith
identifies bad states in where one of the components can send
whereReach’(Q, a)={Q} and denote its fixpoint as: an output that cannot be catched by the other one. Then, it
oo computes the set of states for which there is a possibility to
Reach™(Q,a) = U Reach™(Q, a). avoid the set of bad states. Such strategies correspone to th
n=0 environments in where the components can work together.
In [18], [22], we have proposed a game semantic to modal
Now, by construction, the following properties hold: automata by labeling may and must with input and output.
o ForallQC S anda € A, for all Q',Q" € Reach(Q,a), In this section, we extend this setup to APAs. This extension
if Q"#Q"thenQ'NQ"” =10, and leads to the first theory for stochastic interface automata—

o ForallQ C S, ac A and@’ €Reach*(Q, a), there exists optimistic extension of stochastic I/O automata[23].
C AP such thatvg’ ’, we haveV (¢') = a. .
“= ¢eq (¢) =a A. Abstract Probabilistic Interfaces

We will now use the notion of reachability in our determinYVe begin by introducing profiles as presented in [18].
isation construction. As already said, the algorithm wddes ~ Definition 14: Given an alphabet of actions, we define a
APAs in the single valuation normal form. In [8] we show howprofile as a functionr : A—{i,o}. We defined’ ={a€ A |
every APA can be normalized without changing its semantics(a) =i} and A°={a€ A | 7(a) =0}, and writer = (A} A°).

Definition 13: Let N = (5, A, L, AP, V, so) be a consistent  Definition 15: Let m; = (A}, A9) and my = (A}, A3) be
APA in single valuation normal form. A deterministic APAprofiles. We define the following operations:

for N'is the APAp(N)=(5; A, L', AP,V {so}) such that « Refinement: We say that refinesrs, denotedr; <, m,
. S — U Reach* ({0}, a) if and only if A; O A, andm (a) = ma(a) forall a € Ay
oA « Composition: If A N A3 = 0, the composition ofr;
o V'issuch thal’’(Q) = « iff V¢'€Q.V(Q) = a. There andm,, denotedr; ® 7o, is defined as the profile; ®
always exists exactly one suchby construction my = (A%, A°) over A; U Ay, where A° = A9 U A3 and

« L' is defined as follows: Lef) € S" anda € A. Al = (AT U AY) \ A°.



« Conjunction: Ifr(a) = m(a) for all a € A; N A, the al® 3
conjunction ofr; andm,, denotedr; A s, is defined as . .
A° = A?U A3 and A = A{ U A}, whereA = A; U A, ol bl
{3} {3} {3}

. _ [ o _ 7 o
Lemma 2:Let m; = (A}, A9) and my = (A%, A9) be o= (31 = 0Ny <05AT5 > 08Azs+ 35 = 1)

profiles. If 71 (a) = m2(a) for all a € A; N As, then
1) T N T2 ’_<p7T1 andm A o jp o, and Flg 5:./\/1
2) wheneverr <, m; andn =<, m thent <, m A 7.

We are now ready to define Abstract Probabilistic Interfaces
that are APAs whose transitions are labeled by profiles.

Definition 16: Given an APAN with action setA and a
profile 7 : A — {i,o0}, we call V' = (N,7) an abstract i ) )
probabilistic interface. P=(p=0Ay1 207Ny <04AYy +ys=1)

Given an APAN, we useA y andAPy to denote the action
and atomic proposition set af, respectively.

Let I be a PA. Given a profiler; : A; — {i,0} and an
APl (N, ), if Ar O Ay andAP; D APy, we say thatZ = :
(I,7;) satisfies(N,r), denotedZ |= (N, ), if and only if ?” API N :f(Na 7T)SI02 ;tate 15('3‘5 ?‘”g ?ctlzn setd, the
[ = N | (A,AP;) andn; <, 7. We also say thaf is unction pre of a setS’ C S, pre'(S’) is defined as
called an implementation dfN, 7). 1ran o

Likewise, let (N',7’) be an APl If Ay O Ay and pre’(5") ={s € 5| Ja € A% 3p € C(5). Ip € S/a((‘p)'
APy D APy, we say tha{ N, ) refines an(N’, /), denoted L(s,a,¢) = 7 A p(S") > 0}
(N,m) = (N',7') iff N X N"f (Ay, APy) andr =, 7. We say thatpre?(S’) = &', for k > 0, prebt1(5") =

FoIonvmg t_he presentation in [22] it is possible to ex_pr_qs&re1(prek(51)), andpre(S’) = Ukz() pre® (S').
an arbitrary inteface automaton as an abstract probadilist o _
automaton. We refer to Appendix B for the translation. Definition 18: We say thatl A'Z'Wl = (N1,m) and Nz =

(N3, ) are compatible, if(s}, s5) & pre(bada, gns)-

Fig. 6: N>

B. Parallel Composition of Abstract Probabilistic Intedes Aft fing\V; @ A%y andpre(bad ). th duct
, Lo . er computing\; 2 andpre(bad;, g, ), the produc
We now define an optimistic composition for APIs. We Stakl o axed For each statec S and each action € A perform

with the definition of product of two APls. the following: if it is possible to reach one of the states

Definition 17: Given two APISN; = (Ni,m1) and N2 = in pre(bad,e;,) With non-zero probability after issuing
(N2, m2) with AP N AP, = (), we define the product of then redefines to have only a may-transition om, with the
Ni = (Ni,m) and Vo = (Na2,m2) as N1 ® N2 = constraint containing only a distribution giving probityill
(N1]|a;na, N2, 71 @ T2). to a fresh statmay Not in S that allows everything but does

For two APIs N; and N, define the set of bad stated'Ot require anything.
bady, A, @s the set of pairgs;, s2) € S; x Sy satisfying Definition 19: Given two compatible APISV; = (N1, m)
one of the two following conditions: andMN> = (N2, m2), we define the composition o, and.\a,
1) There existsa € A9 N AL and ¢, € C(S;) such denoted asV;[|\2, as the API obtained by substitutidgand
that Li(si,a,¢1) > 7 and for all o € C(Sy), V inNi®@Nz by L', acopy ofL that is manipulated in the
Lo(sa,a,00) #£ T, or following way, andV’, an extension o¥/: For all (sq, s2) €
2) There existsa € A3 N Al and g, € C(S,) such Six Sz and for alla € A, if (s1,s2) ¢ pre(bady;ens) and
that Ly(s2,a,92) > ? and for all o, € C(S;), there existsp € C(S) andp € Safyp) such that
Ll(slaaﬁ(pl)#—l—' 2
Basically, a state of the product is a bad if one of the opesand Li(s1,2),0,0) 2 T plpre(badiens ) > 0
can send an action that the other operand may avoid to catéten let L'((s1,s2),a,¢) = L and L'((s1,s2),a,¢") =

