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Abstract

The hand or gripper allows robots to interact with their environment. The hands or grippers are
designed such as they can grasp or manipulate an object. The grasping task requires less abilities
than manipulation does. Grippers were designed because they enable us to grasp objects in a
simpler way. Underactuation was moreover introduced to further simplify the command and to
reduce the number of actuators. The study of their static stability was tackled. Their design
process was developed, taking into account the static equations of mechanics in order to be
stable and apply regular and high forces. The dynamics of the gripper and of the object begins
to be studied.

In past research, the object was supposed to evolve in a two dimensional space, the objective
of this master thesis is to optimally design a gripper in a dynamic approach for the grasp of 3D
moving object. It has been chosen to suppose the object has a negligible displacement. New
criteria are defined to check this assumption. Then the existing criteria of stability and the
new criteria are analysed.

The influence of specific parameters on different criteria of stability or on objective function
are analysed. It appears some parameters have a negligible effect on the static behaviour and
important one on the dynamics. The opposite is true too. A new design methodology of an
underactuated gripper taking into the dynamic and contact equations and taking into account
the object possible movement is proposed.
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Notations

αk, βk Ratios of lengths to compute the geometric model

ωa = θ̇a Time derivative of θa

τ Total torque vector associated to angles qa

τB Torque vector associated to angles θa

τ a open loop torque exerted on proximal links

τ d open loop torque exerted on distal links

τ gi Torque due to the gravity

θ =
[
θ1 θ1

]T
Vector of phalanges angle

θa =
[
−q11 q22

]T
Generalised coordinates usually chosen for the static analysis of gripper;

∆Ep Variation of potential energy of the cylinder

∆xG Variation of position of the cylinder center of mass

δ the penetration depth

δ̇ Penetration depth velocity

δ̇+ Penetration depth velocity after impact

δ̇− Penetration depth velocity before impact

Γ = ±1 Variable defining the configuration of the hand given the angles qa

A, B, Jt, Jta, Jtd Matrices specific to the kinematics of the finger

As Matrix expressing the contact conditions for the system composed of the finger and the
object

bc, dc Vectors expressing non linear terms of accelerations

c Vector of Coriolis and centrifugal effect

ct Vector of Coriolis and centrifugal effect for the open loop finger

Fhand =
[
Fx Fy

]T
Vector of forces applied by the object on the hand
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JX Jacobian matrix for the end effector

K Matrix expressing the condition of non back-drive ability

M Inertia matrix of the finger

Mc Matrix for the expression of the form closure criteria

Ms Inertia matrix of the system composed of the finger and the object

P Projection matrix

qa =
[
q11 q21

]T
Generalised coordinates defining the angle between the finger global frame

and the first leg of the five bar mechanism

qsa Vector of generalised coordinates for the system composed of the finger and the object

qcyla Vector of generalised coordinates for the object

qd =
[
q12 q22

]T
Passive joint angle;

S Sorting Matrix

Sc Impact matrix

Ss Selection Matrix for the contact

Vslip Relative tangential velocity

X Position vector of point O13 = O23

x Axis defined as the directions given by the line going through the point O21 of both
finger

xc Axis of the cylinder

xij Vector defining the principal direction of link ij

y Axis normal to the palm

yci Normal vector for phalanx i

z Axis normal to the hand

µd Dynamic coefficient of friction between the object and the hand

µg the dynamic coefficient of friction between the object and the ground

µp the static coefficient of friction between the object and the palm

µs Static coefficient of friction between the object and the hand

−−→
AB Vector going from point A to B

ψ Angle between the principal direction of link 22 and the distal phalanx;

ρc Density of the cylinder
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ρf Density of the finger

τ Torque exerted by the motor

τci Torque due to contact forces

τfric Frictional torque of an object rotating on the top of an other one

τs22 Torque exerted by the spring on point O22

θ1 = q21 the angle of the proximal phalanx

θ2 the angle of the distal phalanx

θc Angle with axis z of the cylinder

F̃ Mean force of applied forces

b Length of the palm

e Restitution coefficient

Ecyl Energy given to the cylinder after impact

FGround
n and FGround

t Normal force norm and tangential force exerted by the object on the
ground

F Palm
n and FPalm

t Normal force norm and tangential force exerted by the object on the palm

F Palm
t tangential force norm exerted by the object on the palm

G Object center of mass

g Gravity constant

h2 Constructed length of the finger

hc Height at which the cylinder is grasped

K Contact stiffness

kc Distance from the center of gravity to the point of contact projected on the axes

kci Contact length for the object in contact with phalanx i

ki Contact length for phalanx i

Lc Length of the cylinder

lhand Length of the hand

lij Length of link ij

m Number of grasped object

mc Mass of the cylinder

mf Equivalent mass of the finger for the contact with proximal phalanx

mcyl Equivalent mass of the cylinder for the contact
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Nci Projected point Pci

Ni Projected point Pi

O Reference point of the frame attached to the hand, placed at the center of the palm;

O13 = O23 End effector point at the intersection of link 12 and 22

Oij Point at the basis of link ij, i, j ∈ (1, 2)

p Ratio of length l21 and l11

Pci Contact point on the object in contact with phalanx i

Pi Contact point on the phalanx i in contact with the object

r Transmission ratio

Rc Radius of the cylinder

Sij Point at the center of mass of link ij

t22 Length of distal phalanx

vd Dynamic transition velocities of the continuous friction force

vs Static transition velocities of the continuous friction force

w Finger phalanges and links radius

Wfric Work of friction

xSij
X-coordinates of the position of point Sij

ySij
Y-coordinates of the position of point Sij

zzij Inertia of link ij at its origin

jfn =
(
jf1

jf2

)T
Vector of normal forces applied by respectively the proximal and distal

phalanges. The index j ∈ (1, 2) is the number of the finger, it can be omitted.

jFi Total force expressed in global frame and in 3D of phalanx i and finger j

jFni Normal force expressed in global frame and in 3D of phalanx i and finger j

jFti Tangential force expressed in global frame and in 3D of phalanx i and finger j

jJ Jacobian matrix specific to the contact. The index j ∈ (1, 2) is the number of the finger,
it can be omitted.

jJn and jJt Jacobian matrices for normal and tangential velocity between the finger and the
object

jT Transmission matrix linking ωa to θ̇a. The index j ∈ (1, 2) is the number of the finger,
it can be omitted.
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Introduction

General objective

In industry or in domestic application, different objects have to be moved from one place to
another. Depending on the task to perform, the object can be taken by different system. Two
tasks are generally distinguished: grasping and manipulation. The suction cup for example
can give the possibility to grasp an object with a flat surface. Inspired by human hand, many
fully actuated hands were designed too. They have the ability to grasp or to manipulate. But
knowing that two or three fingers can perform a grasp, the gripper was invented. The gripper
is a system able to grasp and hold an object with many possible designs. Fully actuated hands
and grippers enable the grasping and manipulation of complex objects, with different shapes,
structures, volumes or weights. The hand complexity has then increased a lot over time. The
control is consequently very complex and the cost is increased. This complexity is not always
necessary. A good simple design can lead to a good adaptability too. A more recent solution is
under-actuated grippers. They have the advantage both to have a reduced number of actuators
and the ability to adapt their shape to the object to grasp.

In this study, a typical task has been chosen. The gripper could be used in a domestic
application. The objective of the gripper is to grasp a bottle of water laid on a table. The
bottle could have different shape, different masses depending on how full it is for example.
The suction cup is not suitable because of the unknown surface. Moreover a complete hand
is more complex and therefore to expensive for this seemingly simple task. The objective is
then to optimally design an under-actuated gripper to grasp a typical bottle of water. It has
been chosen a bottle of one litter. To do the study, the bottle was approximated by a cylinder
of diameter 8cm, a height of 20cm and a mass of 1kg. Different size and masses will then be
tested to check the adaptability of the gripper

Several challenges have been found in the past for the design of under-actuated gripper.
The first challenge is to know if the grasping of the object is successful. A grasp is successful
if the object remains in the gripper during the grasping process and once the gripper is closed,
even if perturbations appear in its environment. To define this condition scientifically, several
conditions of stability have been defined in the past. In particular, the criteria of form closure,
force positiveness or palm force positiveness have been used in [2]. The form-closure criteria
has then been extended to underactuated hands in [3]. This criteria means that geometrically
speaking all possible movements of the object are prevented. Then, as the form closure can be
very restricitive, the force closure criteria defined and used in [1] gives the ability to know if
the object’s movement is prevented due to applied forces on the object. The problem of those
two criteria is that their output are valid once the gripper is closed but not while the gripper
is closing.
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When we talk about performance of a gripper, we could simply think about the time per-
formances of the gripper. The previously defined criteria are necessary conditions but do not
contain any idea of time in it. That is why, in recent studies some techniques are used to go
step by step to a design stable during the grasping process. In [4], the gripper has an adjustable
compliance, leading to an adaptation of properties to the gripping phases. This way the forces
exerted on the object can be low during the graping, and make the hand really adaptable. Once
the gripping phase is finished, the configuration is changed and the forces applied are higher,
giving the ability to hold the object well. The problem is that no index of stability is defined
for the dynamic phase, meaning that no validation is possible for the grasping phase. In [5], the
dynamics of the gripper are taken into account to ensure that all the phalanx touch the object
at the same time. The problem is that the dynamic of the object is not taken into account and
may result in instability if the object changes. The dynamics of the object are not yet taken
into account. Then, in [6], the object dynamic is taken into account in a plane. Three degree of
freedom are then given to the object. The optimal design of the gripper is then done to catch
this moving object. The problem of this study is that the object is not supposed as being a
3D object. That is why, in this document the object could theoretically move in the complete
space. The bottle can fall because a moment is exerted on the bottle through the gripper and
the ground. It can also slip on the floor. Two new criteria will then been defined to ensure
that the object won’t move too much during the grasping process. We will link those criteria
to the physical property of the object. Moreover, it will possible to say at which speed or with
which torque applied, the grasping can be done. As a result the modelling and design analysis
of an under-actuated gripper for high-speed grasping of objects has been carried out.

Gripper design

The selected general topology of the gripper is based on a five bar linkage mechanism. The
theory in static and dynamic of the five bar linkage has been already carefully studied in [7].
The methodology and general idea of design presented in this report can be extended to other
types of transmission like pulley and cable. The general idea of this design is the following one.
You can refer to figure 1. The actuation is done on link (11). This action is transmitted to the
distal phalanx (22) through a transmission bar (12). A spring between the proximal (21) and
distal phalanx (22) prevent the distal phalanx to fold before that the proximal one does. The
spring transmit then the energy of the motor to the proximal phalanx (21). A contact between
the distal and proximal phalanx stop the opening of the finger. This way, when no effort but
that of the spring are applied on the finger, the finger is fully open. This is the configuration
shown on figure 1. When no contact with the object occurs, the complete finger is closing.
When contact with the proximal phalanx occurs, the distal phalanx can fold, forcing the spring
to stretch.

General Analysis Methodology

The gripper design has to take several aspect of mechanics into account. The first step will be
to do a review of existing design requirement. Moreover the literature on contact modelling has
been studied to model later the behaviour of both the object and the gripper. The kinematic
model, the static model and the dynamic model are presented. From those model, condition of
successful grasp are presented. In particular, the kinematic conditions are defined to prevent
any singularities. The definition of the static conditions of stability are applied according to
existing literature. Finally new conditions for the dynamic stability are defined. To be more
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Figure 1: Presentation of the hand

precise, it is checked that the object doesn’t move after forces and impact are applied. By
following those three steps, the influence of design parameters on the performances. The effect
of each of the parameters on the different physical phenomena is studied. From those results, a
new design methodology is proposed. This methodology will lead to a robust design, crossing no
singularity, which can perform the form closure, applying maximum forces in static and assure
that object does not move. The all design is moreover created such as it can close quickly.
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Chapter 1

State of the art

The analysis of the state of the art has been carried out in order to know what is already
existing and know what are the limits of existing works. In this first part, some of the existing
design methodology for gripper are explained. The objective in this part will be to see the
limits of existing theory. Moreover existing work which has been used along the thesis, either
in order to design or model the gripper. Two different areas had to be join in this mater thesis,
the theory of gripper, their static and dynamic model, their design methodology and stability
criteria. The second area related to the design of gripper according to their dynamic is the
problematic of contact.

1.1 Existing gripper and criteria : Going to a dynamic

design

In this first section, a rapid analysis of static criteria of stability which can be used in the design
of gripper is done. Then the existing criteria for the design taking into account the dynamics
are presented.

1.1.1 Static design

The first idea for the design of under-actuated gripper is that it is not that easy to hold an
object. As degree of freedom exist in the gripper due to under-actuation, if the gripper is not
well design, the object could be removed of the gripper even if the static equilibrium is reached.
That was the first big issue in the design of gripper.

Instability phenomenon of under-actuated mechanism

Before explaining how the design of gripper can be designed, it must be understood what type
of instability phenomena could appear. How is it possible that an object can move even if the
gripper seems to envelop the object?

Instability phenomenon of under-actuated mechanism The first part of the answer is
given in [2]. This study is still today a principal reference for the analysis of under-actuated
hand. Here after are defined some phenomena leading to instability or necessary conditions for
different stability. Indeed, depending on the criteria of stability, some design could be stable
for some of the criteria, and not for other.
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Avoiding the roll back phenomenon The roll back phenomenon or ejection phe-
nomenon presented in [2] is the phenomenon by which the finger will close on itself, slipping on
the object. It has been firstly explained in the publication [8]. To prevent this phenomenon,
the first advise is to add some limits to the dimension of the gripper. This way, the finger
will adapt reasonably on the profile contour of the object to catch. For example, if the num-
ber of phalanges is increased, the risk of this phenomenon to appear increases considerably
and is moreover much harder to predict. This phenomenon is an unstable phenomenon of
underactuated gripper.

