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2 IRISA, Université de Rennes1, France

Annie.Foret@irisa.fr

Abstract. We study learnability of Categorial Dependency Grammars
(CDG), a family of categorial grammars expressing all kinds of projec-
tive, discontinuous and repeatable dependencies. For these grammars, it
is known that they are not learnable from dependency structures.
We propose two different ways of modelling the repeatable dependencies
through iterated types and the two corresponding families of CDG which
cannot distinguish between the dependencies repeatable at least K times
and those repeatable any number of times. For both we show that they
are incrementally learnable in the limit from dependency structures.
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1 Introduction

Languages generated by grammars in a class G are learnable if there is an
algorithm A which, for every target grammar GT ∈ G and every finite set σ of
generated words, computes a hypothetical grammar A(σ) ∈ G in a way that:
(i) the sequence of languages generated by the grammars A(σ) converges to the
target language L(GT ) and
(ii) this is true for any increasing enumeration of sub-languages σ ⊂ L(GT ).

This concept due to E.M. Gold [10] is also called learning from strings.
More generally, the hypothetical grammars may be computed from finite sets
of structures defined by the target grammar. This kind of learning is called
learning from structures. Both concepts were intensively studied (see the
surveys in [1] and in [11]). In particular, it is known that any family of gram-
mars generating all finite languages and at least one infinite language (as it is
the case of all classical grammars) is not learnable from strings. At the same
time, some interesting positive results were also obtained. In particular, k-rule
string and term generating grammars are learnable from strings for every k [14]
and k-rigid (i.e. assigning no more than k types per word) classical categorial
grammars (CG) are learnable from the so called “function-argument” structures
and also from strings [4, 11].
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In our recent paper [2], we adapt this concept of learning to surface depen-
dency structures (DS), i.e. graphs of named binary relations on words, called
dependencies (see Fig. 1,2,4). Dependencies are asymmetric. When two words

w1, w2 are related through dependency d, w1
d
−→ w2, w1 is called governor and

w2 is called subordinate. Dependencies may be projective, i.e. non-crossing,
as in Fig. 1,4, or discontinuous like clit−a−obj, clit−3d−obj in Fig. 2. Very
importantly, the linguistic intuition behind a dependency name d is that it iden-
tifies all syntactic and distributional properties of the subordinate in the context
of its governor. In more detail, it identifies its syntactic role (e.g., “subject”
“direct object”, “copula”, “attribute”, “circumstantial” etc.), its position with
respect to the governor and its part of speech (POS). In principle, the words
dependent through the same dependency are substitutable (see the quasi-Kunze
property in [13]). This might explain why the dependency structure cannot be
completely defined through constituent structure with head selection.

Grammars defining dependency relations directly, in conformity with the ba-
sic dependency structure principles (see [13]) must face the problem of express-
ing the so called repeatable dependencies. These dependencies satisfy specific
conditions most clearly formulated by I. Mel’čuk in the form of the following
Principle of repeatable dependencies (see [13]).

Every dependency is either repeatable or not repeatable. If a dependency
d is not repeatable, then no word may have two subordinates through d.
If d is repeatable, then any word g which governs a subordinate word
s through d may have any number of subordinates through d.

E.g., the verbs may have any number of subordinate circumstantials (but no
more than one direct or indirect complement), the nouns may have any number
of attributes and of modifiers (but no more than one determiner), etc.

We choose the Categorial Dependency Grammars (CDG) [7, 5] as the gram-
mars to be inferred from dependency structures because these grammars define
DS directly, without any order restrictions and in particular, they express the re-
peatable dependencies through the so called “iterated” types in conformity with
the Principle of repeatable dependencies. As it was shown in [3], the k-rigid CDG
without iterated types are learnable from analogues of the function-argument
structures (and from strings) as it is the case of the classical categorial gram-
mars. At the same time, even rigid (i.e. 1-rigid) CDG with iterated types are not
learnable from function-argument structures. Moreover, in [2] we show that they
are not learnable from the DS themselves. This may be seen as a proof of un-
learnability from dependency treebanks of dependency grammars which express
dependency relations in accordance with the basic dependency structure princi-
ples (in particular with the Principle of repeatable dependencies). On the other
hand, in strict conformity with this Principle, in [2] a subclass of CDG which
cannot distinguish between the dependencies repeatable K (or more) times and
those repeatable any number of times (the Principle sets K = 2) is defined. For
these CDG, called in [2] K-star revealing, it is proved that they are incre-
mentally learnable from dependency structures.
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It is significant that the Principle of repeatable dependencies is uncertain as
it concerns the precedence order of the repeatable subordinates. Let us consider
the fragment in Fig. 1 of a DS of the French sentence Ils cherchaient pendant
une semaine surtout dans les quartiers nord un des deux évadés en bloquant
systématiquement les entrées - sorties (fr. ∗They tracked for a week especially
in the nord quarters one of the two fugitives systematically blocking entries
and exits). For instance, for K = 3, the dependency circ is repeatable or not
depending on how are counted its occurrences: all together or separately on the
left and on the right of the direct complement évadés.