Example 6:Consider the APISV; and A% given in Fig. 5 L((s1,2), a,¢), whereSa(y') = {4} and i/ (smay) = 1.
and Fig. 6. Their profiles are specified by attachingndi ~ T1N€ NeW statesmay, NOt in Sy x Sy, is defined as, for all
letters to transition labels. The AV, ® A is given in Fig. @ € A, L'(smay.a,¢") =7, wherex” € C(S) is such that
7. Observe thatsi, sb) € bady, e, . Indeed, the action is  S&l¥”) = {1} andu”(smay) = 1. The functionV” is defined
an output action of\; and an input action als. However, @S V'(s1,82) = V(s1,s2) for all (s1,s2) € S1 x 5> and
while there is a may-transition from ona, there is no must- V' (Smay) = 24F,
transition ona from s. Example 7:Returning to Example 6, the parallel composi-
We now propose an algorithm that computes the set of statiem of A/; and N is obtained as the APl in Fig. 8. The profile

from where there is a way to reach the set of bad states. Giwverthe composition ist; @ 1o = [a +— 0,b — 0, ¢ — 1].



state 4:((0)): b? -> x[4] = 1.0;

Nanme: N2,

A: (a, b);

AP: (1, mn,0);

state 1: ((l)): a? -> x[1] = 0.0 && x[2] +x[3] >= 7/10
&& x[ 4] + x[5] >= 2/10;

state 2: ((M): b? -> x[3] <= 1.0 && x[4] <= 1.0 && X
[5] <= 1.0 & x[1] = 0.0 && x[2] = 0.0;

state 3:((n)): b? -> x[4] = 1.0;
state 4:((n)): b? -> x[3] = 1.0;
oy state 5:((0)): b? -> x[5] = 1.0;
Fig. 7:/\/1 ®N2 check: N1 wef N2;
, It takes 179 milliseconds on a typical laptop before APAC
et _ A reports that{(1,1),(2,2),(3,3),(3,4), (4,5)} is a weak re-
c? 1 1 finement relation.
U 247 At the moment APAC does not support parallel composition.
Fig. 8: N1||N This is because its definition requires use of multiplicatio

which is not supported by Z3. The situation could have been
the same for refinement, but we have been able to use a

Since (s1, s5) is a bad state it becomes unreachable (a¢fferent encoding. The idea is to let the correspondence
thus most of other state pairs become unreachable). Inatedéinctions give the actual value redistributed, and not tre p
transition to the universal statgy is inserted, modeling the Portions. Still, this trick cannot be used for strong refire)

fact that after receiving the system becomes unpredictable@s defined in [8]. At the moment we do not know, whether
N o _ strong refinement can be checked relying solely on solving
Our composition for APIs satisfies classical theorems @fear arithmetic constraints.

independent implementability. We discuss the weak refinement in somewhat more details.
Lemma 3:Given two compatible API$/; and N5, it holds The algorithm is implemented as a coinductive fixpoint itera
that V1 @ Vo < N ||Ns. tion. Starting from the full relation, violating pairs aremoved

until a fixpoint is reached. Given a pair of statess’) € R
and constraintsp and ¢/, the pseudo-formula, Eq. (13), is
passed to Z3. We invoke quantifier elimination, and since all
variables are quantified, quantifier elimination will ewatleithe

Theorem 6:Given two compatible APIsV; and N>, and
two implementationg; andZ;, such thatZ; = N; andZ; =
Nz, thenZ; ® Iy = N1 || Na.

VIl. | MPLEMENTATION formula to true or false.

Some of the operations introduced in this paper have been Vo :p(r)=36:5 — (S —[0,1]): (13)
implemented in a new tool, written in C# 4.0, called APAC.
To the best of our knowledge, this is the first implementation ¢ (t — Zé(s)(t)) A
effort for stochastic interfaces. Presently the tool eba the s€S
Z3 solver [15] for solving constraints. The tool implements Vs €Sz, = Z 3(s)(s") A
the following operations: weak refinement checking, weak ey
weak refinement checking, determinism checking, pruning V(s s') : [(5,8) ¢ RVV(s) € V'(5)]

(5*), alphabet extensions, and conjunction.

Example 8:We present the input format of the tool in an
example. We will be checking weak refinement between two )
APAs. The following code example will result in the definitio =0<6(s)(s") <1
of two modelsN; and N». The last line specifies that weakyotice that, if a pair of states has conflicting labeling, e s
refinement will be checked. Notice, that we require states {{os correspondence function to 0 for this pair. The tool can
be named with the natural numbers where 1 is the initial statgis, synthesize a witness in case the refinement does not hold

Name: Ni; In order to evaluate the performance of the tool, we gen-

ﬁip_( ?i b)m; no): erate "random" APAs and measure the time for performing

state 1:((1)): a2 -> x[1] = 0.0 && x[2] + x[3] >= operations on these. Given a number of states and whether or
7/10 && x[3] + x[4] >= 2/10; not we are interested in simple or more elaborate conssaint

state 2: ((m): b? -> x[1] = 0.0 & x[2] = 0.0 && (X ; ; ;
(3] =10 || x[4] = 1.0); we generate an APA with an action alphableand an atomic

state 3:((n)): b? -> x[3] = 1.0; propositior_\ qlphabe{\P on 5-10 members each, state \_/alua—
tions consisting of up to 0-4 members ot”, 1-3 outgoing
1The tool can be found on www.cs.aau.dk/~mikkelp/apac transitions for each state on random action and modalityzan



and modal automata[10]. Finally, we are also considering to
mix the results on APAs with those we obtained on timed

APA 1 APA 2
states | simple | states| simple time
10 yes 10 yes 10/20/72 ms
10 no 10 no 10/41/1121 ms
10 no 10 yes 20/1046/? ms
10 yes 10 no 18/94/4079 ms
15 yes 15 yes 125/140/? ms [