Force positiveness and palm force positiveness The condition of positive reaction
forces given on inequality (1.1) must be fulfilled too. In particular, when applying the condition
of static stability on the finger when the finger is closed, this condition must be fullfilled. Indeed
if it is not fullfilled, it simmply mean that the contact cannot occur. There is not static stability.
This has been expressed in [9]. It is a necessary condition to have stability of the grasp. It
expresses simply that one body can not attract the other when there is a contact. This could
be an hypothesis for some particular materials. In particular the suction effect could appear.
But we will consider it is not the case for our system. Moreover it expresses that some of the
forces can be null. In that case, there is loss of contact or it simply express that the object
does not touch the phalanx.

fn ≥ 0 (1.1)

With:

• fn the vector of normal components of the forces applied by phalanges.

If this condition is not respected, it means that the hypothesis of contacts are not valid.
There is the loss of one contact. The roll-back phenomenon could be appearing in this case.

Similarly, after applying the static equilibrium on the object to grasp, the resultant force
on the palm must be positive. If not, it means that the object will go away of the grasp. There
is no static stability.

Absence of form closure The first criteria is the form closure property. Firstly adapted
to a non underactuated gripper, this property has been generalised to all type of gripper in
[10]. The definition given is the following one:

”A grasp is said to be form-closed if, and only if, for any variation of the
configuration of the grasp at least one of the unilateral kinematic constraints is
violated.”

If this condition is not verified, it means that the object can move if external perturbation
appears, even if the gripper and object are in a stable configuration. The form closure property
is checked when three conditions are verified. They are listed bellow :

• There is no penetration between the object and the gripper;

• The mechanism is non backdriveable

• The palm is in contact with the object

This condition has been checked during our study. Detailed mathematical expression are
given in 3.2.2. This condition could be to strong. Indeed, sometime, the movement of an object
is possible on a geometrical point of view but impossible due to forces equilibrium. The friction
in particular could give the ability to avoid any movement. That is why the following condition
is defined.
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Force closure The force closure is an other type of closure, less restrictive than the form
closure. Two different types of force closure are presented in [1]. The active force closure and
the passive force closure. The active force closure can be used for manipulation. It characterises
the ability of a hand to manipulate the object in all possible directions. If an object is actively
force closed, the forces applied on the object can be controlled in all possible directions. This
is much more complex than passive force closure and is much more than what is needed in the
gripper we want to design. The passive force closure characterises the ability of the gripper
to apply reaction forces in all possible directions. Those reaction forces are not controlled in
the case of passive form closure. This type of closure gives more liberty than the form closure
because the friction is of great importance in the grasp. It is well known that it is easier to
grasp an object with a lot of friction. The force closure will take it into account contrary to
form closure.

Design rules or advises for the design of under-actuated mechanism

In this part some advise found in different publication are shown for the design of under-actuated
gripper.

Form closure necessity equation The simplest design rule appears in [3]. This design rule
define the necessary actuation and phalanx in order to be able to assure a form closure on the
object. This condition is not sufficient to perform the form closure.

The necessary equation is presented on equation (1.2).

nk ≥ nf + 1 (1.2)

With:

• nk is the number of one-sided constraint applied by the mechanism

• nf is the number of degree of freedom we want to block

The quantity nk can be calculated from the number of constraints due to contact which
are unilateral nu and from the unilateral constraint bring by unilateral mechanism with the
equality given on equation (1.3).

nk = nu + nc (1.3)

Then it is possible to express the total number of degree of freedom which is the sum of the
one from the hand np and the one from the object d.

g = np + d (1.4)

Choice of the spring The spring plays an important role in the design of underactuated
gripper. Some spring are absolutely necessary in the design of gripper. Indeed as the gripper
studied are underactuated, it is necessary to prevent uncontrolled motion of the gripper. Their
objective is to be sure of the position of the gripper when the gripper is at rest. They prevent
indeed the gripper to close without actuation. Some other external or internal force can lead
to incoherent motion, the inertial effect, the weight can lead to unwanted motion.

But, as presented in [9], springs will reduce the stability because they are opposed to the
actuation torque. Indeed, they are opposed to the grasping direction of closure. The distal
forces are reduced, the grasp is then less efficient.

Only few papers deal with the optimal placement of springs and minimise the spring stiffness.
The work done in the Master thesis [11] show the importance of the placement of spring. From
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this, one placement of the spring is determined. A spring constant and type of spring is moreover
chosen.

It seems but appropriate to minimise the spring constant in order to prevent any unwanted
closure of the mechanism. A calculation of the minimal spring constant will then be proposed
in this document.

Notion of isotropic finger An isotropic finger is a finger with which all phalanx forces are
equal. This condition permits to have a strong grasp. A force isotropic underactuated gripper
has been designed in [12]. The gripper designed is a two fingers gripper with two phalanges
each. The forces applied on proximal phalanges and distal phalanges should be as equal as
possible for the sake of stability. In this publication, a variable pulley radius is used in order to
make the two forces exactly equal. The stability analysis of this design has then been carried
out then in [13].

But in general, the force isotropy is never achieved in most of the gripper. Moreover this
condition is in general not robust to the variation of the object. This property is valid only on
one precise point of contact on each phalanges and then for one particular object. That is why
in some different paper, a criteria is constructed to minimize the difference between the forces,
the isotropy not being obligatory reached.

Tangential and normal forces for whole hand grasping An index is presented in
[2]. The axis normal to the palm is the y axis, the axis aligned with the palm is the x axis.
Moreover, we assume that the object is fixed, only one finger is considered. We consider the
other finger is symmetric and do then a similar work. This index assure two tasks. The first
property checked is the palm form positiveness. The second task of this index is to assure that
the component Fx along x of the resultant force should be greater that the resultant along y,
Fy. The index is defined on equation (1.5).

Ixy =
1

m

m∑
i=1

min(Fx,i, EFy,i)

Ta
δ(Fy,i) (1.5)

With :

• E is the number of phalanges grasping the object

• δ(Fy,i) =

{
1 if Fy,i < 0,

0 else

• Ta the actuation force

• m is the number of objects

Equalisation of forces Different criteria were used for the purpose of equalizing all
applied forces on the object. The publication [12] even expresses the condition to have an
isotropic finger. The problem, as expressed in [2], is that we should not be confused between
stability and isotropy. A finger will be stable at the precise point where the grasp is isotropic
but can be unstable close to this position. It is but a good condition to have a powerful grasp.
Indeed if the distal forces are big, it will help to have the palm force positiveness. Different
publications uses then a criteria to improve the ratio between distal and proximal forces. This
is done by trying to make them equal.
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The publication [14] uses the criteria α1 for this purpose. This criteria is function of the
forces and will be null if all forces are equal.

α1 =
n∑
i=1

(F̃ − fi)2 (1.6)

With :

• F̃ is the mean force of all normal forces.

• fi is the normal force applied on phalanx i.

• n is the number of phalanges of one finger.

Similarly, the publication [15] defines the criteria presented on equation (1.7). The difference
here is that this criteria is defined directly for a certain number of configurations. This way
several objects can be considered.

β1 =

 N∑
j=1

n∑
i=1

(f ji − F̃ j)2

− F̃ (1.7)

With :

• N is the number of configuration.

• n is the number of phalanges.

• f ji is the force exerted by the phalanx i and for the configuration j.

• F̃ is the mean force of all configuration and phalanges.

• F̃ j is the mean force of all phalanges for the configuration j.

1.1.2 Dynamic criteria

After some criteria have been studied for static behaviour, it is possible to define some dynamic
criteria. Only few criteria have been defined in the past and no general stability has been
defined.

Time to stability

The time to stability could be useful in order to achieve a high speed grasping. As explained
in [4], a good robustness of the grasp is a first good point for high speed motion. Indeed it
can then resist to high accelerations. But it is not sufficient. The closure time of the grasp is
very important to take advantage of this robustness. It is then suggested to improve the grasp
speed. In [11], a time to stability is then defined. The time to stability can be defined with the
following conditions.

The time to stability is the time necessary to the gripper to go from the initial state to a
stable state. The stable state is defined by :

• The positiveness of the forces is checked. (See equation (1.1))

• The contact force computed must match the forces computed through the static model
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Successful grasp range

The paper [6] gives a criteria that we can apply in dynamics. The successful grasp range (SGR)
is defined.

SGR =
ASG
AWS

(1.8)

With :

• ASG the area on which the object can initially be placed to achieve a stable grasp.

• AWS is the total workspace area that the finger can reach.

Control and Lyapunov stability

A possible largely used stability criteria which is used today in robotics is the Lyapunov stability.
It has not been yet applied on underactuated gripper. The mathematical definition was found
in [16]. This document was not read but seemed to be an interesting document for stability of
gripper mechanism.

A point x is stable in the sense of Lyapunov if the relation given on equation (1.9) is checked.

∃δ > 0, ||x(t0)|| < δ ⇒ ||x(t)|| < ε,∀t ≥ t0 (1.9)

This stability was allude to in [2]. The case of this stability in the case of the grapstate area.
They explain here that they tried to find a Lyapunov potential function. No such a function
were find. The analysis of one of the grapstate area leads them to conclude that maybe no such
function could be find. Nothing being sure about it.

A Lyapunov stability could be one possibility, and if possible, it would be an assurance of
the dynamic stability of the gripper. It was but not found during the present study

1.2 Contact between solids

When the finger will touch the object to catch, several physical phenomena appear. If two
objects have a relative velocity before they touch, an impact will occur. This impact generate
a small deformation on both objects, resulting in high forces. The energy is then transmitted
from one body to an other one. Elastic and plastic deformations will result in different rate of
energy transfer. The influence of this contact has not yet been carefully studied for catching
an object. Several phenomena are then possible. If all the contact energy is finally absorbed,
the normal relative velocity between the body is null but a force still occurs due to both the
normal contact and friction. This will affect the stability of the grasp too.

On this part a short review is done to remind the basic notion of contact used then to
evaluate the dynamic behaviour of the finger and to check the stability conditions. The forces
expression will be necessary to evaluate the dynamic behaviour of the gripper, and check that
the forces won’t lead to instability when the relative normal velocity between the two solids is
null. The energy is necessary to evaluate the stability of the cylinder in case of impact.

1.2.1 Expression of contact forces

The study of impact energy and forces is a subject dealt with in the past. The publication [17]
make a comparative analysis of existing contact model. In this part the necessary theory has
been extracted.

10



During an impact between two objects, the transfer of energy is done by the material
deformation. The material deformation can be decoupled in two different parts. There is first
an elastic deformation.

The model for elastic deformation is presented in [18]. The relation is presented on equation
(1.10) and is part of the Hertz contact theory.

Fn = Kδn (1.10)

With:

• Fn is the normal contact forces applied between the two bodies.

• δ is the penetration depth.

• K the contact stiffness

• n is the penetration exponent equal to 3/2 in the elastic case.

This model becomes inaccurate when losses and a plastic behaviour appears. The publica-
tion [17] compares then the evolution of contact model and explains what are the assumptions
made by each model and in which case the models are relevant.

A general form of the forces between two solids in contact is then presented on equation
(1.11).

Fn = Kδ3/2 + χδmδ̇ (1.11)

With:

• δ̇ is the penetration depth velocity.

• χ is the damping coefficient.

• m is the penetration exponent for the damping and is generally taken as equal to 3/2.

An other issue of the contact model is that the conservation of energy must be obtained.
In particular the energy law presented in part 1.2.3 must be validated with the force given
previously. This way the expression of the forces of contact is consistent with the energy of
impact. In particular, the coefficient of restitution e is used. It is defined in function of the
velocity before impact δ̇− and the velocity after impact δ̇+ on the following equation .

e =
δ̇+

δ̇−
(1.12)

The model selected leads to the contact normal force Fn expressed on equation (1.13).

Fn = Kδ3/2

(
1 +

8

5

(1− e)
e

δ̇

δ̇−

)
(1.13)

This model was selected because it has the advantage to work both for high or low coefficient
of restitution.

1.2.2 Friction model

When normal forces are computed, it is possible then to have the expression of the tangential
forces and frictional torques.
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Model of Coulomb

A model possible to have the tangential forces is the model of Coulomb. Two different cases
appear in the model of Coulomb. It depends on the ratio of normal forces Fn and tangential
forces Ft norm. The tangential forces can be in a plane if we consider a three dimensional
contact. If it is inferior to a threshold named static coefficient µs as shown on equation (1.14),
the relative velocity between the two bodies at the point of contact is null.

‖Ft‖ ≤ µs|Fn| (1.14)

In that case, the static equations should give both normal forces and tangential forces
because two geometric constraints appears in the two main directions of the contact.

If the inequality (1.14) is not checked, a relative velocity v will appear between the two
considered bodies. In that case, a new coefficient named kinetic friction coefficient µk defines
the ratio between the two forces as shown on equation (1.15). The tangential forces Ft are
opposed to the relative velocity v between the two bodies at the point of contact.

Ft = −µs|Fn|
Vslip∥∥Vslip

∥∥ (1.15)

Some other models exists and are presented in [7]. In particular, we often take a viscous
friction model in addition. In this case, the friction force is proportional to the speed. In a
joint, moreover the Stribeck phenomenon can appear. It correspond to a diminution of the
friction coefficient at a low relative speed before the proportional behaviour. It is due to the
lubrication. In our case, the relative velocity between the two bodies is not high enough to see
this phenomenon appearing, the simple model of Coulomb will be sufficient.

Expression of frictional torques

It is possible too that a relative rotational velocity appears between two bodies. This can be
seen as if infinitesimal tangential friction appears all around the center of the zone of contact.
By integration over the main direction, we obtain the tangential forces Ft, and by calculating
the moment of friction at the center by integration, we obtain the moment of friction. This
moment depends on the position considered for the contact. In the plane where contact occurs,
we can consider two points O and A. The frictional moment on O, MO, can be expressed by
the following relation:

MO = MA +
−→
OA× Ft (1.16)

The frictional moment at the center of the contact with a circular contact can be approx-
imated by a relation which link it to the normal force applied. This relation presented on
equation (1.17) is the equation of an ellipse. This equation is valid only at the onset of sliding.(

Ft
µs(Fn)max

)2

+

(
τfric

(τfric)max

)2

= 1 (1.17)

With:

• Ft the frictional force resultant.