Fig. 1. Repeatable dependencies

In [2] is considered the simplest interpretation of repeatable dependencies
as consecutively repeatable. This reading cannot be linguistically founded
(even if the consecutively repeatable dependencies are the most frequent). In this
paper two other readings of the repeatability are considered. One reading is max-
imally liberal and says that a subordinate through a repeatable dependency may
be found anywhere on the left (or on the right) of the governor. We call such iter-
ation dispersed. The other reading is closer to the consecutive one, but extends
it with the disjunctive choice of repeatable dependencies which may occur in the
same argument position. Respectively, we consider two extensions of the CDG:
one with the dispersed iteration types (called dispersed iteration CDG) and
the other with the choice iteration types (called choice iteration CDG). For
both we consider the corresponding notion of K-star revealing: the dispersed

K-star revealing and the choice K-star revealing. We show that both
classes are incrementally learnable in the limit from dependency structures.

The plan of this paper is as follows. Section 2 introduces the background no-
tions: Categorial Dependency Grammars, dispersed and choice iterations. Sec-
tion 3, presents the notion of incremental learning in the limit. In Section 4,
the condition of K-star revealing is adapted to dispersed iteration CDG and
their incremental learnability from dependency structures is proved. Section 5
presents a similar result for choice iteration CDG.
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2 Categorial Dependency Grammars with Extended

Iteration Types

2.1 Categorial Dependency Grammars

Categorial Dependency Grammars (CDG) define projective dependency struc-
tures assigning to every word a set of first order types in which the argument
subtypes determine the outgoing dependencies of the word and the head sub-
type determines its incoming dependency. They also define discontinuous depen-
dencies through the so called potentials of the types, i.e. strings of polarized
valencies. Every positive valency in the potential of a word’s type determines
the name and the direction of an outgoing dependency of the word, and every
negative valency determines the name and the direction of the word’s incoming
dependency. The correspondence between the dual valencies (i.e. those having
the same name and direction and the opposite signs) is established using general
valency pairing principles such as FA: Two dual valencies which are first avail-
able in the indicated direction may be paired. In this way, the CDG define the
dependency structures in the most direct and natural way and without any re-
strictions to the word order. Definitions, motivation, illustrations and properties
of various classes of CDG may be found in [7, 8, 5, 6].

Definition 1. Let C be a set of dependency names and V be a set of valency
names. The expressions of the form ւv, տv, ցv, րv, where v ∈ V, are called
polarized valencies. տv and րv are positive, ւv and ցv are negative;
տ v and ւ v are left, ր v and ց v are right. Two polarized valencies with
the same valency name and orientation, but with the opposite signs are dual.

An expression of one of the forms #(ւv), #(ցv), v ∈ V, is called anchor

type or just anchor. An expression of the form d∗ where d ∈ C, is called
iterated dependency type. Anchor and iterated dependency types and depen-
dency names are primitive types.

An expression of the form t = [lm\ . . . \l1\H/ . . . /r1 . . . /rn] in which m,n ≥
0, l1, . . . , lm, r1, . . . , rn are primitive types and H is either a dependency name or
an anchor type, is called basic dependency type. l1, . . . , lm and r1, . . . , rn are
respectively left and right argument subtypes of t. H is called head subtype

of t (or head type for short).
A (possibly empty) string P of polarized valencies is called potential.
A dependency type is an expression BP where B is a basic dependency type

and P is a potential. CAT(C,V) denotes the set of all dependency types over
C and V.