TABLE I: Weak refinement 2]
[3]
random choice between constraint designs for each transiti (4]
Given a statei there are three simple constraints and three
more eleborate constraints:
o Ssimple:
- Xj41 > 7/10 AN Ti42 § 3/10,
- Tit1 = 7/10 NTjpo = 3/10, and
- Tij41 = 1.0

« more elaborate:
- Tip1 > 3/10 NTipr < 4/10,
— true, and (8]
- Xj41 = 1.0V (zi+1 > 7/10/\ Ti42 § 3/10) [9]

The tests, that are summarized in Table I, are performed on
an x64 Intel Core 2 Duo 2.2 GHz with 4 GB RAM running; g
Windows 7, using version 2.16 of the Z3 API. The first line
of the table gives execution times for three random inpus filé!]
(three times are reported, as the experiment was repeatsd th
times, with different randomly generated instances). loheal12]
input file, weak refinement is checked on two random APAs
on each 10 states with simple constraints.

This procedure is repeated for each line in the table. [A3]
guestion mark (?) means that the specific random input f'ﬁg‘]
does not stop executing within 5 minutes.

The above results are still preliminary and we hope to
reduce the computation time by adapting classical hecu;ist'hs]
for fixed-point computations[24].

(5]

(6]

(7]

VIII. CONCLUSION [16]

In [8], we have introduced the first complete specificationz)
theory for PAs with a comparison operator and both logical
and structural composition. In this paper, we have stresrggtl
those results by extending the power of the operators as well

interfaces. This would lead to the first specification thefory
timed systems [26] with a stochastic semantics.
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APPENDIX
A. Appendix for Extensions

As explained in Section Ill, a different extension is neeftadparallel composition. We now propose a notion of extensi
of sets of actions and atomic propositions for parallel cosifpn. This extension adds must self-loops for all newoast
and extends the sets of atomic propositions in a classicgl W& calledstrong extensiomnd denoted.

Definition 20: Let N = (S, A, L, AP,V, so) be an APA, and letd’ and AP’ be sets of actions and atomic propositions
such thatd C A’ and AP C AP'. Define the extension for composition 8f to A’, AP’, written N 144" to be the APA
N AAAP = (S A I/ AP', V', 5) such that

o forallse S, ae Aandy € C(S), L'(s,a,¢) = L(s,a,¢),

o forall s € S anda € A\ A, defineL(s,a,p) = T, with ¢ such thatu € Sat(y) iff u(s) =1, and

o forallse S, V'(s)={BC AP’ | BNAP € V(s)}.

B. Appendix for Translation

In this section we present a translation from interface maton to abstract probabilistic automata following theoata-
based presentation in [22]

Definition 21: (Translation from IA to APA) Given an interface automatdn = (X, xo, Ap, —p), we define an APANp
asNp = (S,A,L,AP,V, sp), where

o S =X U{Smay}, Wheres,,q, is a fresh state not i,

o A= Ap,
o AP = {{p}}, wherep is some atomic proposition,
* S0 = Zo,

o L is defined as follows. Let;, so in X:

— If 51 & sy anda € outp, thenL(sy, a,p) = ? wherep € C(S) is such thatSat(p) = {u} and u(sz) = 1.

— If 51 % so anda € inp, thenL(sy,a, ) = T wherep € C(S) is such thatSat(¢) = {u} and u(sz) = 1.

If Vs € X : 51 £ sfora € inp, thenL(sy,a, ) = 7, wherep € C(S) is such thatSat(p) = {u} andu(smay) = 1.
Else, letL(s1,a,p) = L foralla € A andy € C(95).

For alla € A, L(Smay, a, ¢) = ?, Wherep € C(S) is such thatSat(¢) = {u} and 1(smay) = 1.

o Vis defined ad/(s) = {{p}} forall s € S.

C. Appendix for Pruning

It is possible that not all states of an APRA are consistent; however, this does not imply thats inconsistent. We employ
pruning to remove inconsistent states of an APA while not reduciagsét of implementations. We recall the full definition
of pruning, already presented in [8].

Definition 22: Given APA N = (S, A, L, AP,V,sq), a dummy state\ ¢ S, andT C S a set of inconsistent states, let
v:S — {A}US\T be defined by (s) = A if s € T, andv(s) = s otherwise.

Thus,» maps any inconsistent state Thto the dummy state\, and is the identity function otherwise.

Definition 23: (Pruning) Let N = (S, A, L, AP,V, so) be an APA with\ ¢ S andT C S the set of inconsistent states in
N.Letv:S — {A\}US\T be defined as above. Létbe a pruning function that induces the following:ufsy) = A, then
let 3(IV) be the empty APA. Else, lef(N) be the APAS(N) = (S, A, L', AP, V', s¢) such thatS’ = S\ T, and for all
seS,ae A pe AP andyp € C(5"),

L if ¢ =
L'(s.a,9) = st
UgepseL(s,a,p) else
V() =V(s)

where z*% is the set of constraints ofi, reachable from state with label a, that matchy when restricted ta5’. More

formally,
> ={peC(S) | L(s,a,p)# L andu € Sat(y) iff 3a € Sat(p) s.t.
Vs e S i(s) = u(s), andvt € T, u(t) = 0}.

All states inT" are mapped onta and are removed from APA/. The APA(N) that results after pruning may still contain
inconsistent states. Therefore, we repeat pruning untit@ofint is reached such that(N) = "1 (N), wheren represents
the number of iterations. The existence of this fixpoint isuguteed asV is finite. Some of the operations (conjunction and
composition) may introduce inconsistent states, and areesdled by a pruning phase to remove such states.

Recall that pruning preserves the set of implementation$omanalized in the following theorem.
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Theorem 7 ([8]): For any APAN, it holds: [N] = [B(N)].
By the above theorem, we have tHa& ] = [5*(N)].

D. Proof of Theorem 5

Proof:
Let N = (S,A,L, AP, V, sq) be a (consistent) APA in single valuation normal form. pélN) = (S, A, L', AP, V', {s0})
be the determinization oV defined as in Definition 13. We prove that < p(N).
Let R C S xS be the relation such thatR Q <= s € Q. We prove thafR is a weak (in fact strong) refinement relation.
Let s, @ such thats R Q.