• µs the friction coefficient.

• (Fn)max is the maximum normal force applied.

• τfric is the frictional moment.
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• (τfric)max is the maximum frictional moment. It can be expressed with the relation
presented on equation (1.18).

(τfric)max =

∫
A

µ|r|Ck
N

πa2

[
1−

(
r

a

)k] 1
k

dA (1.18)

With:

• a the radius of contact area.

• r the radius in the surface for integration calculation.

• A the area of contact.

• Ck a coefficient depending on the pressure distribution chosen (1.5 for circular distribution,
1 for uniform distribution).

As this moment will be exerted on the direction normal to the finger phalanges y2i if the
axe of the cylinder xc is aligned with the normal of the finger plane z.

1.2.3 Impact energy and energy transfer

Energy transfer for two balls

The energy loss between two bodies resulting from the impact during the total contact time
is called the impact energy. This energy loss will result in the loss of kinetic energy in the
total system composed of the two objects in contact. The result is known for two balls and is
presented on equation (1.19). The publication [19] express the kinematic of contact.

∆E = mtotV
2
impact(1− e2) (1.19)

With :

• Vimpact = V −2 − V −1 the impact velocity.

• e the coefficient of restitution.

• mtot = m1m2

m1+m2
the equivalent mass of the system in contact.

We can notice here the use of the coefficient of restitution. This coefficient of restitution
is defined as the ratio between the relative velocity before and the one after the impact. This
coefficient is equal to one when all the energy is conserved in the system, all the kinetic energy
at the moment of impact becomes a potential energy in the material, through elasticity. If
this coefficient is equal to zero, all the energy is converted to heat through plastic loss in the
material.

It is moreover possible to express the velocity of each of the ball in reference to the velocity
before the impact using the relations shown on equation (1.20) and (1.21).

V +
1 = mtot

((
1

m2

− e

m1

)
V −1 +

1 + e

m1

V −2

)
(1.20)

V +
2 = mtot

((
1

m1

− e

m2

)
V −2 +

1 + e

m2

V −1

)
(1.21)
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Energy transfer during an impact for a multi body system

The theory has then been extended to system of body. This theory is important for the
underactuated gripper, because it gives the velocity of both the impacting leg and of the distal
one when only one occurs. The system composed of the object and one finger has 5 degree
of freedom instantaneously at the moment of impact. There is only one actuator, this system
becomes highly underactuated. The publication [20] give the possibility to apprehend the
dynamic of such a system during an impact. The relation expressed on equation (1.22) gives
the generalised coordinates velocity of the complete system after the impact in function of the
velocity before the impact.

q̇+ = q̇− − (e+ 1)Scq̇
− + (I− Sc)M

−1iτ (1.22)

With :

• iτ =
∫ δt
0
τdt the other forces during the impact period;

• q the generalised coordinates of the system;

• I the identity matrix;

• M the inertia matrix;

• Sc constructed from the contact closure equations and from the inertia matrix;

• e the restitution coefficient.

This relation will be then adapted to create a new criteria of stability in part 3.3.1.
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Chapter 2

Model

The model of the system will be used to compute the dynamic behaviour of the hand. First,
the geometric and kinematic model of the hand is presented. Then the static model leading
to the dynamic model are given. The object dynamics can be modelled too. The dynamic
model of the object was first used to understand the behaviour of the system. Understanding
that the study could focus on the condition on which the object would move, it was not useful
too evaluate the cylinder dynamics precisely. Only the notations and parameter specific to
the cylinder are here presented. The dynamic model of the object can be found on appendix
A. Then starting from the geometry of contact going to the kinematics of contact, it will be
possible to present the model of contact.

2.1 Geometric and kinematic model of the finger

To begin with, it is necessary to present the geometric model of the system. On figure 2.1 is
presented the parameters specific to the hand.

x22

ψ x21

O22

O21 O11

O12

O23

x11S21

S22

S12

S11

x12

x

y

Figure 2.1: Parameter used in this section
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2.1.1 Geometric model

In this part, the objective is to define the existing relation relations due to the geometry of the
finger. Before going in detail, the angles and vector of the finger are define as follow. xij are
the vector going from the point Oij to Oij+1. The angles qi1 are defined as the angle between
axes x and xi1. The angles qi2 are defined as the angle between axes xi1 and xi2.

Direct geometric model

The direct geometric model is the model giving the ability to compute the position of point
O13 which is noted X. Starting from the Chasles relation (2.1), we can evaluate the position of
the points Oi2.

−−−→
OOi2 = li1xi1 +

−−−→
OOi1 (2.1)

With :

• xi1 =
(

cos(qi1) sin(qi1)
)T

the 2D vector defining the principal direction of link i1;

• li1 the length of link i1;

•
−−−→
OOi1 a constant vector defining the position of the finger basis.

From those relation, it is possible to define two ratios αk and βk using equations (2.2) to
(2.4).

ri =
li2∥∥∥−−−−→O22O12

∥∥∥ (2.2)

αk =
1

2
(1− r21 + r22) (2.3)

βk =
√
r22 − α2

k (2.4)

The ratio ri express the ratio of the length of the distal link over the distance going from O22

to O12. αk is the ratio of the distance between the point O23 and its projection on
−−−−→
O22O12 over

the length
∥∥∥−−−−→O22O12

∥∥∥. βk is the ratio of the distance between the point O22 and the projection

of O23 on
−−−−→
O22O12 over the length

∥∥∥−−−−→O22O12

∥∥∥. A solution to the direct geometric model exist if

|r2| > |αk|. This means that with the angle given, the finger must be mountable, with length
sufficiently long enough.

Once defined, two solutions equations exist for the direct geometric model, the equation
(2.5) give them in function of the parameter Γ = ±1.

X =
−−−→
OO22 + αk

−−−−→
O22O12 + ΓβkE

−−−−→
O22O12 (2.5)

Passive leg angle

Once the active angle are calculated, the passive angle are computed. The equation (2.6) give
them.

q2i = −q1i + tan−1
(−−−−→
Oi1O13 · y − li1 sin(q1i),

−−−−→
Oi1O13 · x− li1 cos(q1i)

)
(2.6)
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The last passive angle on joint positioned on point O13 is calculated by the following relation.

q13 = q21 + q22 − q11 − q12 (2.7)

We can define here the angle vector θ =
[
θ1 θ2

]T
containing the angle θ1 = q21 and

θ2 = q22 + ψ. Those angles are the angle specific to the contact and to the static model. The

generalised coordinates vector qa =
[
q11 q21

]T
and the passive angle qd =

[
q12 q22

]T
are the

angles specific to the dynamic model.

2.1.2 Kinematic model of the finger

The kinematic model is used to compute all joints velocity. In particular, we will be able to
get the generalised coordinates by integration of the acceleration. Then the passive leg velocity
must be computed, this is done using the direct kinematic model and with the passive leg
kinematics. The obtained matrix will then be useful in the dynamic model of the robot.

Direct kinematic model

The direct kinematic model is formalised under the form presented on equation (2.8).

Ẋ = −A−1Bq̇a

= JX q̇a (2.8)

With the matrix A and B defined on equation (2.9) and (2.10).

A =

(
cos(q11 + q12) sin(q11 + q12)
cos(q21 + q22) sin(q21 + q22)

)
(2.9)

B = −

(
l11 sin(q12) 0

0 l21 sin(q22)

)
(2.10)

In order to avoid any loss of degree of freedom or loss of degree of actuation, those matrix must
be invertible. The singularities are presented in section 3.1.

Expression of passive joint velocity

Using the velocity of the point O13, the passive joint velocity can be obtained under the form
presented on equation (2.11).

q̇d = J−1td

(
JtẊ− Jtaq̇a

)
(2.11)

Jtd =

(
l12 0
0 l22

)
(2.12)

Jt =

(
− sin(q11 + q12) cos(q11 + q12)
− sin(q21 + q22) cos(q21 + q22)

)
(2.13)

Jta =

(
l12 + l11 cos(q12) 0

0 l22 + l21 cos(q22)

)
(2.14)
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2.1.3 Kinematic model order 2

The kinematic model at this level is not directly used. Indeed the computation of the accel-
eration of the passive legs is not necessary. Those relations are but a primary condition to be
able to compute the dynamic model. The dynamic model will then use the following defined
matrices.

Direct kinematic model order 2

The first step is to compute the acceleration of point O13. It can be obtained under the form
presented on equation (2.15) by derivative of equation (2.8).

Ẍ = −A−1(Bq̈a + bc) (2.15)

The term bc presented on equation (2.16) is a term which will be used in the dynamic
model.

bc = ȦẊ + Ḃq̇a (2.16)

With the derivative of matrix A and B given on equation (2.17) and (2.18).

Ȧ =

(
−(q̇11 + q̇12) sin(q11 + q12) (q̇11 + q̇12) cos(q11 + q12)
−(q̇21 + q̇22) sin(q21 + q22) (q̇21 + q̇22) cos(q21 + q22)

)
(2.17)

Ḃ = −

(
l11q̇12 cos(q12) 0

0 l21q̇22 cos(q22)

)
(2.18)

Expression of passive joint second order velocity

[2] Similarly, we can express the passive joint acceleration from equation (2.11). It is given on
equation (2.19).

q̈d = J−1td

(
JtẌ− Jtaq̈a + dc

)
(2.19)

The variable dc is computed using equation (2.20) to (2.22).

dc = J̇tẊ− J̇taq̇a (2.20)

J̇t =

(
(q̇11 + q̇12) cos(q11 + q12) (q̇11 + q̇12) sin(q11 + q12)
(q̇21 + q̇22) cos(q21 + q22) (q̇21 + q̇22) sin(q21 + q22)

)
(2.21)

J̇ta = −

(
l11q̇12 sin(q12) 0

0 l21q̇22 sin(q22)

)
(2.22)

2.2 Static model

The static model is first derived from the theory first presented in [9] and then generalized in
[2]. This theory is used in particular to check the force closure and the palm force positiveness.
I then changed the choice of coordinates to do the parallel between this theory and the theory
presented in [7]. This way the dynamic results will be related to the static results.
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2.2.1 First approach based on the theory of Birglen

A first approach is used to evaluate the static equilibrium of a finger. This first methodology is
used in particular to check further if the condition of static stability are met. In particular the
conditions of form closure, palm force positiveness or force positiveness can be checked with
this model. This model has been developped in [2]. We will see in this section the existing
theory and the a relation with the kinematics presented in [7]. The model is presented with two
phalanges. Moreover we assume that beside the contact forces only two torques are applied,
the torque applied on the finger τ and the one applied by the spring τs.

Internal equilibrium

The static equilibrium can be written under the form presented on equation (2.23).

iτ TB
iT−1 = ifTn

iJ (2.23)

With :

• τB =
[
−τm τs

]T
being the 2D vector of torques applied on rotational joint, respectively

present on point O11 and O22;

• T the transmission matrix;

• J the Jacobian matrix;

• fn the normal force applied on each phalanx.

• i the index corresponding to the finger 1 or 2.

It can be shown, by guessing that no torque are transmitted through the point of contact,
that the Jacobian matrix can be written under the form presented on equation (2.24).

iJ = iJn + µs
iJt (2.24)

The matrix iJn and iJt are the Jacobian matrix relating the joint velocity θ̇, respectively,
to the normal and tangential velocity at the point of contact. This relation is valid for both
the fingers i. µs is the static coefficient of friction between the object and the gripper.

The matrix 1Jn and 1Jt are expressed under the form presented on equation (2.25) and
(2.26).

1Jn =

(
k1 0

rT12x2 k2

)
(2.25)

1Jt =

(
0 0

rT12y2 0

)
(2.26)

The transformation matrix is the matrix linking the angular velocity at the level of actuated

joints ωa =
[
−q̇11 q̇22

]T
to the angular velocity of link in contact with the object. θ̇ =[

θ̇1 θ̇2

]T
as shown on equation (2.27).

θ̇ = iTωa (2.27)
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The transformation matrix can then be expressed under the form presented in [9] and shown
on equation (2.28).

iT =

(
1 − h2

h2+l21

0 1

)
(2.28)

In this relation iT is the transformation matrix of finger i, h2 is the distance between O21

and the intersection of (O21O22) and (O12O23).
This transformation matrix can then be expressed using the kinematic matrix linking the

passive joint q̇d to the active joints q̇a. This equation is obtained using equation (2.8) and
(2.11).

q̇p = J−1td (JtJX − Jta) q̇a (2.29)

= Jdq̇a (2.30)

=

(
J11
d J12

d

J21
d J22

d

)
q̇a (2.31)

This definition of matrix Jd give the possibility to deal with the case where points O11 and
point O21 are not coincident. This way we can express the matrix iT under the following form
:

iT =

(
−J21

d

J22
d
− 1
J22
d

0 1

)
(2.32)

In the case points O11 and point O21 are coincident, the matrix Jd is not invertible any more

and we have
J21
d

J22
d

= −1. The form presented on equation (2.28) is obtained.

Expression of the reprojection Matrix

From this model we managed to obtain the normal forces from the torque and spring present
on the gripper. For what it may concern the tangential forces, they depend on the external
condition and static stability on the object must be checked. To check that the hand is able
to perform this stability, a first criteria will be the palm force positiveness. The worst case
happen when external forces applied on the object tends to go away from the palm. In this
case, the hand is able to apply forces through normal and tangential forces. And in that case
the tangential forces are directed toward the palm and have for maximum magnitude ft = µfn.

With the given model, it is no possible to obtain the wrench applied on the object. This is
done by projection of the forces in the 2D global frame by using the matrix called the projection
matrix which is define for normal forces in [2]. By adding the tangential forces, the force is
expressed using equation (2.33).