CDG are defined using the following calculus of dependency types 3 (with C ∈ C,
H ∈ C or an anchor, V ∈ V, a basic type α and a residue of a basic type β):

Ll. HP1 [H\β]P2 ⊢ [β]P1P2

Il. CP1 [C∗\β]P2 ⊢ [C∗\β]P1P2

Ωl. [C∗\β]P ⊢ [β]P

3 We show left-oriented rules. The right-oriented are symmetrical.
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Dl. αP1(ւV )P (տV )P2 ⊢ αP1PP2 , if the potential (ւV )P (տV ) satisfies the
following pairing rule FA (first available):

FA : P has no occurrences of ւV,տV.
Ll is the classical elimination rule. Eliminating the argument subtype H 6= #(α)
it constructs the (projective) dependency H and concatenates the potentials.
H = #(α) creates the anchor dependency. Il derives k > 0 instances of C. Ωl

serves for the case k = 0. Dl creates discontinuous dependencies. It pairs
and eliminates dual valencies with name V satisfying the rule FA to create the
discontinuous dependency V.

To compute the DS from proofs, these rules should be relativized with respect
to the word positions in the sentence. To this end, when a type Bv1...vk is assigned
to the word in a position i, it is encoded using the state (B, i)(v1,i)...(vk,i). The
corresponding relativized state calculus is shown in [2]. In this calculus, for every
proof ρ represented as a sequence of rule applications, one may define the DS
constructed in this proof for a sentence x and written DSx(ρ).

Definition 2. A categorial dependency grammar (CDG) is a system G =
(W,C, V, S, λ), where W is a finite set of words, C is a finite set of depen-
dency names containing the selected name S (an axiom), V is a finite set of
valency names, and λ, called lexicon, is a finite substitution on W such that
λ(a) ⊂ CAT(C,V) for each word a ∈W.

For a DS D and a sentence x, let G(D,x) denote the relation:
“D = DSx(ρ), where ρ is a proof of Γ ⊢ S for some Γ ∈ λ(x)”.

Then the language generated by G is the set L(G)=df {w || ∃D G(D,w)} and the
DS-language generated by G is the set ∆(G)=df {D || ∃w G(D,w)}. G1 ≡s G2

iff ∆(G1) = ∆(G2).

CDG are more expressive than CF-grammars (see [5, 6]) and analyzed in poly-
nomial time. In fact, they are equivalent to real time pushdown automata with
independent counters [12]. Importantly, they express discontinuous DS in a direct
and natural way. For instance, the DS in Fig. 2 is generated using the following

(fr. ∗she itg=fem to him has given)

Fig. 2. Non-projective dependency structure

type assignment:
elle 7→ [pred], la 7→ [#(ւclit−a−obj)]ւclit−a−obj ,
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lui 7→ [#(ւclit−3d−obj)]ւclit−3d−obj , donnée 7→ [aux−a−d]տclit−3d−objտclit−a−obj ,
a 7→ [#(ւclit−3d−obj)\#(ւclit−a−obj)\pred\S/aux−a−d]
(see the proof in Fig. 3). The iterated types also allow one to naturally express re-

[pred]

[#(ւclit−a−obj)]ւclit−a−obj

[#(ւclit−3d−obj)]ւclit−3d−obj [#(ւclit−3d−obj)\#(ւclit−a−obj)\pred\S/aux−a−d]
(Ll)

[#(ւclit−a−obj)\pred\S/aux−a−d]ւclit−3d−obj

(Ll)
[pred\S/aux−a−d]ւclit−a−objւclit−3d−obj

(Ll)
[S/aux−a−d]ւclit−a−objւclit−3d−obj [aux−a−d]տclit−3d−objտclit−a−obj

(Lr)
[S]ւclit−a−objւclit−3d−objտclit−3d−objտclit−a−obj

(Dl × 2)
S

Fig. 3. Dependency structure correctness proof

peatable dependencies satisfying the Principle of repeatable dependencies. E.g.,
the repeatable circumstantial dependency circ in Fig. 4 may be determined by
the type [pred\circ∗\S/a−obj] assigned to the verb fallait (had to). One can

(fr. ∗now all the evenings when he took her home he had to enter [M.Proust])