1) Leta € A andy’ € C(S’) such thatl’(Q, a,¢’) = T. By construction ofy’, we have that/qg € Q, 3¢, € C(S) such
that L(q, a, pq) = T.

Sinces € Q, there exists; such thatl.(s, a, ¢s) = T. We now prove that for all: € Sat(ps), there existg’ € Sat(y¢’)
such thaty er /. Let € Sat(ps). Define the correspondence function S — (S” — [0, 1]) such thati(s’, Q") =1
if Q" € Reach(Q,a) ands’ € Q'. Else,d(s',Q’") = 0.

o Lets’ € S such thatu(s’) > 0. As a consequence, by definition Réach, there exists a singl§)’ € S’ such that
s'e€@'. Thusi(s',Q") =1 and for allQ"” # @', we havei(s’, Q") = 0. Thusd defines a distribution or%’.

o Definey' : §" — [0,1] such thaty/'(Q") = > . cqu(s’) - (s',Q’). By def of 4, we have that (1) for alt)’ ¢
Reach(Q,a), 1/(Q') = 0; (2) there existyy € Q, ¢ € C(S) and o € Sat(p) (namely s, ¢, and ) such that
L(q,a,¢) # L and for allQ’ € Reach(Q,a), 1/ (Q’) = Zq,EQ, w(q"). Thusy' € Sat(y’) by construction.

o Lets’, Q" such thaty(s’, Q') > 0. By construction of§, we haves’ € @), thuss’' R Q’.

As a consequence, there exigtse Sat(y¢') such thaty e '

2) Leta € A andy € C(S) such thatL(s,a,p) # L. By construction ofp(V), there existsy’ € C(S’) such that
L'(Q,a,¢") # L. ¢ is defined as followsy’ € Sat(¢') iff (1) VQ' ¢ Reach(Q, a), we haver' (Q') = 0, and (2) there
existsg € Q, g € C(S) andp, € Sat(p,) such thatl(q, a,p,) # L andvQ’ € Reach(Q, a), p'(Q") = 3 e 1q(d')-
We now prove that for allx € Sat(p), there existsy’ € Sat(¢’) such thaty € . Let u € Sat(p). Define the
correspondence functiod : S — S’ — [0,1]) such thaté(s’,Q’) = 1 if @ € Reach(Q,a) and s’ € Q'. Else,
5(s’,Q") = 0.

o Let s’ € S such thatu(s’) > 0. As a consequence, by definition Béach, there exists a singl€)’ € S’ such that
s’ € Q. Thusd(s’,Q') =1 and for allQ” # @', we havei(s’, Q") = 0. Thusd defines a distribution o5”.

o Definey' : §" — [0,1] such thaty'(Q") = > . cqu(s’) - d(s',Q"). By def of 4, we have that (1) for al)’ ¢
Reach(Q,a), 1/(Q") = 0; (2) there existy; € Q, ¢, € C(S) and py € Sat(py) (Namelys, ¢ and ) such that
L(q,a,¢q) # L and for allQ’ € Reach(Q, a), p'(Q") = >_  co 1q(d')- Thusy' € Sat(¢') by construction.

o Lets’, Q' such thati(s’, Q) > 0. By construction ofj, we haves’ € Q’, thuss’' R Q’.

As a consequence, there exigtsc Sat(y’) such thatu e '

3) By construction ofp(N), we have thal/(s) = V'(Q).

Finally, R is a weak (strong in fact) refinement relation. Moreover, \aeehthats, € {so}, thusso R{so} and N < p(N).
[ ]

E. Proof of Theorem 2

Let N1, N2, and N5 be consistent APAs sharing action and atomic propositits: e prove tha* (N, ® N2) <w Ny,
B*(N1 ® N3) =w Na, and, if N3 <y Ny and N3 <y Na, then N3 <y *(N1 ® Na).
Proof:
Let Ny = (S1,4, L1, AP, Vi, 80) and Ny = (S9, A, Lo, AP, Va,s3) and N3 = (Ss, A, L3, AP, V3, s3) be three APAs. Let
Ny ® Ny = (S1 x Sa, A, L, AP,V , (s0, s2)) be the conjunction ofV; and N, defined as in Definition 12.

(1) : We first prove that3*(N; ® N2) <y N;. Obviously, if Ny ® Ny is fully inconsistent, thers* (N, ® Ns) is empty
and refinesN; with the empty refinement relation. Suppose now thatN, ® Ny) = (T, A, LT, AP, VT (sg,s2)), with
T C 51 x S, not empty. Define the relatioR C T x S; such that for alls,t € S; ands’ € So, (s,s") Rt iff s =t. We
prove thatR is a weak weak refinement relation. Ligt s’) € T' such that(s, s’) R s.

1) leta € A andy € C(S1) such thatZ/(s,a, ) = T. Since(s, s’) € T, we have that: € May(s’). Let ¢ € C'(S; x S3)
such thati € Sat(p) iff
o the distributionu : t — 3, g, fi((t,t")) is in Sat(p), and
« there exists a distributiop’ € C(S52) such thatls(s’, a, ") # L and the distribution’ : ¢ — >, ¢ f((t,t')) is
in Sat(y’).
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2)

By definition of Ny ® N,, we have thatL((s,s'),a, ) = T. Consider nowy” € C(T) the constraint such that

uT € Sat(oT) iff there existsii € Sat(¢) such thatvt € T, u?'(t) = fu(t) andVt € Sy x So\ T, ji(t) = 0. According to
the definition of pruning, we know that” ((s, s’), a, ¢T) = raL((s,8"),a,v). Sinceg € cp_T(s’s )’a, it holds
that L7 ((s,s'),a,¢7) = T.

Thus there existe” € C(T') such thatL”((s,s’),a,pT) = T. Moreover, define the correspondence functionl’ —
(S1 — [0,1]) such thats((t,t'),t") = 1iff ¢’ =t. Let u” € Sat(¢T), j1 the corresponding distribution iiat(¢), and
p the distribution such that : ¢ € Sy — Y-, g, A((t,1')). By definition, . is in Sat(p). We now prove thap” €% .

o Forall (t,t') € T, 6((t,t")) is a distribution onS; by definition.
o Lett € 5.

quwa(S’

STOAT ) S = ST WT((Lt) (By Def of 5)

(t,t'")er t'eSy | (¢,t)eT
= Y. Wtt) (By Def of 1”)
t'eSs | (t,t')eT
= > Al(t,t) (By Def of ;")
t'€Ss

= p(t) (By Def of x)

« Finally, if 6((¢,¢"),t"”) > 0, thent = ¢ and (¢,t") Rt by definition.