(
F 1
x

F 1
y

)
= 1Pf

=
(
1Pn

1Pt

)(fn
ft

)
(2.33)

=

(
− sin(θ1) − sin(θ1 + θ2) − cos(θ1) − cos(θ1 + θ2)
cos(θ1) cos(θ1 + θ2) − sin(θ1) − sin(θ1 + θ2)

)(
fn
ft

)
With :
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• 1P the projection matrix;

• 1Pn the projection matrix relative to normal forces;

• 1Pn the projection matrix relative to tangential forces.

We have to be careful here that the relations presented in this section are valid for the case
where the contact occurs with the right finger noted 1 when z axis is toward us and palm is
toward positive y. The forces exerted by the second finger have to be derived similarly, in
particular the matrix J and P and Pt must be slightly modified.

Finally the force applied by the different phalanges is expressed on equation (2.34). This
force is expressed in the plane of the hand.

Fhand =

(
Fx
Fy

)
=

(
F 1
x

F 1
y

)
+

(
F 2
x

F 2
y

)
(2.34)

2.2.2 Second approach : generalisation for dynamics

The approach becomes slightly different to evaluate the dynamic behaviour of the system. This
approach is based on the theory explained in [7]. With this approach, all the efforts are dealt
with such as they are not correlated to the choice of coordinates. This gives the ability to take
any efforts in the simulation. In particular the gravity can be added. This theory will first give
the possibility to extend the model to a dynamic model. Moreover we will see in part 4.1.1
that the theory can be used to choose a spring.

To begin with, the theory uses the previously defined generalised coordinates qa. They can
be called active coordinates even if no forces are applied. Then the three joints remaining joints
are called passive angle and noted qp. The methodology for this method is to virtually open
the loop of the gripper, express the forces applied in this case and close then the loop by using
the kinematics equation and theory of Lagrange. Only the results are detailed further.

External forces applied on the proximal and distal phalanx

The first step is then to evaluate the torque applied on active joints by opening the loop. The
expression can be seen on equation (2.35).

τ a = −τ g1 − τ g2 +

(
0

τc1 + τc2

)
+
(
τ 0

)
(2.35)

Similarly the passive joint torque are expressed on equation (2.36).

τ d = −τ g2 +

(
0
τs22

)
+

(
0
τc2

)
(2.36)

With :

• τ gi are the equivalent torque applied by gravity.

• τci are the torque due to contact forces

• τs22 is the torque applied by the spring
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Figure 2.2: Expression of Contact Torque from Forces

Expression of contact torque

The expression of contact equivalent torque is done using the figure 2.2. The Jacobian matrix
found on equation (2.24) could be found from here.

τc1 =
(−−−−→
O21N1 × F1 +

−−−−→
O21O22 × F2

)
· z (2.37)

= −k1f1 − l21
(
f2 cos(θ2) + ft2 sin(θ2)

)
(2.38)

τc2 =
(−−−−→
O22N2 × F2

)
· z (2.39)

= −k2f2 (2.40)

With :

• ki the height of contact for phalanx i

• fn =
(
f1 f2

)T
the normal forces.

• ft =
(
ft1 ft2

)T
the tangential forces.

Loop closure and static equation

After applying the loop closure with all the torques previously defined, we obtain the total
torque equivalent torque τ applied on the active joints under the form presented on equation
(2.41).

τ = τ a + JTd τ d (2.41)

The equation corresponding then to the static equilibrium is simply τ = 0.
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2.3 Dynamic model

The dynamic model of one of the finger is presented in this section. This dynamic model was
based on the theory given in [7]. This model is used to be able to simulate the finger. The
direct dynamic model express the joint coordinate accelerations in function of all external force
applied on the finger. Once the accelerations are obtained, the in integration of accelerations
and a solver will lead to the time evolution of the finger. This is the only way to be able to
compute all forces along the time and to compute the time of closure of the finger.

2.3.1 Gravity expression for the finger

The gravity is expressed in any configuration of the finger toward the ground reference. The
use of to variable, geq which is the equivalent gravity field and θg are used for that. If the
gravity is normal to the plane of finger, geq is equal to 0. If it is not, the angle θg is the angle
between x and the projected vector of gravity geq = g− (g · z)z. The projection of the gravity
field on the plane of the finger will give geq = normgeq.

Then the components of the torque applied on the finger is obtained on the two following
equations.

τ gi1 = geq
(
(mi1xSi1 +mi2li1) sin(qi1 − θg) +mi1ySi1 cos(qi1 − θg)

)
(2.42)

τ gi2 = geq
(
(mi2xSi1) sin(qi1 + qi2 − θg) +mi2ySi2 cos(qi1 + qi2 − θg)

)
(2.43)

The torque vector corresponding to proximal or distal forces is then expressed.

τ g1 =
(
τ11 τ21

)T
(2.44)

τ g2 =
(
τ12 τ22

)T
(2.45)

2.3.2 Direct Dynamic Model

The dynamic model gives then the generalised coordinates acceleration in function of the pre-
viously defined torque.

q̈a = M−1(τ − c) (2.46)

With :

• M the inertia matrix;

• c the matrix of Coriolis and centrifugal effects.

The Inertia matrix is expressed using equation (2.47) to (2.50).

M =
(
I2 Jd

)
ST

(
Mt1 02

02 Mt2

)
S

(
I2
Jd

)
(2.47)

Mt =

(
Mt1 02

02 Mt2

)
(2.48)

Mt1 =

(
zzi1 + zzi2 +mi2l

2
i1 + 2zz1i zzi2 + zz1i

zzi2 + zz1i zzi2

)
(2.49)
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zzi =

(
zz1i
zz2i

)
mi2li1Rqi2

(
xSi2

ySi2

)
(2.50)

With :

• zzij the inertia along z of the link ij and on the point Oij;

• lij the length of the link ij;

• mij the math of the link ij;

•
(
xSij ySij

)
the position of the center of gravity in the frame attached to the body ij

and relative to the point Oij;

• zzi is an intermediary matrix to calculate the inertia coefficient corresponding to the
bodies i2;

• Rqi2 the matrix of rotation in the plane of angle q21;

• S =


1 0 0 0
0 0 1 0
0 1 0 0
0 0 0 1

 is a sorting matrix.

The Coriolis and centrifugal effect matrix is then expressed using equation (2.51) to (2.55).

c =
(
I2 Jd

)
ST

ct + MtS

(
021

J−1td ad

) (2.51)

ct = S

(
cta
ctd

)
(2.52)

cita =
(
q̇2i1 − (q̇i1 + q̇i2)

2
)
zz2i (2.53)

citd = q̇2i1zz
2
i (2.54)

ad = dc − Jt(A
−1bc) (2.55)

2.4 Contact model

The dynamic model being known for the finger, the forces of contact between the finger and the
object must be computed. The forces of contact are dependant of the kinematic as expressed
on equation (1.13) and (1.15). To be able to use those expression, the geometry and kinematic
equations of contact are necessary. Once obtained, the forces can be projected onto the normal
plane of the finger. The obtained forces will then be used on equation (2.38) and (2.40). In
the case the object would move, the normal forces of the contact are different from the normal
forces applied on the finger. The present following methodology can be applied in that case.
The results are presented in both cases.

24



wi

Rc

2wi

ni

y2i

z

x2i

x2i

yi z

ki

kci

xc

xc

Pci
Ni

Ni

yci

OiPi
G

Oi

Pi
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Figure 2.4: Geometry and notations of cylinder contact with two lines

2.4.1 Kinematic of two lines

The first objective is to find the penetration depth δi between one of the phalanx i ∈ (1, 2) and
the object. To do it a geometric analysis must be down.

The figure 2.3 presents the geometry. The point of contact of the finger is called Pi and
Pcifor the cylinder. The distance δ can be defined as the distance between those two points.

We define the length of contact ki for the finger as the length of the projection
−−−→
O2iNi of the

vector
−−−→
O2iPi on x2i. Similarly, kci is the length of the projection

−−−→
GNci of the vector

−−→
GPci on

the axis of the cylinder xc. The figure 2.4 show the problem can then be seen as the resolution
of the kinematics of two lines. We can note here that the lengths ki will influence the dynamic
of the finger as shown on equation 2.38 and 2.40. Similarly, kci influence the dynamic of the
object. They have to be found too.

Given the two straight lines with an origin point for each line named O2i and G. They have
for unitary direction vector x2i and xc. It is possible to find a line orthogonal to both the lines
and coincident with both the lines. This line has a unitary direction vector yci. The relation
(2.56) gives the condition to obtain this line.

xT2iyci = xTc yci = 0 (2.56)
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The points Ni and Nci are the intersections points. The distances ki and kci can be express
thanks to equation (2.57). (

ki
kci

)
=

[
1 −xT2ixc

xT2ixc −1

]−1 [
xT2i
xTc

]
−−−→
O2iG (2.57)

The vector going from point Ni to Nci can then be expressed with the relation (2.58).

−−−→
NiNci =

−−−→
O2iG + kix2i − kcizc (2.58)

The distance di from Ni to Nci is then simply the norm of this vector, the unitary direction
vector yci is obtained by dividing by this norm. The penetration depth is then obtained on
equation (2.59).

δi = di − wi −Rc (2.59)

2.4.2 Contact kinematic

The second steps after having the penetration depth is to compute the relative velocity between
the solid in contact. The normal velocity will be used to express the normal forces, the tangential
velocity determines the tangential forces.

Once the direction of contact yci and the lengths ki have been computed, it is possible to
express the relative velocity between the contacting points. All the kinematic relations have
been derived in three dimensions. The hypothesis being first that the cylinder could move. By
definition the contact velocity is the relative velocity of the two closest points. The first point
is noted Pci. It is on the surface of the cylinder and belongs to the line of contact Lc. The
second point Pi belongs to the surface of the phalanx and to Lc. The geometric position of
those two points are given by equation (2.60) for the point Pci, by equation (2.61) if the contact
is between the proximal phalanx and the object and by equation (2.62) if the contact is done
on the distal phalanx, before the tip.

−−−→
GPci = kcixc −Rcyci (2.60)
−−−−→
O21P1 = k1x21 + wyci (2.61)
−−−−→
O21P2 = k2x22 + l21x21 + wyci (2.62)

The relative velocity between the two points is then expressed by the difference between the
velocity of each points, belonging to the common line Lc in reference to the ground as expressed
on equation (2.63).

Vrel = VPci
(Lc/0)−VPi

(Lc/0) (2.63)

After some computation, it is possible to express it, respectively on equation (2.64) and
(2.65) for the proximal and distal contact. We can note that all vector are expressed in the
same referential frame.

Vrel = ẊG + kcẋc − k1ẋ21 −Rcωc × yci − wθ̇1z× yci (2.64)

Vrel = ẊG + kcẋc − k2ẋ22 − l21ẋ21 −Rcωc × yci − w(θ̇1 + θ̇2)z× yci (2.65)

By taking as an assumption that the cylinder is fixed, the equations become :

Vrel = −k1ẋ21 − wθ̇1z× yci (2.66)

Vrel = −k2ẋ22 − l21ẋ21 − w(θ̇1 + θ̇2)z× yci (2.67)
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The projection along yci, as shown on equation (2.68) give then the penetration velocity
which will be useful to compute the normal force between the two solids

VT
relyci = δ̇ (2.68)

The sleeping velocity given on equation (2.69) is obtained by removing the projection along
yci. This expression can be used to compute the frictional forces when the relative velocity
norm is different from zero.

Vslip = Vrel − δ̇yci (2.69)

2.4.3 Contact forces expression

The previous parameters are used to express the forces exerted between the two bodies.
The normal forces are expressed using the force computed thanks to equation (1.13) with

the equation (2.70).

Fi = Fn(δi, δ̇i, δ̇
−
i )yci (2.70)

The velocity of impact δ̇0 is determined by detecting the transition between the situation
where no impact occurs (δ < 0) to the case where a penetration occurs (δ > 0).

The frictional forces are then computed when a contact occurs during the simulation. Those
forces are computed such as there is a continuity of forces. This is done using the relation given
on equation (2.71)

jFti = µ(vslip)
∥∥∥jFni

∥∥∥ Vslip

vslip
(2.71)

With :

• vslip =
∥∥Vslip

∥∥
• µ is a step function function of vslip. It is null when vslip is null and get done to −µs when
vslip = vs and raise to −µd when vslip > vd.

Those forces can be added and projected on axis x2i and y2i to obtain respectively the
tangential fti and normal forces fi applied on the finger. In the case neither the cylinder nor
the hand origin are moving, those forces are the same as Fi and Fti.

2.4.4 Force expression applied by the finger

Similarly as expressed on equation (2.34), the force can be calculated from the dynamic model.

jFhand =
∑

i∈[1,2],j∈[1,2]

jFti + jFni (2.72)
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Chapter 3

Criteria of Stability

The model being completely defined, it is possible to express the conditions of stability for
the design of an under-actuated system. Using existing literature, it has been chosen to follow
some existing criteria for the design. In particular for the static stability condition, the existing
literature was used. For what it may concern dynamics, new criteria of stability are defined.
Moreover, as we have a moving gripper, some kinematics constraints must be taken into account.

3.1 Kinematic Constraint

A robot of any kind can meet singularities. A singularity is an instantaneous loss of degree of
freedom of the mechanism or degree of actuation. This is a problem, because on such a a case,
the configuration of the robot cannot be controlled any more. In particular for the gripper, it is
possible that for some specific precise configuration, no effort could be applied with the distal
phalanx or that their is no solution to achieve the desire motion.

3.1.1 Serial singularity

The first type of singularity is the serial singularity. It appends when the matrix B, defined on
equation (2.10), becomes singular.