Fig. 4. Iterated circumstantial dependency

see that such repeatable dependencies are of the kind we call “consecutive” in
the Introduction. Iteration-less CDG cannot define such DS. Indeed, the assign-

ments a 7→ [α\d] and b 7→ [d\β] derive for ab the dependency a
d
←− b. Therefore,

the assignments v 7→ [c1\S], c 7→ [c1\c1], [c1] will derive for ccccv the sequenced

(not iterated) dependencies as in the DS
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2.2 Dispersed and Choice Iterations

We will consider two different models of repeatable dependencies. One of them,
called dispersed iteration, represents the case where the subordinates through
a repeatable dependency may occur in any position on the left (respectively, on
the right) of the governor. The other one, called choice iteration, will repre-
sent the case where the subordinates through one of several repeatable dependen-
cies may occur in one and the same argument position. To define these models,
we extend the primitive types with two new primitives: dispersed iteration

{d∗1, . . . , d
∗
k} and choice iteration (d1| . . . |dk)∗, where d1, . . . , dk are depen-

dency names.4 Respectively we obtain two kinds of extended types.

Definition 3. 1. We call dispersed iteration types the expressions BP in
which P is a potential, B = [α1\Lm\ . . . \L1\H/ . . . /R1 . . . /Rn/α2], Lm, . . . L1,
H, R1 . . ., Rn are not iterated primitive types and α1, α2 are dispersed iterations
(possibly empty, i.e. k = 0).5

2. We call choice iteration types the expressions BP where P is a poten-
tial, B = [Lm\ . . . \L1\H/ . . . /R1 . . . /Rn], H is a not iterated primitive type
and Lm, . . . L1, R1 . . ., Rn are choice iterations or not iterated primitive types.
3. Grammars using only dispersed iteration types are called dispersed iteration

CDG, those using only choice iteration types are called choice iteration CDG.

Here are the respective extensions of the CDG calculus:
1. Choice iteration rules:

ICl. CP1 [(α1|C|α2)
∗\β]P2 ⊢ [(α1|C|α2)

∗\β]P1P2 .
ΩCl. [(α1|C|α2)

∗\β]P ⊢ [β]P

LCl and DCl as Ll and Dl in the CDG calculus.
2. Dispersed iteration rules:

LDl. HP1 [{α}\H\β/{γ}]P2 ⊢ [{α}\β/{γ}]P1P2

IDl. CP1 [{α1, C
∗, α2}\β/{γ}]P2 ⊢ [{α1, C

∗, α2}\β/{γ}]P1P2

ΩDl. [{α1, C
∗, α2}\β/{γ}]P ⊢ [{α1, α2}\β/{γ}]P

DDl as Dl in the CDG calculus.
The order of elements in dispersed and choice iterations is irrelevant.

It is not difficult to simulate the dispersed iteration CDG through choice
iteration CDG. Both are analyzed in polynomial time. As it concerns their weak
generative power, both are conservative extensions of the CDG.

3 Incremental Learning

Learning. With every grammar G ∈ C is related an observation set Φ(G) of
G. This may be the generated language L(G) or an image of the constituent
or dependency structures generated by G. Below we call training sequence

for G an enumeration of Φ(G). An algorithm A is an inference algorithm

4 Both are used in the flat type expressions of the compacted CDG in [9] designed for
large scale wide scope grammars.

5 We suppose that [{}\β] = [β].
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for C if, for every grammar G ∈ C, A applies to its training sequences σ of
Φ(G) and, for every initial subsequence σ[i] = {s1, . . . , si} of σ, it returns a
hypothetical grammar A(σ[i]) ∈ C. A learns a target grammar G ∈ C if on
any training sequence σ for G A stabilizes on a grammar A(σ[T ]) ≡ G.6 The
grammar lim

i→∞
A(σ[i]) = A(σ[T ]) returned at the stabilization step is the limit

grammar. A learns C if it learns every grammar in C. C is learnable if there is
an inference algorithm learning C.

Incremental Learning. Selecting a partial order �C on the grammars of a class
C compatible with the inclusion of observation sets (G �C G′ ⇒ Φ(G) ⊆ Φ(G′)),
we can define the following notion of incremental learning algorithm on C.