Thusp? €4 p.

Leta € A and ¢’ € C(T) such thatLT((s,s),a,¢’) # L. By definition of LT, there existsp € T Thus,
L((s,s'),a,p # L in N; ® Ny, and a distributionu” satisfiese” iff there exists a distributioni € Sat(¢) such that
uT(t) = a(t) for all t € T andmiu(t) = 0 for all t € S; x S2 \ T. SinceT contains only consistent states, there exists
ul € Sat(pT). Let i € Sat(p) be a corresponding distribution ip. There are 3 cases.

o If a ¢ Must(s) anda ¢ Must(s’), then by definition ofL, there must exisp € C(S;) andy’ € C(Sz) such that
Li(s,a,p) # L and La(s",a,¢") # L. Moreover,p € Sat(¢) iff the distributionsp : t € S1 — >, g p((t, 1))
andp’ :t' € Sa > >, (L, 1)) are respectively irfat(p) and inSat(y').

Sincefi € Sat(p), let p andy’ be the corresponding distributions $at(¢) and.Sat(y’). Define the correspondence
functions : T — (S1 — [0, 1]) such thats((t,t'),t”) = 1 iff ¢’ =t. We now prove thap? €% u.

— For all (¢,t") € T, 6((t,t')) is a distribution onS; by definition.

— Lett e S;.

ST S = Y uT((ht) (By Defof )

(t,t’"")eT t'eSs | (t,t)eT
= > alt) (By Def of ")

Def of u”)

I
=
=~

o
—~

uy]
<

— Finally, if 6((¢,t'),¢") > 0, thent = ¢" and(¢,t') Rt by definition.
Thusu® €% p.
« Else, suppose that € Must(s) and there existe € C(S1) such thatp is such that € Sat(9) iff

— the distributionp : t — _, g, A((t,1')) is in Sat(p), and

— there exists a distributiop’ € C(S2) such thatls(s',a, ¢’) # L and the distributiory’ : t' — 7, o p((t,t))
is in Sat(¢').

Sincefi € Sat(p), let ¢’ € C(S2) be the corresponding constraint 6a such thatLs(s',a,¢’) # L. Let p and p/

be the corresponding distributions$fut(¢) andSat(¢’). Define the correspondence functionT — (S; — [0, 1])

such thaty((¢,¢'),t") = 1 iff ¢/ =t. We now prove that” €% u.

— For all (¢,t") € T, 6((t,t')) is a distribution onS; by definition.
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— Lett e S;.
Z MT((tl,t”)) . 5((tl,t”),t) _ Z MT((t,t”)) (By Def of 5)

(GRS t"eSsy | (t,t")eT
= > tt") By Def of u")
t"eSsy | (t,t")eT
= 3 al(t.t") (By Def of .
t'"eSs

= u(t) (By Def of u)
— Finally, if 6((¢,t"),t”) > 0, thent = ¢" and(¢,t") Rt by definition.
Thusu® €% p.
Finally, suppose thai € Must(s’) and there exists’ € C(S3) such thatp is such thatp € Sat(p) iff
— there exists a distributiop € C(S51) such thatL, (s, a, ) # L and the distributiorp : t — >, ¢ A((t,1')) is
in Sat(y), and
— the distributionp’ : ¢ — >, ¢ A((t,1")) is in Sat(y').
Sincef € Sat(@), let p € C(S1) be the corresponding constraint S such thatl; (s, a, ¢) # L. Let u andy’ be
the corresponding distributions ifiat(¢) and Sat(y’). Define the correspondence functién 7" — (S; — [0,1])
such thaty((¢,¢'),¢") = 1 iff ¢/ =t. We now prove that” €% u.
— For all (¢,t") € T, §((t,t")) is a distribution onS; by definition.

— Lett e S;.
doodt ) s = Y p"((t,t")  (By Def of §)
(', t")eT t"eSy | (t,t")ET
= > Altt") (By Def of 11"
t"eSy | (t,t")ET
= Y altt") (By Def of 1.")
t//ES2

= p(t) (By Def of x)
— Finally, if 6((¢,t"),¢”) > 0, thent =¢" and(¢,t') Rt by definition.
Thusp? €% u.
Remark that in this case, we need the new notion of weak weak fiesement: given .7, there exists a constraint

¢ such that Ly (s,a, p) # L and p € Sat(yp) such that T €9, u. However, there is noy that would work for
all ;1 because of the existential quantification inp.

Finally, in any case, there exisgsc C(S;) such thatL, (s, a,¢) # L and there existg € Sat(p) such thatu” exr pu.
This is the new notion of weak weak refinement

3) By definition, V7' ((s,s")) = V((s,5")) = Vi(s) N Va(s') C Vi(s).

Finally, R is a weak weak refinement relation, and we h&iéN; ® N2) <y Nj.

(2) : By a symetric proof, we obtain that*(N; ® N2) <w No.

(3) : We finally prove that ifNs < N7 and N3 < Nj, then N3 < 8*(N; ® Na).

LetR; C S3x.5; andR, C S5 x .S, be the weak weak refinement relations such fiiat< Ny and N3 < N,. Obviously, if
N1® Ny is fully inconsistent, thei* (N1 ®N2) is empty. In this case, there are no consistent APAs refinitig 7 andN». As a
consequenceys is inconsistent, which violates the hypothesis. Supposethat 5* (N, ® No) = (T, A, LT, AP, VT (s, s3)),
with T C S} x Sy, is not empty. Define the relaticR” C S3 x T such thats” R” (s, s') € T iff s" Rs € S; ands” R’ s’ € Sy.
We prove thatR” is a weak weak refinement relation.

Let s € S1,s' € Sy ands” € S3 such thats” R (s, s').

1) Leta € A and¢” € C(T) such thatL”((s,s'),a,o”) = T. By definition, we haveL((s,s'),a,$) = T with

@ € C(S1 x S2) such thatu” € Sat(pT) iff there existsi € Sat(p) such that” (t) = (t) for all t € T andfa(t) =0
for all t € S; x S2 \ T. There are 2 cases.