The conditions corresponding to the case singularity occurs is expressed on equation (3.1)
to (3.4).

qsing112 = 0 (3.1)

qsing122 = 0 (3.2)

qsing212 = π (3.3)

qsing222 = π (3.4)

In order to ensure that we will never reach those singularity, a security coefficient of 30◦ is
used. If any angle is in the range presented on next equation the design is discarded.

qsingji2 − 30◦ < qi2 < qsingji2 + 30◦ i ∈ [1, 2], j ∈ [1, 2] (3.5)
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3.1.2 Parallel singularity

The parallel singularity appears when the matrix A, defined on equation (2.9), becomes singu-
lar. The link 12 and 22 are aligned. The following equation defines the condition of singularity.

qsing113 = 0 (3.6)

qsing213 = π (3.7)

Similarly, a security limitation of 30◦ is used. the condition used to discard some models is
shown on the following equation.

qsingj13 − 30◦ < q13 < qsingj13 + 30◦ j ∈ [1, 2] (3.8)

3.2 Static criteria

Before to define the dynamic condition, it is important that the static condition are verified.
This will moreover ease the analysis of dynamics because the area of research will be tremen-
dously reduce by the static study. Two criteria of stability

3.2.1 Palm force positiveness and force positiveness

The condition of palm force positiveness is checked both for the case where no offset are taken
into account or if their is one. The condition is checked if the following expression is checked
for all configuration.

Fy < 0 (3.9)

Similarly, the force positiveness is checked by using the relation 1.1.

3.2.2 Form closure

The first criteria is the form closure property. Firstly adapted to a non underactuated gripper,
this property has been generalised to all type of gripper in [10]. In the master thesis [11], this
definition has been explained to. The definition given is the following one:

”A grasp is said to be form-closed if, and only if, for any variation of the
configuration of the grasp at least one of the unilateral kinematic constraints is
violated.”

A short explanation is given here to define mathematically this condition. A matrix has been
defined to express this condition mathematically. This matrix comes in fact from three equa-
tions.

The two first equations express the non penetration and the non backdriveability of the
mechanism. Those are necessary condition for form closure with underactuated system. The
last one expresses the condition of form closure for non underactuated system. This condition
expresses the degrees of liberty of the object directly blocked in a geometric way. The normal
of each point of contact prevent some degree of freedom.

The condition of non penetration can be expressed for a completely actuated system with
the general relation given on equation (3.10). If the condition is checked, the six degree of
freedom are prevented geometrically.

niq̇ ≥ 0 with : ni =

[
I3
p̂i

]
ni (3.10)
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With:

• p̂i the cross-product of vector pi

• pi is the vector going from the origin attached to the palm to the point of contact

• ni the normal vector on the point of contact

In the case of an underactuated system, it can be expressed with relation (3.11).

q̇c = Mcωg =

SsPn −SsJ1

02,2 K
nTp 01,2

[q̇
θ̇

]
(3.11)

With:

• Mc is the matrix of form closure.

• q is the vector of generalised coordinates of the object.

• θ is the vector of all angle θi defining link position.

• qc is a control angle checking all constraints.

• Ss is a selection matrix of touching phalanx.

• Pn =
(
1PT

n
2PT

n

)T
is the gathering of the projection matrix relative to normal forces of

both finger.

• Jn =
(
1JTn

2JTn

)T
is the gathering of the Jacobian matrix relative to normal forces of

both finger.

• K is the matrix of non backdrivebility constructed from the first row of the transmission
matrix iT of the two fingers.

• np = [ 0 1 ]T is the matrix expressing the condition of non penetration into the palm.

Once the matrix Mc has been determined, it is possible to plot what is called the convex
hull of the matrix. It expresses the possibility of the object to go in one or more direction. We
know the main directions on which the object can go thanks to the expression (3.10). From this
and expressions of other constraints in (3.11), we evaluate a matrix and can then extrapolate
to all directions. The convex hull is the area on which the geometry block the object to grasp.
From this, we can say that an object will be considered as form closed if the origin of the convex
hull spaces (position of equilibrium) is completely included in the convex hull. To illustrate it,
the convex hull for two matrices is presented in [1]. The figure 3.1 presents the results for two
grasps. On figure 3.1(a), the origin is inside the convex hull. Any motion of the object are
prevented on the direction x1, x2 and ux. The grasp performs a form closure. In the case (b),
the origin is on the edge of the convex hull, some direction are not prevented, there is not a
first order form closure.
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Figure 3.1: (a) convex hull of a first mechanism which is form closed (b) convex hull of a
mechanism which is not form closed. Extracted from [1]

.

3.2.3 Force isotropy and maximisation of applied forces

In order to have a good design, two important conditions are necessary. First it is necessary
that the forces applied on the object must be as high as possible. That is why we will evaluate
the average force F̃ of the normal forces fi applied on the object and try to maximize it.

Secondly, the forces must be as equal as possible. The index α defined on equation (3.12).
A similar index was first defined in [14]. This index has been adapted to prevent that the index
raise when the forces raise. It has been normed to do it. This index will tends to zero if the
finger is isotropic. It will tend to infinity if the force positiveness is not achieved. This way the
roll back phenomenon will be prevented.

α =
(F̃ − f1)2 + (F̃ − f2)2

f1f2
(3.12)

With :

• F̃ the mean force of f1, f2.

• fi the normal force of phalanx i.

The index α should be minimized.

3.3 Dynamic criteria of stability

Once the static stability has been checked, and the number of design reduced, it is possible
to study the dynamic stability. To do this, a simulation is created. This simulation takes
as input the torque and the design of the gripper. The direct dynamic model gives the joint
coordinates acceleration. By integration, the joint coordinates and velocity are obtained. From
the kinematics and geometry, the forces of contact are computed. The dynamic model takes
then those forces into account.
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We can say that the dynamic stability will be checked if the object did not move from
impacts or from forces and if the static stability is obtained at the end of the simulation. All
previous criteria are then checked during or at the end of the simulation. New criteria of
instability are defined to check that the cylinder is not moving or, for impacts, not to much.

3.3.1 Impact criteria of stability

The objective in this part is to define an energetic criteria to know if the cylinder is moving to
much or not. The cylinder can move in two ways. As said previously, it can rotate or translate.
By knowing the energy of the cylinder after the impact, we will be able to know if the cylinder
will stop quickly due to other forces or not. Two questions remain then. What is the energy
transferred to the cylinder after the impact and from which energy can we say that the cylinder
is moving to much.

Expression of energy after impact

The first question is answered in [20]. In this part, the general idea is reminded quickly. We will
consider in this part that only one contact occurs at the moment of impact, and this impact
is made by the proximal phalanx. Moreover we consider that the cylinder is orthogonal to
the ground and hand plane. The cylinder is previously in a static equilibrium. Moreover the
contact of the cylinder with the ground is forgotten, living the cylinder completely free. The
gravity, and torques are neglected because the contact is supposed instantaneous.

The general equation of dynamics for all the system composed of the cylinder and the finger
can be written under the form presented on equation (3.13).

Msq̈
s
a + cs = τ s + AT

b λb + AT
uλu (3.13)

With :

• qsa is the generalised coordinates vector for the system;

• Ms is the inertia matrix;

• cs the matrix of Coriolis and centrifugal effect.

• Ab = ∂Φb

∂q
is the Jacobian matrix corresponding to bilateral constraints Φb(q) = 0;

• Au = Γc
∂Φu

∂q
is the Jacobian matrix corresponding to unilateral constraints Φu(q) ≥ 0

with Γc a diagonal matrix equal to 0 or 1 depending if the constraint is applying;

• λb and λu are the Lagrangian multipliers associated to bilateral or unilateral constraints;

• τ s the vector of external forces applied on the system;

This theory is applied to the case of one finger touching the cylinder with its proximal
phalanx. On figure 3.2, the object and the first Phalanx are represented. We want to evaluate
the energy of the cylinder after the impact. As it is an impact the time period of the finger
touching the object is very short. The movement of the cylinder is then in the plane normal to
x21. Only three variables are then sufficient to evaluate the motion of the cylinder. The chosen

generalised coordinates associated to the cylinder are then qcyla =
(
xc yc θ

)T
. xc and yc are

the coordinates of the center of gravity of the cylinder, θ its angle around axis x21.
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Figure 3.2: Geometry and notations of cylinder contact

Finally we can evaluate the inertia matrix associated to the system composed of the cylinder
and of the finger presented on equation (3.14) and associated to the generalised coordinates

qsa =
(
qTa qcyla

T
)T

.

Ms =


M11 M12 0 0 0
M21 M22 0 0 0

0 0 mc 0 0
0 0 0 mc 0
0 0 0 0 Jc

 (3.14)

Mij are the coefficient of the inertia matrix of the finger M computed on equation (2.47). mc

is the mass of the cylinder, Jc is the inertia of the cylinder on its center of gravity along an axis
orthogonal to the direction of the cylinder.

The constraint equation at the moment of impact can be expressed and derived to obtain
the equation (3.15).

k1q̇21 − ẏc + kcθ̇ = 0 (3.15)

The unilateral constraint can then be expressed under the relation given on equation (3.16).

As =


0
k1
0
−1
kc

 (3.16)

By applying the theory given in [20], the matrix used for the definition of velocity after
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impact in equation (1.22) is obtained on equation (3.17) from the matrix As and Ms.

S = mtot


0 −M21

M11

1
mfinger

0 1
k1

M21

M11

1
mfinger

− kc
k1

M21

M11

1
mfinger

0 1
mfinger

0 − 1
k1

1
mfinger

kc
k1

1
mfinger

0 −k1 1
mtrans

0 1
mtrans

−kc 1
mtrans

0 0 0 0 0
0 k1

kc
1

mrot
0 − 1

kc
1

mrot

1
mrot

 (3.17)

In this process, some new equivalent masses are defined. First the matrix mrot which will
give the energy given in rotation to the cylinder, mtrans which will give the energy in translation
to the cylinder, and mfinger corresponding to the finger equivalent mass.

mrot = Jc/k
2
c

mtrans = mc

mfinger =
M11M22 −M2

12

M11k21

We can then get the equivalent mass associated to the cylinder on equation (3.18).

mcyl =
mtransmrot

mtrans +mrot

(3.18)

We can note here that if we get the velocity in projection along the contact normal of both
the object, the shock energy and the velocity after impact of those two points will be equivalent
if two spheres were launched against each other of mass mcyl and mfinger respectively.

The total equivalent mass is then defined on equation (3.19)

mtot =
mfingermcyl

mfinger +mcyl

(3.19)

We can then obtain the energy given to the cylinder, in translation or in rotation thanks
to the matrix Sc and the relation (1.22). The obtained energy of the cylinder after impact is
presented on equation (3.20).

E+
cyl =

m2
tot

mcyl

V 2
impact(1 + e)2 (3.20)

The energy in translation after the impact of the cylinder defined as Etrans = 1
2
mc(ẋ

2
c + ẏ2c )

is given on equation (3.21).

E+
trans =

m2
tot

mtrans

V 2
impact(1 + e)2 (3.21)

Similarly we can obtain the energy in translation defined as Erot = 1
2
Jc(θ̇) after the impact.

E+
rot =

m2
tot

mrot

V 2
impact(1 + e)2 (3.22)

For the finger, we can obtain the general coordinates velocity after the impact on equation
(3.24).

q̇+21 = q̇−21 − (1 + e)
mtot

mfinger

q̇−21 (3.23)

=
mf − emc

mf +mc

q̇−21 (3.24)
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Definition of the criteria

The idea here is simple. Once we know the energy of the cylinder, we can tell if it goes only
in translation or rotation, the maximum distance it will reach or the maximum angle it will
reach. For the rotation the gravity only goes against the movement. For the translation, the
friction prevent the object to go to far.

The first case correspond to the case where all energy is given in translation. The energy
taken out by friction is then given on equation (3.26).

Wfric = −
∫ tf

0

µdmcgdt (3.25)

= µdmcg∆xG (3.26)

Given a maximum displacement, we can evaluate the maximum energy the cylinder should
have. The resulting criteria, is given on equation (3.27).

Ecyl < ∆xmaxG (µdmcg − fn) (3.27)

The second case correspond to the case where all the energy is transferred in translation.
We can evaluate the potential energy of the cylinder for an angle θc. The resulting energy is
given on equation (3.28).

∆Ep =
mcgLc

2

(
cos(θc)− 1

)
+Rcmcg sin(θc) (3.28)

In that case, we can evaluate the maximum energy we can give to the cylinder before the
maximum defined angle θc is reached. The maximum energy is given on equation (3.29).

Ecyl <
mcgLc

2

(
cos(θmaxc )− 1

)
+Rcmcg sin(θmaxc ) (3.29)

3.3.2 Force criteria of cylinder stability

No we know that the cylinder won’t move to much after an impact, the question is will the
cylinder move when the contact remains a long time. This condition must be checked in any
configuration of the hand.

This criteria will be useful in particular when no bounce will appear after the first contact
happened. The force applied by the phalanx could push the object, the finger keeping their
movement of closure. It is then possible that the object would finish by being out of reach for
the gripper. This must be avoided at any cost.

Two different phenomena could appear to make the cylinder move. The first would be that
the object would slip on the floor and/or on the palm. The case is that the cylinder will begin
to topple.

Condition to prevent slipping

The condition for the cylinder no to slip can be expressed thanks to the theory of Coulomb.
To make it simple, all the forces must remain in the friction cone. If the static equilibrium
equation leads to force not included in the friction cone, we will be able to conclude that the
static stability condition of the cylinder is not checked. We can note here that the forces applied
on the cylinder could but come from the dynamic model of the finger.

To begin with, we define the condition of stability for the cylinder on equation (3.30) and
(3.31).
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∥∥∥FPalm
t

∥∥∥ < µpF
Palm
n (3.30)∥∥∥FGround

t

∥∥∥ < µgF
Ground
n (3.31)

With :

• F Palm
n and FPalm

t the normal force norm and tangential force exerted by the object on
the palm.

• FGround
n and FGround

t the normal force norm and tangential force exerted by the object on
the ground.

• µp the static friction coefficient between the palm and the object.

• µg the static friction coefficient between the palm and the object.

The difficulty of the problem come from the fact that the cylinder is generally statically
indeterminate because of many efforts applied on the object. We suppose then than if no forces
are applied, all components are null except the normal force of the ground which compensate
for gravity. It means that there is no pre-charge in the system.

We will consider that the gravity is compensated by the ground only:

F Palm
n = µgmcg (3.32)

Moreover for the palm, we know that no penetration is possible. We then have inequality
(3.33). Moreover we guess that the palm does not support here any effort along the z axis.