Definition 4. Let A be an inference algorithm for C and σ be a training se-
quence for a grammar G.
1. A is monotonic on σ if A(σ[i]) �C A(σ[j]) for all i ≤ j.
2. A is faithful on σ if Φ(A(σ[i])) ⊆ Φ(G) for all i.
3. A is expansive (or consistent) on σ if σ[i] ⊆ Φ(A(σ[i])) for all i.

For G1, G2 ∈ C, G1 ≡s G2 iff Φ(G1) = Φ(G2).

Theorem 1. Let σ be a training sequence for a grammar G. If an inference
algorithm A is monotonic, faithful, and expansive on σ, and if A stabilizes on σ
then lim

i→∞
A(σ[i]) ≡s G.

Proof. Indeed, stabilization implies that lim
i→∞

A(σ[i]) = A(σ[T ]) for some T.

Then Φ(A(σ[T ])) ⊆ Φ(G) because of faithfulness. At the same time, by expan-

siveness and monotonicity, Φ(G) = σ =
∞⋃

i=1

σ[i] ⊆
∞⋃

i=1

Φ(A(σ[i])) ⊆
T⋃

i=1

Φ(A(σ[i]))

⊆ Φ(A(σ[T ])).

4 Incremental Learning of Dispersed Iteration

In paper [2], we present an incremental learning algorithm for K-star revealing

CDG which do not distinguish between the dependencies consecutively repeated
at least K times and those consecutively repeated any number of times.

Below we change the definition of K-star revealing in order to adapt it to
the dispersed iteration. We use ∆(G) as the observation set Φ(G). So the limit
grammar will be strongly equivalent to the target grammar G. The notion of
incrementality we use is based on a partial “flexibility” order �disp on dispersed
iteration CDG. Basically, this PO corresponds to grammar expansion in the sense
that G1 �disp G2 means that G2 defines no less dependency structures than G1

and at least as precise dependency structures as G1. It is the reflexive-transitive
closure of the following preorder <disp .

6 A stabilizes on σ on step T means that T is the minimal number t for which there
is no t1 > t such that A(σ[t1]) 6= A(σ[t]).
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Definition 5. 1. All occurrences of a dependency name d on the left can be
replaced by a single left dispersed iteration of d:
[{fl∗1, . . . , f l∗p}\lm\ · · · \d\li\ · · · \d\ · · · \l1\g/r1 · · · /rn/{fr∗1 , . . . , fr∗q}]

P

<disp [{fl∗1, . . . , f l∗p, d∗}\lm\ · · · \l1\g/r1 · · · /rn/{fr∗1 , . . . , fr∗q}]
P .

2. Symmetrically, all occurrences of a dependency name d on the right can be
replaced by a single right dispersed iteration of d.

3. τ <disp τ ′ for sets of types τ, τ ′, if either:
(i) τ ′ = τ ∪ {t} for a type t /∈ τ or
(ii) τ = τ0 ∪ {t

′} and τ ′ = τ0 ∪ {t
′′}

for a set of types τ0 and some types t′, t′′ such that t′ <disp t′′.
4. λ <disp λ′ for two type assignments λ and λ′, if λ(w′) <disp λ′(w′) for a

word w′ and λ(w) = λ′(w) for all words w 6= w′.
5. �disp is the PO which is the reflexive-transitive closure of the preorder <disp .

It is not difficult to prove that the expressive power of CDG monotonically grows
with respect to this PO.

Proposition 1. Let G1 and G2 be two CDG such that G1 �disp G2. Then
∆(G1) ⊆ ∆(G2) and L(G1) ⊆ L(G2).

Below we adapt to the dispersed iteration the basic definitions from [2].

Definition 6.

Vicinity: Let D be a DS in which an occurrence of a word w has :
the incoming local dependency h (or the axiom S), the left projective dependen-
cies or anchors lk, . . . , l1 (in this order), the right projective dependencies or
anchors r1, . . . , rm (in this order), and discontinuous dependencies p1(d1), . . . ,
pn(dn), where p1, . . . , pn are polarities and d1, . . . , dn ∈ V are valency names.
Then the vicinity of w in D is the type

V (w,D) = [l1\ . . . \lk\h/rm/ . . . /r1]
P ,

in which P is a permutation of p1(d1), . . . , pn(dn) in a standard lexicographical
order, for instance, compatible with the polarity order տ < ց < ւ < ր.