« Suppose that € Must(s) and there existe € C(S1) such thatL(s,a,¢) = T, andp € Sat(p) iff
— the distributionp : t — »_, g, A((t,1')) is in Sat(p), and
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— there exists a distributiop’ € C(S52) such thatls(s’,a,¢’) # L and the distributiory’ : t' — >, s p((¢,1'))
is in Sat(¢').

SinceL;(s,a,) = T ands” Ry s, there existy” € C(S3) such thatLs(s”,a,¢”) =T andVyu'" € Sat(¢”),3p €

Sat(p), such that” er, p (1).

SinceLs(s”,a,¢”) = T ands” Ry s’, we have that/y” € Sat(¢"), there existy’ € C(S2) such thatls(s', a, ¢') #

1 andy’ € Sat(¢') such thatu” ez, p' (2).

Let i € Sat(¢”). By (1) and (2), there existg € Sat(p), ¢’ € C(S3) such thatls(s',ap’) # L andy’ € Sat(¢’)

such thaty” ex, p andp” ex, p'. Since(s,s’) ands” are consistent, remark that for &tl,¢') in S; x Sz \ T,

we cannot have” R, t and we cannot have’ Rot’ (3).

We now buildu” € Sat(o™) such that” exr p?.

Let 6 and ¢’ be the correspondence functions such un’ét@%l w and p” @%2 u'. Define the correspondence

function 6" : S3 — (T — [0, 1]) such that for all” € S5 and (¢,¢') € T, 6"(t", (t,t')) = 6(",t) - 0'(t",1'). We

build x7 and prove thap” €% p7.

— For allt” € Ss, if p(t") > 0, both §(t"") and ¢’(¢") are distributions. By (3), we know that for alt,t’) €
S1x So\T,6(t",t)=4"(t",t') = 0. As a consequencé’’ (") is a distribution on".

— Defineu” (t,1') = >, cg, 1" (") - 6" (t", (t,1)). We prove thap” € Sat(p"),

x Lett’ € Sy, we have
Z uT(t,t/) _ Z Z t” 5// t” (t,t/))

teSy | (t,t)ET teSy | (t,t)eT t'E€Ss

_ Z Z t” . t//, )~5/(t”,t/)
teSy | (t,t/)eT t"€S3

_ Z N”(t”) ~5/(t//,t/) . Z 5(t”,t)
t'"eSs teSy | (t,t)eT

_ Z N”(t”) ~5/(t//,t/)
t”GSS

= 1/ (t") by definition.

x Lett € 51, we have

Z ,uT(t,tl)Z Z Z // 5// " (t,t/))

t'eSsy | (t,t)ET t'eSs | (t,t)eT t"E€S3

— Z Z // . t” t) (5’(75”,75’)

t'eSy | (t,t/)eT t"ESs

— Z M”(t”) -(5(75”, t) . Z 5/(75//, t/)

t""€Ss t'eSs | (t,t")eT
— Z M”(t”) -(5(75”,75)
t'""eSs
= p(t) by definition.
Thus we have that
- the distributionp : t — >,/ g, 1 ((t,t’)) is in Sat(y), and
- the distributionp’ : ¢/ — 3=, " ((t, 1)) is in Sat(y').
As a consequence,” € Sat(pT) by definition of o7
— If §"(", (¢, ")) > 0, then by definitions(¢”,¢) > 0 and §’(¢”,t') > 0. As a consequence; Ryt andt”’ Ry t’,
thust” R (t,1).
Finally, " €rr pt andu® € Sat(p?).

o Suppose that € Must(s’) and there existg’ € C'(S2) such thatls(s',a,¢’) = T, andp € Sat(p) iff
— there exists a distributiop € C(S1) such thatL, (s, a, ) # L and the distributiorp : t — >, ¢ p((t,1')) is
in Sat(y), and

— the distributionp’ : t' — >7, .5 p((¢,1')) is in Sat(¢’).

This case is strictly symmetric to the one presented abavihese also existg” € C(Ss) such thatLs(s”, a, ¢”) =
T and for all u” € Sat(y"), there existsu? € Sat(o!) such thaty” €xr p?.

2) Leta € A andy” € C(S3) such thatLs(s”,a, ") # L. Let " € Sat(¢").
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Since s” Ry s and s” Ry s, there must existp € C(51), p € Sat(p), ¢ € C(S2) and ' € Sat(y’) such that
Li(s,a,0) # L, La(s',a,¢') # L, " €r, pandy” €r, 1/ . As a consequencd,((s,s'),a,p) # L, with ¢ €
C(S1 x S3) such thatp € Sat(p) iff the distributionsp : ¢ € S} — Zt,es p((t,t") andp’ 1 t' € Sy = > g A((t, 1))
are respectively irat(yp) and in Sat(¢’). Moreover, sinces” and (s, s’) are consistent, there existg € C(T') such
that LT ((s, s'),a, 1) # L andp? € Sat(p?) iff there existsp € Sat(@) such thap? (t,¢') = p(t,t') for all (t,t') € T
andp(t,t') =0 for all (¢,¢') € S1 x Sa\ T
Let § and ¢’ the correspondance functions such thétey, 1 and ;" @%2 u'. Sinces” and (s, s’) are consistent, we
know that (1) for all(¢,¢') € Sy x So \ T, we haveu(t) = p/(t') = 0 and (2) for allt” € S5 and (¢,t') € Sy x Sa\ T,
we cannot have” R, t and we cannot havé’ Ry t'.
Define the correspondance functiofi: S; — (T — [0,1]) such that for allt” € S3 and (¢,t') € T, §"(t", (¢,t')) =
(", t) - &'(t",¢'). We now buildu” such that” €% u? and prove thap” € Sat(p7).

o Forallt” € Ss,if u/’(t") > 0, bothd(¢”) andd’ (t”) are distributions. By (2), we know that for &, ¢’) € S1x.S2\T',

(", t) = (t",t') = 0. As a consequencé;’ (t") is a distribution onl".
o Definep® (t,t') =Y, cg, 1" (") - 6" (", (t,1')).

— Lett € 55, we have
Z uT(t,t/) _ Z Z " t// 5// ! (t,t/))

teSy | (t,t)eT tesS, | (t,t/)eT t"€Ss

_ Z Z // . t” t) 5/(tll,tl)

teSy | (t,t')eT t""€Ss

Z N”(t”) . 5’(15”,15/) . Z 5(t”,t)
t'"eSs teSy | (t,t")eT
_ Z N”(t”) . 5’(15”,15/)
t//653
= u/(t') by definition.