F Palm
n ≥ 0 (3.33)

The total force applied on the object by the fingers can be found using the dynamic model
of the fingers an considering the cylinder as fixed. It is obtained by taking the sum of all forces
applied on the cylinder by the different phalanges. The sum of forces is considered to be in the
plane of the finger which is supposed to be parallel to the ground and orthogonal to the axe of

the cylinder. We note the sum of forces as Fhand =
(
Fx Fy 0

)
.

The static equilibrium equation is then presented on equation (3.34).{
Fx + F Palm

t + FGround
t · x = 0

Fy + F Palm
n + FGround

t · y = 0

In the case where the force Fy is positive, the condition is simple. The force F n
Palm and

F t
Palm are null as there is no pre-charge, the limit is then given on equation (3.34) to check

equation (3.31).

F 2
y + F 2

x < (µgmcg)2 (3.34)

In the case where the force Fy is negative, both the ground and the palm compensate for
the forces. We then have the condition (3.35)

|Fx| < −µpFy + µgmcg (3.35)
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Condition to prevent toppling

To prevent the rotation, the theorem of moment is applied at the basis of the cylinder on the
furthest point in the direction of Fhand. It would be the point of rotation if the cylinder begin
to rotate.

It can be shown that the condition for Fy positive or negative has then similar expression
and written as shown on equation (3.36).Cond : F 2

y + F 2
x <

(
Rcmcg
h

)2
if Fy > 0

Cond : |Fx| < −µpFy + Rcmcg
h

else
(3.36)

With :

• Rc the radius of the cylinder.

• mc the mass of the cylinder

• hf the height of the finger from the ground.

We can note here that this criteria is not dependant of the height of the object.

Conclusion on force stability

Finally we can define a radius of stability for the forces defined on equation (3.37).

Rarea = min(µgmcg,
Rcmcg

h
) (3.37)

We then have the following condition :{
Cond : F 2

y + F 2
x < R2

area if Fy > 0

Cond : |Fx| < −µpFy +Rarea else
(3.38)

Figure 3.3: Contact Forces on the finger

The area of stability can then be observed on figure 3.3. During the grasping process, the
palm force positiveness must not be obligatory checked. Only when the stability of the complete
hand is obtained, this criteria will be important.
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3.3.3 Definition of the time to stability

The time to stability is the time going from the beginning of the simulation to the moment we
can say we reached the static stability. If no singularities were found, if the previously defined
criteria didn’t lead do an instability, it is possible to wait until the stability is reached. To be
able to say that the static equilibrium is reached, two criteria are used, depending on the case
where bounce occurs or not. The final time of the simulation is kept and defined as the time
to stability.

Bounce limit criteria

The bounce analysis gives the ability to stop the simulation once before we obtain the perfect
static equilibrium. Indeed, if the coefficient of restitution is high, the amplitude of bounces
could be very low with still important acceleration due to impact forces. It has then been
chosen to stop the simulation if the amplitude of all generalised coordinates bounce are inferior
to 5% of the maximum one. Moreover we check that all bounces amplitude were reduced from
the last ones. By taking the final time of the simulation, we obtain a time to stability.

Acceleration limit criteria

Similarly, if no bounce occurs, we have to check that the accelerations are low enough for all
generalised coordinates. If the accelerations are bellow a threshold, the simulation is stopped
and the time to stability are obtained.
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Chapter 4

Simulation analysis

4.1 General methodology

The objective of the project is to find a methodology of design for the gripper. A set of variable
give the possibility to design the gripper. Some of those variable will be chosen before the
complete design is chosen. The first step is to remove some variable in order to simplify the
problem. Then step by step the analysis will give the possibility to see which parameter has
an influence on which criteria. The objective would be at the end of this report to propose a
design methodology according to the results presented in this section.

4.1.1 Reduction of the number of variable

The first step consist to discard some parameter from the analysis.

Width of fingers

The first parameter chosen as a constant is the width of the finger. Indeed it has been shown in
[6] that anyway, they will be a better stability in dynamic if the width is reduced to its minimal
value. The width will then be chosen thanks to the technological limits. The chosen value is
w = 5mm.

Choice of initial configuration

The choice of initial configuration will influence the dynamic results. In particular as a constant
torque is imposed as an input, the impact energy will depend on both initial joint coordinates.
To be able to compare the different design initial configuration is chosen.

Initial joint position The first parameter chosen is the angle q220 such as the finger is
completely open at initial time step. The relation (4.1) appears then for the finger on the right.

q220 + ψ = 0 (4.1)

Then the initial angle q210 is chosen. This angle must be chosen such as the finger do
not touch the object at initial position. It has then been chosen that the initial position will
correspond to the case the proximal phalanx will be tangent to a cylinder of radius Rmax

c =
10cm. The equation 4.2 gives the initial angle with k10 defined on equation 4.3 corresponding
to the length of contact of the first phalanx in the case the object were of radius Rmax

c .
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q210 = π − tan−1
(

2Rmax
c

b

)
− tan−1

(
Rmax
c + w

k10

)
(4.2)

k10 =

√(
b

2

)2

+ (Rmax
c )2 − (Rmax

c + w)2 (4.3)

The initial angle q110 is finally chosen such as q210 = q110 + π
2
.

Finally the whole configuration of the finger has been chosen. Those conditions are even
redundant leading to the relation (4.4).

l12 =
∥∥∥l21x210 + l22x220 −

−−−−→
O21O11 − l11x110

∥∥∥ (4.4)

Spring dimensioning

The choice of the spring is very important. The increase of the spring stiffness will create an
instability on the grasp. Indeed, if we take the critical case with a very high stiffness, the
finger won’t even close. So if it is a bit to high, the design will result in a law force exerted on
the distal phalanx. And will result to no palm force positiveness. If by opposition, the spring
stiffness is too low, undesired motion could appear at high acceleration or due too gravity. In
particular, the distal phalanx could fold before any contact.

To overcome any problem a methodology has been created and used in the design of the
gripper. It is first possible to define an upper and a lower bound for the spring stiffness. As
the increase of the stiffness will result in a less good design, it has been chosen to select the
lower bound for the design.

Lower bound for the spring stiffness To express the lower limit, the condition we express
is the following one. We do not want the distal phalanx to fold before it touches the object.
This condition give the possibility to link the torque to the wanted spring stiffness. To do it,
we start from the dynamic model of the system. The equations (4.5) and (4.6) gives the system
dynamics.

q̈a = M−1(τ − c) (4.5)

q̈d = Jdq̈a + J−1td dc (4.6)

A first assumption is done here. The Coriolis and centrifugal effect are neglected to simplify
the problem. Then, the velocity must not be to high. As the velocity is initially null, this
condition is valid a the beginning. This assumption will result in the fact that the distal
phalanx could begin to close softly before the distal phalanx touch the object. This assumption
is simply checked after, using the dynamic model, by evaluating the distal angle variation and
checking that it is under 5 degree when the first contact occurs.

This assumption leads to the equation (4.7).

q̈d = JdM
−1τ (4.7)

The vector of external forces exerted on the finger is due to two forces: the torque applied
and the spring. There is no internal contact because, the extremal case is taken, the distal
phalanx is at the limit to fold. Moreover, their is still no contact with the object.
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The resulting torque can be expressed by the equation (4.9)

τ =

(
τ1
0

)
+ JTd

(
0
τs22

)
(4.8)

τ =

(
τ1 + J21

d τs22
J22
d τs22

)
(4.9)

The acceleration of the passive joint is then obtained on equation (4.10).

q̈d = JdM
−1

(
τ1 + J21

d τs22
J22
d τs22

)
(4.10)

To obtain the condition that the distal phalanx does not close before the proximal phalanx
touch the object, the variable q̇22 should be positive (respectively negative) or equal to zero for
the finger on the right (respectively on the left). The limit case is obtain when it is equal to
zero.

In the case where no assumption are taken for the geometry, the condition where this
condition will be validated for a particular initial angle. That is why the choice has been made
to take as an assumptions that the point O11 and O12 are coincident.

In that case, the matrix Jd becomes singular. If we want to have a null velocity of the
passive joint at the limit of contact, we have to find the kernel of JdM

−1. This way we find:

J22
d τs22 =

M22 +M12

M11 +M12

(τ1 + J21
d τs22) (4.11)

With :

• M =

(
M11 M21

M21 M22

)

• Jd =

(
J11
d −J11

d

J21
d −J21

d

)
Finally the condition to have a null acceleration for the passive angle, and then being at

the limit of contact, can be expressed by a choice of a particular spring torque as shown on
equation (4.12).

(
M11 +M12

M22 +M12

J22
d − J21

d )τmins22 = τ1 (4.12)

4.1.2 Variable chosen for the complete analysis

In order to chose the design of the gripper, some of the parameter must be chosen. In particular,
the physical properties of the finger and object must be chosen. The list of all the parameter
is presented here.

• µs = 0.6 the static coefficient of friction between the object and the hand;

• µd = 0.4 the dynamic coefficient of friction between the object and the hand;

• vs = 510−3m · s−1 and vd = 1010−3m · s−1, the static and dynamic transition; velocities
for the expression of the continuous friction;

• µg = 0.4 the dynamic coefficient of friction between the object and the ground;
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• µp = 0.5 the static coefficient of friction between the object and the palm;

• e = 0.3 the restitution coefficient between the object and the hand;

• K = 5.3108N ·m−3/2 the contact stiffness between the object and the hand;

• ρc = 1000kg ·m−3 the density of the cylinder;

• ρf = 1380kg ·m−3 the density of the finger;

• w = 5mm the finger phalanges and links radius;

• Rc = 40mm for the static and dynamic analysis, 30mm and 50mm for the singularity
avoidance;

• Lc = 200mm the length of the cylinder;

• hc = 50mm the height at which the cylinder is grasped.

For what it may concern the variable, the chosen variable, if they are not the studied variable
are the following one :

• τ = 0.5Nm the torque applied on action link;

• b = 56mm the palm length;

• l21 = 49.4mm the length of link 21;

• lhand = 230mm the length of the hand lhand = b+ 2t22 + 2l21;

• r = 0.46 the ratio l22/l11 the transmission ratio;

• p = 0.4 the ratio l11/l21;

• ψ = −25.6p+ 140◦ the distal angle.

4.1.3 Singularity removal

In order to avoid any bad configuration leading to a loss of forces, any singularity must be
avoided. The singularities depending on the angle, a security coefficient of 30 ◦ has been
chosen. Any design leading to a near to singularity configuration will be discarded.

The singularities are but dependant of the configuration. Two extreme cases are chosen to
know if a singularity is appearing.

The first case is the case when the finger is completely open. The second case correspond to
the case when the finger is closed on an object of small radius, meaning a radius of Rc = 60mm
corresponding to a can. It is moreover checked that the finger has the same configuration being
open and closed, meaning that no singularities are crossed during the closure. It is finally
verified that the mechanism can be mounted with the given parameters.
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Figure 4.1: Singularities area for the variation of the parameters l11 l22 and ψ

Mutual influence of l11, l22 and ψ To begin with, it has been chosen to study the influence
of three parameters which are very linked to singularities. The length of bar l11, the length or
bar l22 and the angle ψ. On figure 4.1 the three parameters influence on singularities is studied.

Several conclusion can be done out of those results. First four situations have been detected.
In blue, the initial configuration is singular. In green, the closed configuration is singular. In
red, the problem comes from the initial configuration. The initial position is not singular, but
has a different configuration than the one appearing when the finger is closed. The last case
in black is the area where the system won’t cross any singularity. First the ratio l22/l11 has
a small impact on singularities. Only a low impact is noticed for high value of l11. Moreover
a maximum value of 0.8 appears. In this case it is due to a serial singularity between legs 11
and 12. The main influence is but seen for the parameters l11 and ψ. For what it may concern
the angle, it seems that a lower threshold appears around 110 ◦. Then we can already sea
appearing a correlation between ψ and l11. The high value of both parameters leads to the
wrong configuration. The area where we are in the singularity appears for medium value of
both. Then low value of l11 will lead to a larger possible area for ψ.

Mutual influence of l11, l22 and l21 If the value of ψ is carefully chosen to prevent the max-
imum of singularity, it is possible to study the new influence of parameter l21 on singularities.

The value of ψ is chosen in part 4.2.2 in order to get as less singularities as possible and
being function of l21, of the ratio l11/l21.

Moreover the value of l11 and l22 are calculated from the definition of two ratios. First the
transmission ratio is defined as shown on equation (4.13).

r =
l22
l11

(4.13)

Then the length of the proximal phalanx is chosen as the reference length for the design of
the links of the finger. The ratio of l11 over l21 is then defined on equation (4.14).

p =
l11
l21

(4.14)
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The results are presented on figure 4.2 and on figure 4.3 to have a simpler vision on the
results.

First a first analysis is possible from figure 4.2. We observe that higher value of l21 leads
to the increase of singularities when the finger is closed. This seams logic as the finger distal
phalanx will have to fold more if the proximal phalanx is longer. It could be argued here
that maybe the choice of ψ is not optimal but it was chosen close to the critical area with
l21 = 0.048m. Moreover high value of the ratio p leads to singularities if l21 is high. This case
correspond to the appearance of the parallel singularity of the five bar linkage. Similarly high
value of r leads to singularities which this time are serial singularities between body 11 and 12.
The same behaviour is visible on figure 4.3, the stable area being smaller and smaller when l21
raise.

The analysis of figure 4.3 gives an other interesting result. The blue area is not affected
by the change of l21. This is due to the fact that this singularity appears before the finger is
closed, and is not dependant of the object. For a ratio p around one and low value of r under
0.5 the parallel singularity appears.

It appears moreover that a maximum value of l21 is present. This is due too the fact that
the total length of the hand were fixed. When the value l21 raises, the distal length of the finger
reduces until the finger is not long enough to close on the object. The increase of the size of
the hand will give the ability to avoid this phenomenon and possibly l21 could be higher than
5cm.

Mutual influence of b, lhand and l21 The parameter l11 is then chosen with a ratio equal
to p = 0.4 and l22 is chosen with a ratio equal to r = 0.47. The angle psi is still chosen by the
relation given on part 4.2.2.

The analysis can be done first without taking into account the variation of the total length
of the hand lhand. The case were lhand = 0.4m is analysed on figure 4.4.

First a minimum value of b exists, and is equal to 5cm. The problem here is that the object
must fit in the hand to touch the palm. As the finger links have a thickness, the palm length
has a minimal value.
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Figure 4.3: Singularities area visualised as slices for the variation of the parameters l11 l22 and
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Then we see that l21 has a minimal value. This is due to the bad choice of ψ for low value of
l21. The parallel singularity appears. An augmentation of ψ could certainly avoid the problem.

What is more interesting is the appearing relation between b and l21. It appears that a
range of 4cm is possible for one value of b. Then when b is raising, l21 must raise too.

The last condition concerns now the distal length. The only condition here is that the hand
must be long enough to encompass the object. For the same value of lhand the value of b has
nearly no influence, l21 must be short enough. As the length of the hand raise, the possibility
for the couple b, l21 are extended.

Conclusion The singularities analysis leads already to some relations between some param-
eters. First we guess a relation between ψ and l11. Two ratios have been defined, r and p.
Both the ratios must not be to high with a maximum value around 0.8 for r and 1.5 for p. The
lengths b and l21 seems to be very linked to the object and together which seems logic. l21 has
moreover been bounded. All parameters can but still vary significantly. The static analysis will
no help to reduce the range of possibilities.

4.2 Static analysis

The analysis of the design can now focus on the static conditions and forces. The same param-
eters will be studied in this process. The general behaviour of the hand is evaluated through
three criteria. The force closure leads to a robustness of the hand, the forces applied by the
distal and proximal phalanges are being equalised and the forces applied on the object are
maximised.

4.2.1 Analysis of the form closure

In this part, we analyse the effect of the different design parameters on the form closure and
robustness of the finger. The palm force positiveness is moreover checked but is seen here as a
constraint. The robustness of the hand is moreover analysed. An offset to the object is given for
this. The object can be centred, corresponding to an offset of 0mm or being moved on the side
along the direction x with an offset. Two values of this offset are used, 2mm and 4mm. The
higher this offset is, the more restrictive for the design it will be to perform the form closure.

Analysis of parameter l11, l22 and psi On figure 4.5, the influence of the three parameters
is studied. It must be said here that the area of form closure with higher offset are included in
the one of lower offset.

The first conclusion is that the parameter ψ does not influence the force closure. Only very
low value of ψ could lead to a case where no palm force positiveness. We but will see in part
4.2.2 that this is not the ideal case anyway.

We then see that the parameter l11 leads to the same results and has no influence on the
force closure.

For what it may concern the ratio r, we clearly see an impact. Only a range of r leads to a
force closure. The higher the offset is, the bigger the area of form closure is. We can say that
if the offset is increased further, no design can lead to the stability. Moreover, the ideal ratio r
is function of ψ. The ratio decreases when ψ is increased. Then we can say that an only ratio
is optimal for other given parameter defined. Among the force closure area, the ratio must be
quite low, around 0.5mm.

48



Figure 4.5: Force closure area for the variation of the parameters l11, l22 and psi

Analysis of parameter l21, l22 and l11 When the variable l21 is added as variable, ψ being
a function of other variable, the figure 4.6 is obtained. We then see why the value of 0.05m
was used for l21 when ψ was being a variable. Indeed, only high value of l21 leads to the case
where an offset of 4mm leads to form closure. The ratio r is then fixed. Only the ratio p can
then vary.

Analysis of parameter b, l21 and lhand The question is then, is it possible to increase again
the area where an offset of 4mm is possible. This figure must be looked in correlation with
figure 4.4. The length of the hand lhand has no influence on the area presented on figure 4.7
can but prevent certain area to be reached. For example if the value of lhand is chosen as being
20mm, the maximum value of l21 is then 0.045 and the red area is then not reachable.

It appears then that l21 must be as high as possible to increase the force closure robustness.
For very low value of b, the force closure with big offset can’t be achieved because the hand
can’t exert effort on the palm. When it is a bit increase, the purple and red areas appears, the
size of the hand increases. the optimal case seems to be when b equals 0.62 the value of l21
being 0.065 for what it concern the robustness.

4.2.2 Analysis of the repartition of forces

In this section a torque of 0.5Nm was applied on the joint 11. In this section the analysis of a
criteria of high forces and the index of isotropy α is carried out.

Study of the influence of parameter ψ, l11 and l22 On figure 4.8, the three parameters
ψ, l11 and r were variable. It was but noticed that the parameter r had no influence. That is
why it is not represented on this figure. This result is not obvious at first sight. This is due to
the choice of the spring. As the spring is specifically chosen to be minimised for each design,
the influence of the ratio r becomes null on forces. This behaviour is interesting because it will
be possible to chose it to maximise the force closure.

The first thing to notice on both 4.8a and 4.8b is that a relation exist between ψ and l11.
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Figure 4.6: Force closure area for the variation of the parameters l11 l22 and l21
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Figure 4.8: Study of the force repartition for the variation of the parameters l11 l22 and psi

The same results are obtained with a high value of l11 and low value of ψ. A linear relation
between those two parameters has then be used in the previous section for the analysis of other
parameter.

Then when analysing the value of both criteria, we see that the two criteria go against each
other. The value of α is minimised for high value of l11 whereas the sum of forces are maximised
for the low value of it. The amplitude of variation of the sum of forces is but very low. Only
a 0.2N variation appears. The variation of the parameter α is by opposition quite important.
That is why, we finally will try to maximise the value of ψ for a given l11. Finally one variable
remain, l11 for the dynamic analysis. The ratio r was chosen from the singularity removal and
force closure. The variable ψ is maximised. The relation given on equation (4.15) was used for
the static analysis with p the ratio giving l11 from l21. It gives here the upper line equation in
dark blue with here l21 = 0.0494m.

ψ = −25.6p+ 140◦ (4.15)

Study of the influence of parameter l21, l11 and l22 On figure 4.9, the variation of
parameter l21 is added, the value of ψ being function of both l21 and p.

The transmission ratio r has still nearly no influence on the forces. The ratio p has a low
influence too. It validates the choice of the parameter ψ which maximise the value of α. It
stays no the influence of the length l21. Once again, the sum of forces is maximised when the
criteria α is maximised. They are in opposition. The parameter α is nearly null, leading to an
isotropic finger when l21 is around 0.04m. The sum of the forces are but not maximised. The
forces will be increased when l21 is maximised. This figure must be moreover be put in regard
to the previous figure 4.6. The design will be more robust if the finger is not isotropic. By
opposition, if the object is in the center position, the optimal value of l21 for isotropy is a bit
lower.

Study of the influence of parameter l21, b and lhand In this section the influence of the
length of the hand and of the palm is again studied and the results of the analyse of forces is
presented on figure 4.10. The length lhand had an influence on criteria α but no influence on
the sum of forces. That is why, only b and l21 are varying on figure 4.10b. The results are this
time decorrelated between figure 4.10a and 4.10b.

The first analyse is down on figure 4.10a. On this figure, we see that a quasi isotropic finger
can be obtained for any value of lhand if the value of l21 and b are well chosen. It appears that
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Figure 4.9: Study of the force repartition for the variation of the parameters l11 l22 and l21
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Figure 4.10: Study of the force repartition for the variation of the parameters b l21 and lhand

a relation, seaming linear exist between l21 and b leading to a quasi isotropic area when b is
maximised, l21 being fixed. When b is decreased for a given value of l21, the criteria α increases.
Similarly, low value of lhand when b is low leads to an increasing value of α.

When looking at figure 4.10b, we see the results are completely different. The variation
with parameter b in particular is different. Low value of b leads to high values of forces and
high value of l21 leads to higher forces.

In order to improve both criteria, the value of b must be minimised and then, a compromise
between high forces and low α must be chosen as said on the previous paragraph.

Once again a lower parameter α goes in contradiction with the form closure criteria and
sum of forces.

4.3 Dynamic analysis

The dynamic analysis of the gripper has two main objectives. The first objective is to design
the gripper. In order to design a gripper a criteria must be chosen. It has been chosen to
analyse the effect of the design on the time to convergence and on the energy given to the
cylinder. Moreover, the design leading to the crossing of the maximum energy value or leading
to the loss of static equilibrium of the cylinder are discarded. The second objective is to know,
having a given object to catch, if the gripper is able to grasp it, and therefore which torque
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must be applied and where to catch the object.

4.3.1 Solver choice

In order to simulate the closure of the hand, the choice of the solver was very important.
Indeed, the contact model leads to very high stiffness in the model. To be able to simulate
this, a variable step solver had to be chosen. Moreover it was necessary to chose a stiff solver,
meaning it is able to deal with high non linearities. That is why the solver ’Trapezoidal Rule
with the second order Backward Difference Formula’ (TR-BDF2) was chosen. Moreover the
zero crossing detection is used to be able to detect the appearance of different contact, using
the crossing of variable δ. The detection of singularities in case they appear is also checked
with the zero crossing detection. Similarly, the zero crossing of generalised joint coordinates
velocities is checked to avoid during the calculation multiple zero crossing due to instability
in the simulation. By using all those zero crossing detection, instability of the simulation are
prevented.

4.3.2 Analysis of the simulation

Before going further, it is important to understand what is the behaviour of the gripper ac-
cording to the time. It will then be understood why the model of contact is important, and
then what are the limits of the model.

Kinematic behaviour of the gripper On figure 4.11 are represented the joint generalised
coordinates evolution according to the time.

Figure 4.11: Evolution of q11 and q21 according to the time

Chronologically, the proximal phalanx hits the object. A first rebound appears visible on
angle q21. Then the distal phalanx continues to go toward objects and touches the object. The
rebound is this time visible on joint q11 signal. Due to losses on each contact, the amplitude of
each of the joint coordinates converge toward a final value. This is the static pose of the finger.
Between each of the impacts, no forces are exerted between the object and the finger. Only the
impact forces appears.

A last remark is that the torque does not influence the type of instability appearing. In
particular the height of bounces is nearly not influenced by the torque. This result does not
seem logical at first sight but this is because the friction in the joints were neglected. That is
why the design is not very much influenced by the torque. It has been chosen to chose a first
value of the torque which is half to the initial optimal value for the torque. This way the design
is quite free, but the condition of instability could appear if the design is not well chosen. The
chosen torque is 0.5Nm.
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Figure 4.12: Evolution of q11 and q21 according to the time

Resultant force on the object By finding the resultant on the object of all impact forces,
the forces along x and y are obtained on the object. By applying a low pass filter, the forces
equivalent to the case no bounce would appear are obtained. The figure 4.12 show the evolution
of the calculated forces according to the time.

It appears on this figure that the forces along x are null. This is due to the symmetry.
The forces along y are negative, directed towards the palm. This is due to both the friction on
the phalanx, keeping the object in the hand, and due to the impact exerted by distal phalanx.
When impacts occurs, peak force leads to positive forces. The impact criteria can give the
possibility to stop the simulations if the impact are to important. This graph has but no real
physical meaning due to the filtering and because only impacts occurs. That is why the criteria
of forces is not efficient if impacts occurs and the result of the forces criteria must be taken
with caution. Moreover, that is an other reason why, in the dynamic analysis, the two fingers
are initially symmetric, leading to less impact of this criteria on the simulation stopping. Only
when forces convergences, at the end of the simulation, this criteria is here important. But this
case has already been taken into account.

4.3.3 Analysis of dynamic stability

In this part, the analysis of the design parameters and their effect is studied. The torque chosen
is 0.5Nm. This torque has been chosen because it high enough to lead both on stability or
instability depending on the design.

Effect of parameter l11

The first analysis is done on the parameter l11. The parameters ψ and l22 are chosen accordingly
as explained in the static analysis. l11 has a low impact on the static results. It has then been
chosen to study it in dynamic to show it now matters. The results are presented on figure 4.13.

The evolution of the energy given to the cylinder after impact according to l11 visible on
figure 4.13a is logical. As the variable l11 increase, the inertia of the hand raise. That is why the
impact energy raise. The maximum value of energy are moreover presented. They correspond
respectively for the maximum rotational energy and for the maximum translational energy, to
a maximum angle for the cylinder of 1◦ and a maximum displacement of 1mm.

It finally appears that the maximum value for l11 given b, l21 and lhand is here 7.2cm. The
best value for this parameter is but the lowest value possible, which is due to technological
limits.

Moreover, the evolution of time according to l11 on figure 4.13b is much more chaotic. The
value beyond the stable area are not relevant because the simulation was stopped before the
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Figure 4.13: Effect of l11 on the dynamic behaviour

stability. The fact it is chaotic is due to the bounce. The way the finger bounces on the object
depends of the shape of the finger. Here for a value of l11 = 0.062, the finger takes nearly twice
the time it takes for a value of l11 = 0.067. It appears but that some design can lead to a better
robustness in relation with times. Particularly between l11 = 0.032 and l11 = 0.05, the time to
convergence is quasi constant and is equal to 0.04s. Those instability of the simulation time
according to the design must be kept in mind for the rest of the analysis.

Coupled effect of parameter lhand,b and l21

The parameters Lhand,b and l21 are more complex to chose according to the static results. The
analysis is continued in dynamics. On figure 4.14 is represented the area of dynamic stability
according to the previous parameters. The other parameters, l11, ψ and l22 are chosen similarly
as it was done in static.

Three areas are represented. The simulation in dynamics has indeed been carried out
where the static criteria were already resolved. The three areas correspond to the stability, the
instability due to the criteria of forces, the instability due to the criteria of impact.

The stability is found for the low value of lhand, with b and l21 being fixed. This means that
the distal phalanges must not be to long. Indeed if the distal length are to long, the impact
on distal phalanges are bigger, which leads to high bounces. The simulation becomes slightly
different for both the fingers and a force is applied on the cylinder along x. The cylinder is
destabilized and has a risk to go away of the grasp.