— Lett € S;, we have

Z ,uT(t,t’) — Z Z // 5// " (t,t/))

t'eSs | (t,t)ET t'eSy | (t,t')eT t’€Ss

Z Z // . t” t) 5/(75”,75/)

t'eS: | (¢,t)eT tESs

Z M//(t//) . 5(t”,t) . Z 5/(75”,75/)
t"€S3 t'eSs | (t,t)eT
PONACORIGN)

tlI€S3

= u(t) by definition.

Thus we have that
« the distributionp : t — 7, .5, " ((t,1')) is in Sat(p), and
* the distributiony’ : ¢/ — Y=, " ((t, 1)) is in Sat(¢').
As a consequence,” € Sat(p!) by definition of .
o If 8"(t", (¢, ")) > 0, then by definitiony(t”,t) > 0 andd’(t”,t') > 0. As a consequencé; R, ¢ andt”’ Ry t’, thus
" Ra(t, t).
Finally, there existsp” € C(T') such thatLr((s,s’),a,¢”) # L andu” € Sat(¢™) such thaty” er, p”.
3) Sinces” Ry s ands” Ry s’, we haveVs(s”) C Vi(s) N Va(s') = VT ((s,5)).
Finally, R3 is indeed a (weak) refinement relation betwe€n and 8*(N; ® N»). Moreover, we know thatj R so,
53 R s3, and (so, s2) is consistent. As a consequengeRs(so, s3) and N3 < 3*(N1 ® Na).
[]

F. Proof of Theorem 3

Let N; and N, be APAs. We prove thatV; A Ny <y N1 ® Nos.
Proof: Let Ny = (S1,4, L1, AP, Vy,s}) and Ny = (S2, A, Lo, AP, V5, s3) be two APAs sharing action and atomic
proposition alphabets. Consider the conjunctiotVgfand N following Definition 9 Ny ANy = (S1 x So, A, L, AP,V (s, 53))
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and the conjunction ofV; and N following Definition 12 Ny ® No = (S; X Sy, A, L, APV, (s}, s2)). First, remark that
V =V (1), and for all(s1,s2) € S1 x S2 anda € A, we have

e L((s,5),a Jfalse) = T <= L((s, '), a,false) = T (2), ~and

o (Vo €C(S), L((s,5),a,p) = 1) <= (Vo € C(S), L((s,5),a,) = 1) (3).

Let R be the identity relation ob; x S,. We prove thatR is a weak refinement relation. Lét;, s2) € S7 X Ss.

1) Leta € A andg € C(S; x Sy) such thatL((sy, s2), a,$) = top. If phi = false, we have the result by (1). Else, by
construction, there are two symmetric cases. For exampjgase that there exists a distributipn € C(S;) such that
Li(s1,a,1) =T andfi € Sat(p) iff.

« the distributionu; : t — >, g A((t,t)) is in Sat(p1), and

« there exists a distributiop, € C(S2) such thatLs(sq, a, p3) # L and the distributionus : t' — 7, g A((t,t'))

is in Sat(p2).

We know that there is at least one constraintsuch thatls(ss, a, p2) # L. Thus, by construction of, we know that
there exists a constraigt such thatL((sy, s2),a,p) = T, andji € Sat(p) iff

o the distributionu; =t — >, .o (¢, 1)) is in Sat(ey), and

o the distributionus : t' — >, ¢ (¢, 1)) is in Sat(yps).
As a consequence; is such thatvii, 1 € Sat(@) = i € Sat(¢). Thus the result holds.

2) Leta € A andg € C(S; x So) such thatL((s1, s2),a,phi) # L. If phi = false, we have the result by (1). Else, there
existyy € C(S1) andy, € C(S2) such thatlLq(s1,a, 1) # L, La(se,a,¢2) # L and @ is such thatu € Sat(p) iff

o the distributionu; : t — >, g f((t,t')) is in Sat(e1), and
o the distributionuy : t' — Y7, 5 fi((t,1")) is in Sat(p2).

By construction, we have thNdI((sl, s2),a,p) = L, thus the result holds.
3) Finally, by (1), we have that’((s1,s2)) = V((s1, $2)).
ThusR is indeed a weak refinement relation, aNgd ® Ny < N1 A Ny

G. Proof of Theorem 4

Let N; and N, be action-deterministic APAs. We prove thdt @ Ny < N3 A Ns.

Proof: Let Ny = (S1,4, Ly, AP, Vy,s8) and Ny = (S, A, Ly, AP, Vs, 53) be two APAs sharing action and atomic
proposition alphabets. Consider the conjunctioiVgfand N following Definition 9 Ny ANy = (S; x So, A, L, AP,V (s}, 52))
and the conjunction ofV; and N following Definition 12 Ny ® No = (S X Sy, A, L, APV, (50,50)) First, remark that
V =V (1), and for all(s1,s2) € S1 x S2 anda € A, we have

o L((s,5),a,false) = T <= L((s, "), a,false) = T (2), _and

. (Vo€ C(S), L((s,5),a,0) = 1) = (Vg € C(S), L((s,),0,¢) = 1) (3).

Let R be the identity relation orb; x S,. We prove thatR is a weak refinement relation. Lét;, s2) € S7 X Ss.

1) Leta € A andp € C(S; x Sp) such thatL((s1, s2),a, phi) = T. If phi = false, we have the result by (1). Else, there
existp; € C(S1) andyy € C(S3) such thatLi(s1,a,p1) # L, La(s2,a,p2) # L, at least one of them being, and

@ is such thatn € Sat(p) iff

« the distributionu; : t — >, cg a((t,t')) is in Sat(p1), and
o the distributionusy : t' — >, . (¢, ) is in Sat(pz).
Suppose thal(s;,a, 1) = T (the other case is symmetric). As a consequence, we héies’),a, 37) = T with
@ the constraint inC'(S; x S;) such thati € Sat(p") iff
o the distributionu; : t — >, g, A((t,t")) is in Sat(py), and
« there exists a distributiop;, € C(S2) such thatls(ss, a,5) # L and the distributionus : ' — 37, o f((¢,1'))
is in Sat(ph).

Let 1 € Sat(¢"). We prove that there exisfs € Sat(p) such thati e fi.