Three yellow points appears, corresponding to high impact on the proximal phalanges. They
appear for high value for both l21 and lhand, b being quite small. The finger is just bigger, leading
to higher inertia, the impact are higher.

Four points shows that the simulation and criteria are not yet perfect. Indeed, for b = 0.06
with lhand > 0.35, two first points with very high value of lhand leads to the stability. The
simulation leads here to a perfect symmetry, the force criteria is verified. An index showing
that those two designs are not good, is that the convergence time is 0.11s which is very long
compared to other designs, as shown on figure 4.15a. That is why those designs have been
discarded. Moreover, the two other surprising results are found for b = 0.08 and low value
of lhand. Those two designs leads to instability even if it seems clearly that they are in the
stable area. To conclude this part, the filtering of the force may not be perfect and a very
low offset will lead to an instability. It has been chosen to suppose the hand is centred during
the dynamic analysis because it is supposed that if the cylinder is pushed along x, the other
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finger will anyway be opposed to this movement. Moreover if there is an offset, the hand will
always have a tendency to bring back the object toward the center which seems interesting.
The experimental analysis will here be necessary to validate this result.

Definition of an objective function The question, now we know where the hand can lead
to the stability is how can we choose the design among the solutions. Two criteria are analysed.
On figure 4.15a, the time to convergence is plotted, on figure 4.15b, the proximal impact energy
given to the cylinder is plotted. The convergence time is calculated only for the design leading
to stability, the impact energy can be calculated in any case.

Evolution of time to stability The evolution of time according to the design parameter
is very understandable. The diminution of the size of the hand leads to a faster convergence.
The minimum time of convergence is 0.04s and appears for the smaller possible designs. If
we take the all the smallest value of lhand, b and l21 varying, we can observe that low value
of convergence time can be found too. The increase of l21 leads but to the increase of the
convergence time.

Evolution of cylinder energy The evolution of energy given to the cylinder on figure
4.15b is harder to interpret. A general idea is but first that the increase of lhand, b and l21
being fixed, corresponding to the increase of t22, makes the impact energy smaller. This means
that the energy after impact is transmitted to the distal phalanges. The impact done by distal
phalanges are bigger. The impact energy on the proximal phalanges is then not a sufficient
criteria for stability because the impact on distal phalanges seems too to destabilize the object.

Conclusion The impact energy should then be used more as a constraint than an objective in
the design process. The filtering of the forces could be improved, the criteria but brought some
interesting results anyway discarding design with long distal phalanges. This can certainly be
used as a constraint too.
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Figure 4.15: Study of the dynamic design criteria in function of b l21 and lhand

The time to convergence seems, in the contrary, very efficient as an objective for the design
process. This criteria will indeed leads to a convergence toward a small hand with small inertia.
It will moreover help discarding the avoidance of stability problems. This criteria is moreover
very complimentary to the static criteria because it gives the optimal value for lhand or quite
equivalently to t22, and to l11. Previously those parameter had a quite low influence. By
opposition, the value of l21 or b have a quite low influence in dynamic in comparison to the
static results.

Analysis of the hand performances

The design process being now more clearer, the question is what type of object will it be possible
to catch. The simulation and impact criteria can moreover answer to the question how to catch
the object to prevent the object to move.

Influence of the torque The evolution of the time and cylinder energy in function of the
torque is presented on figure 4.16. It must be noted that the spring constant torque is still not
constant. It is proportional to the applied torque. This study is then done in order to chose
the optimal torque and spring stiffness to close the hand quickly.

To begin with, a minimal torque exist, even if the spring constant is function of the torque.
This case appears if the maximal torque to prevent the distal phalanx to fold to early is inferior
to the minimal torque required to close the finger on the object.

The maximal torque is found either due to the impact criteria or due to the force criteria.
In the design presented here, the instability comes from the impact as shown on figure 4.16b.
The cylinder energy after impact is proportional to the applied torque. The maximum torque
found is equal to 0.9Nm.

On figure 4.16a, the time to stability decrease with the torque increasing. This results seems
logic as the cylinder does not move, and stay true only if the cylinder keeps it stability.

Influence of the cylinder density In the case of the cylinder density, both the limits and
the energy given to the cylinder evolve according to the time as shown on figure 4.17. The
maximum energy is linearly related to the cylinder density. By opposition, the energy given to
the cylinder is inversely proportional to the density. It is therefore very difficult to catch a light
object without making it moving. With the chosen torque of 0.5Nm, the maximum density is
730kg ·m−3. In order to catch a smaller object with this criteria, the torque must be reduced.
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200 400 600 800 1000 1200 1400

Density (kg.m-3)

0

0.001

0.002

0.003

0.004

0.005

0.006

0.007

0.008

0.009

0.01

E
n
e
rg

y
 (

J
)

Area Stable

Cylinder Energy

Energy Limit in rotation

Energy Limit in translation

Figure 4.17: Influence of the cylinder density on the cylinder stability

Influence of the height of grasping Last but not least, the height of grasping influences
the stability of the cylinder. It does not influence the convergence time. On figure 4.18, the
energy of the cylinder is plotted in function of the height the object is grasped.
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Figure 4.18: Influence of the height of the grasping on the cylinder stability
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The cylinder is destabilised in two cases, if it is taken to low or to high. The stability
is better around the middle. In this case the energy given to the cylinder is minimal on the
middle. It must be here reminded that this criteria is valid only for the impact. The energy is
given nearly instantaneously to the object, the friction on the ground bring is neglected during
the impact. But if no impact occurs, it is better to grasp the object lower, preventing to give a
moment through the gripper and the ground. This conditions should be tested experimentally.

4.4 Proposed methodology of design

Figure 4.19: Proposed methodology for the design of a gripper

According to the design analysis done in the previous section, a design methodology is
proposed here. The figure 4.19 present the general idea for the design of the gripper. The
first step is to chose a torque adapted for the object. This can be done by running several
simulation with a design checking all geometric and kinematics constraints. The torque can
then be chosen, being inferior to the maximum torque.

The optimisation can then start. The optimisation variable chosen for the design are the
lengths l21, b, t22, the ratios r and p, the angle ψ. Five constraints must be checked. Four
objective functions have been defined. The objective functions could be normalised and use
them in combinations to define an objective function. An other solutions consist in trying to
find pareto-optimal solutions with the four objective functions or less.

All objective functions cannot be evaluated if some of the constraints are not checked. It
make no sense for example to evaluate the form closure if the given configuration cannot be
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reached. At this point the object could be moved with the offset. The maximum offset for
which the form closure is checked is the first objective function.

Then the static model can be evaluated, the spring stiffness can be calculated, the constraint
of force positiveness and palm force positiveness can be calculated. At this point the two
objectives for the force equalisation (minimisation of α) and the maximisation of the force
magnitude can be computed.

Once all the previous constraints are checked, the simulation of the dynamic model of the
hand can be launched. Two constraints which are the impact criteria and the force criteria to
evaluate the object stability are verified. Finally, if the constraint are checked, the last objective
which is the convergence time can be computed.

If any of the constraint is not checked, the design has to be discarded, some of the objective
could be evaluated but not all.
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Conclusion

4.5 General conclusion

During the master thesis, the objective was to provide a new methodology to design a gripper
with its dynamic. The first important part was the modelling. Different issues appeared for
that. First the static model had to be carried out. The dynamic model of the system was then
studied. To evaluate the contact forces, the kinematic of contact was implemented. The study
of existing contact model was then carried out during the master thesis. The implementation
and checking of the model with a cross relation with Adams have then been done.

A study has then been performed to define new dynamic criteria of stability. The theory
of contact lead first on a first criterion. In particular the energy given by the finger to the
cylinder was calculated and used to define new criteria of stability. Then a dynamic criteria is
defined to check that the object is statically equilibrate when the fingers are in contact with
the cylinder. Those two criteria are used after in the dynamic analysis.

The next step consisted in the study of the results. The choice of studied parameters was
done in order to simplify the future analysis in dynamic. A new method to define the spring is
given according to the dynamic model of the finger. The analyse of the kinematics of the finger
and of the static stability of the finger was then achieved. The conclusion leads to the choice
of most of the parameter of the finger. The choice of the last parameters and of the torque is
possible thanks to the dynamic results. The study of the dynamics of the finger was able to tell
which type of object the gripper can catch and at which speed. Finally thanks to this analysis,
a design methodology is proposed.

4.6 Extension and improvements

The design of the gripper according to the kinematics, the static and the dynamic can now be
implemented. The optimisation process should be able to find specific designs. An experimental
work is moreover planned. It will give the possibility to validate the new design and to validate
the design process. In particular the correlation between the defined criteria of stability and
the actual study on a prototype will be important.
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Appendix A

Complimentary calculations

A.1 Cylinder kinematic

The first step to compute the dynamic of the cylinder is to compute the kinematics relations.
The kinematic of the cylinder is defined with the coordinates of the center of gravity and with
three angles. It is necessary to compute the rotational velocity of the cylinder. This vector
defines the rotation axis and the norm of the resultant rotational velocity.

If we use the Euler angle with the rotation z,x,z, the relation is given as follow:

ω = Mω2a

 ψ̇

θ̇

φ̇

 (A.1)

With :

Mω2a =

 0 cosψ sinψ sin θ
0 sinψ − cosψ sin θ
1 0 cos θ

 (A.2)

With this first relation, it is possible to get ω from the Euler angle. Omega is a necessary
vector in the dynamic model. Then the dynamic model will give ω̇. To get then the accelerations
of angle, the following relation is used : ψ̈

θ̈

φ̈

 = Mω2a
−1ω̇ −

 cos θ 0 −1
0 sin θ 0
−1 0 cos θ


 ψ̇θ̇

sin θ

ψ̇φ̇
φ̇θ̇
sin θ

 (A.3)

Once all the parameters are expressed, it is possible to define the direction vector of the
cylinder :

zc = 0R3

 0
0
1

 (A.4)

And its derivative :

żc =

 cosψ sin θ sinψ cos θ
sinψ sin θ − cosψ cos θ

0 − sin θ

[ ψ̇

θ̇

]
(A.5)
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A.2 Cylinder Dynamic

Then the dynamic equation can be expressed with the following equations :

Ẍ =
1

mcyl

F (A.6)

0ω̇c = 0R3Icyl
−1
(

0R3
T
M− 3̂ωcIcyl

3ωc

)
; (A.7)

With :
3ωc = 0RT

3
0ωc (A.8)

A.3 Contact in three dimensions

In the case the contact is not in the plane of the hand, the normal of contact yci is different
from the normal of the phalanx ±y2i. The forces computed on equation (2.70) and (1.15) must
be projected.

A.3.1 Tip contact modelling

O22

Rc

P3

wi

2

x22

y22 z

t22

kc3

xc

N3

yc

Pc3
G

Figure A.1: Tip contact modelling

The tip contact is modelled similarly as in part 2.4.2. The figure A.1 shows the geometry
in case the contact is done with the tip of the finger. The tip is modelled with a sphere of
radius wi. The procedure to evaluate the pentration depth, penetration depth velocity and slip
velocity is similar but take this time as reference the distance between the axis of the cylinder
and the center of the tip.
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The first step consist in evaluating the the relative position between the center of the tip
N3 and the center of mass of the object G.

−−−→
GN3 =

−−−→
OO22 + t22x22 −XG (A.9)

The length of contact kc3 of the cylinder is directly evaluated by a projection on xc.

kc3 =
−−−→
GN3 · xc (A.10)

The projection of point N3 on the axis of the cylinder can then be obtained.

−−−−→
Nc3N3 =

−−−→
GN3 − kc3xc (A.11)

By taking the norm, the distance d between the two objects is calculated.

d =
∥∥∥−−−−→Nc3N3

∥∥∥ (A.12)

And the unitary vector normal to the contact is obtained.

yc = −
−−−−→
Nc3N3

δ
(A.13)

The penetration depth is evaluated by removing the thickness of the finger and of the object.

δ = d−Rc − wi (A.14)

The relative velocity Vrel between the two points of contact can finally be obtained. First
in the case the cylinder can move.

Vrel = ẊG + kcẋc − t22ẋ22 − l21ẋ21 −Rcωc × yci − w(θ̇1 + θ̇2)z× yci (A.15)

If the cylinder does not move, the expression is more simple.

Vrel = −t22ẋ22 − l21ẋ21 − w(θ̇1 + θ̇2)z× yci (A.16)

A.3.2 Projection on the finger

To do this, the forces are first summed as shown on equation. (A.17).

jFi = jFni + jFti (A.17)

They are then projected on the normal and tangent vector of the finger in two dimensions,
respectively x2i and y2i, on the first or second phalanx.

Moreover a moment appears along the direction z normal to the finger plane. It can be
expressed with relation (A.19).

τi = (τfricyci +
−−−→
NiPi × Fi)) · z (A.18)

= τfricyci · z + wiy
T
ci

 Fiy
−Fix

0

 (A.19)
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Appendix B

Data

Additional results are presented in this part. A zoom is done in order to make the analysis of
the parameter b l21 and lhand easier.

67



0.04

0.045

0.07

0.05

0.055

0.06

l 2
1
 (

m
)

0.065

0.065

0.07

b (m)

0.30.06 0.28

l
hand

 (m)

0.26
0.24

0.220.055 0.2

0.2

0.4

0.6

0.8

1

1.2

1.4

1.6

(a) Evolution of criterion α

0.054 0.056 0.058 0.06 0.062 0.064 0.066 0.068 0.07

b (m)

0.04

0.045

0.05

0.055

0.06

0.065

0.07

0.075

l 2
1
 (

m
)

9.5

10

10.5

11

11.5

12

12.5

13

S
u
m

 o
f 
fo

rc
e
s
 (

N
)

(b) Evolution of the sum of normal forces

Figure B.1: Force closure area for the variation of the parameters b l21 and lhand with a zoom
on the interesting part of the graph
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Figure B.2: Dynamic analysis for the variation of the parameters b l21 and lhand with a zoom
on the interesting part of the graph
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