Sincefi € Sat(p "), there existspy, € C(S2) such thatLs(sz,a, ¢b) # L and

o the distributionu; =t — >, o (¢, 1)) is in Sat(ey), and
o the distributionyuy : t' — >, ¢ fa((t,1')) is in Sat(eh).

By action-determinism of N», we have thatp, = ¢). As a consequence we have thate Sat(p). Moreover, by

considering the identity correspondence functdgy, we have thafi €3 ora .

Finally, there existgi = i € Sat(p) such thati €x fi.

2) Leta € A andg € C(S; x Sy) such thatL((si,s2),a,$) # L. By construction, we have that if((s, s2), a, ) =?
then we also havé((s1, s2),a, ) # L. In this case, the result trivially holds.
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If L((s1, s2),a,p) = T, there are two symmetric cases. For example, suppose #ratehists a distributiop;, € C(S;)
such thatLl(Sl, a, @1) =T andﬁ S Sat(@) iff.
o the distributionu, : t — >, fi((t,1")) is in Sat(p1), and
« there exists a distributiop, € C(S2) such thatls(sq, a,p3) # L and the distributionus : ¢ — 7, ¢ a((t,t'))
is in Sat(ps).
By action-determinism, we know that there is at most one constraintsuch thatls(s2, a, ¢2) # L. As a consequence,
2 can be fixed in advance and we know that for all distribution: € Sat(p) iff
o the distributionu; : t — >, . (¢, ")) is in Sat(ey), and
o the distributionuy : t' — >, ¢ fa((t,1')) is in Sat(ps).
Thus, by construction of,, we know that this constraing is such thatL((s1, s2),a, ) = T, and the result holds.
3) Finally, by (1), we have thalt'((s1, s2)) = V((s1, s2)).
ThusR is indeed a weak refinement relation, aNg ® Ny < N1 A Ny

H. Proof of Lemma 2

Let m = (A%, A9) andmy = (4%, AS) be profiles. Ifr(a) = m2(a) for all a € A; N Az, then it holds that

1) 1 N\ T2 jp w1 andm; A mo jp 79, and

2) for all profilesr, if 7 <, m; andn =<, m, thent <, 7 A 7.

Proof: Let m; = (A%, A9) andmy = (A%, A3) be profiles, such that; (a) = m2(a) for all a € A; N As.

1) We provem; A m <, . Itis clear thatd; U A; D A;. To conclude thafm A m2)(a) = m1(a) for all a € Ay, observe
that m; A w2 restricted to actions fod; is exactlyr;. The proof ofr; A mo <, o iS similar.

2) Assume that there exists a profiteon action setd such thatr <, m; andn =<, m2. Then it must hold thatd O A,
and A D A,, and we conclude thal O A; U A,. Furthermorezn(a) = m1(a) for a € A; andw(a) = ma(a) for a € As.
This implies thatr(a) = (71 A m2)(a) for a € Ay U As.

[ |

I. Proof of Lemma 3

Proof: Let N1 ® N> = (N7, w) and A; ||z = (N5, 7). Since the profiles o7 @ A, and A ||A; are equal, it remains
to show thatN] < NJ. We build a relatioriR C (S x S2) X (S1 X S2 U Smay) a@s follows: for all(s1, s2) & pre(bada, en, ).
let (51, 52) R(Sl, 52), and for all (817 52) € 5] X Ss, let (81, SQ)RSmay.

We now show thaRR is a weak refinement relation. Lét;, s2) € S1 x Sy ands € Sy x S3 such that(sq, s2) R s:
o Consider the case that= s,,4y:
— There exists nat € A and ¢’ € C(S1 x Sz U {Smay}), such thatL’(s,,ay,a,¢’) = T SiNCe s,,4, ONly allows
transitions with strict may modality.
— Leta € Aandy € C(S; x S2), and assume that((si, s2),a, ¢) > ?. By definition there existg” € C(S) such
that L' (smay, a, @) =7, Sat(¢"”) = {¢”"}, and ”’(smay) = 1. Define the correspondence functién S; x S; —

(S1 % Sz U {Smay} — [0,1]) asd((s], s5))(Smay) = 1 for all (s}, s5) € S1 x Sz, and0 else. Lety € Sat(y).

1) Let(s!,sy) € S1 xSy such thau((s/,sy)) > 0. It is clear that (s, s5)) is a distribution onS; x So U {smay }-

2) By construction it is clear that, for al € Sy x SoU{smay}, that) . e, s, #((sT53)) - 6((s7, 53))(s") =
,LL//(S/).

3) Assume that((s/,s5))(s’) > 0. By definition of R, thens’ = s,,,4, and (s, s5) R Smay-

o If s Simay, then(sy, s2) = s. There are two cases:
1) If 3p € C(S),3u € Sat(p) : L((s1,52),a,9) > 7 A p(pre(badas,ons,)) > 0:

— Leta e Aandy’ € C(S1 x S2U{smay}), and assume thdt'(s, a, ¢’) = T. Then there exists @ € C(S; x S)
such thatL((s1, s2),a,) = T. Furthermore, we know thabat(y¢’) = {1/} and p/(smqey) = 1. Define the
correspondance function: S x Sa — (S1 X S2 U {Smay} — [0,1]) asd((s], s5))(Smay) = 1 for all (s7,s5) €
S; x Ss, and0 else. By the same reasoning as above, we know that for allSat(y), u €% .

— Leta € Aandyp € C(S; x S2), and assume thdt((s1, s2),a, ) > 7. By definition there existg’ € C'(S) such
that L' (s, a, ¢’) = L((s1,52),a,¢), Sat(y¢’) = {u'}, and 1/ (smay) = 1. By the same definition of as above,
we know that for ally € Sat(y), p €% .

2) Else, it suffices to construétas the identity mapping with the addition th&ts)(s,nq,) = 0 for all s € S7 x Sa.
By compatibility, (s§, s2) & pre(bada, o a7 ), @and thereforésd, s3) R(sg, s3). [

18



J. Proof of Theorem 6

Proof: Let A; and N> be two compatible APIs, and Ié&f, andZ, be two implementations, such that = A; and
T, = Ns. From Theorem 5 of [8], we have th#@i ® Z, = N; ® N>, and by Lemma 3, we have that ® Z, = V| N2, B
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