Multiple occurrences of a dependency name d in a vicinity V (w,D) correspond
to a dispersed iteration {f∗

1 , . . . , f∗
p , d∗} in the type assigned to w in a proof

of D. For instance, in the DS in Fig. 4 the vicinity of the participle ramenée
is [aux−a/l−obj]տclit−a−obj . In this DS, [pred\circ\circ\circ\S/a−obj] is the
vicinity of the verb fallait. This vicinity may be provided by the type assignment
fallait 7→ [{circ∗}\pred\S/a−obj].

Definition 7. Let K > 1 be an integer. We define a CDG CK
disp(G), the dispersed

K-star-generalization of G, by recursively adding for every word w and ev-
ery dependency name d the types

[{fl∗1, . . . , f l∗p, d∗}\lm\ · · · \l1\h/r1/ · · · /rn/{fr∗1 , . . . , fr∗q}]
P

and
[{fl∗1, . . . , f l∗p}\lm\ · · · \l1\h/r1/ · · · /rn/{fr∗1 , . . . , fr∗q}]

P

when w has a type assignment w 7→ t, where
t = [{fl∗1, . . . , f l∗p}\lm\ · · · d\li\ · · · d\ · · · \l1\h/r1/ · · · /rn/{fr∗1 , . . . , fr∗q}]

P ,
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and t has at least K occurrences of d as left arguments. Symmetrically, we
also add the corresponding types if the K occurrences of d appear in the right
part of t.

For instance, with K = 2, for the type [{x∗}\a\b\a\S/a], will be added the type
[{a∗, x∗}\b\S/a]. The size of CK

disp(G) can be exponential with respect to the
size of G.

Definition 8. Let K > 1 be an integer. CDG G is dispersed K-star reveal-

ing if CK
disp(G) ≡s G

For instance, if G(t) is the CDG A 7→ [a], B 7→ [b], C 7→ t, where t is a type, then
we can prove that:

– G([{a∗}\b\S/a/b]), G([a\b\S]) and G([a\b\S/{a, b}]) are all the three dis-
persed 2-star revealing,

– neither of G([a\a\S]), G([a\b\a\S]), G([a\S/b/b]) is dispersed 2-star reveal-
ing.

By Definition 7, we may suppose that no subtype may have K left or K right
occurrences in a type of a dispersed K-star revealing grammar.

Theorem 2. The class CDGK→∗
disp of dispersed K-star revealing CDG is (incre-

mentally) learnable from DS.

A proof of this theorem is shown in the Appendix. Algorithm TGE
(K)
disp learning

the dispersed K-star revealing CDG is shown in Fig. 5.

Remark 1. This algorithm transforms every observed words’ vicinity v in DS be-

longing to σ[i] into the least type t such that v �disp t. The grammar TGE
(K)
disp(σ[i])

is computed in linear time with respect to |σ[i]|. This algorithm may be easily
transformed into a square time algorithm computing in the limit the minimal
length grammar among all dispersed K-star revealing grammars strongly equiv-
alent to the target grammar.

5 Incremental Learning of Choice Iteration

In this section, we show an algorithm incrementally learning choice iteration
CDG. For the rest of this section, every iterated type d∗ is considered as the
choice of a unique iterated type (written (d)∗). Above this, the lists of types
in choice iterations will be considered as sets of types. Thus (a|b)∗ = (b|a)∗ =
(a|b|a)∗. The incremental algorithm of [2] may diverge when applied to a choice
iteration. For instance, for the CDG A 7→ [a], B 7→ [b], C 7→ [S/(a|b)∗], this
algorithm will compute for C all the iteration-less types corresponding to all
possible alternations of a and b: [S], [S/a], [S/b] [S/a/b], [S/b/a], [S/a/b/a],
[S/b/a/b], etc. It will also compute all possible alternations of a∗ and b∗: [S],
[S/a∗], [S/b∗] [S/a∗/b∗], [S/b∗/a∗], [S/a∗/b∗/a∗], [S/b∗/a∗/b∗], etc. Thus, the

algorithm will diverge. By the way, the algorithm TGE
(K)
disp of the preceding
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Algorithm TGE
(K)
disp (type-generalize-expand):

Input: σ[i] (σ being a training sequence).

Output: CDG TGE
(K)
disp(σ[i]).

let GH = (WH ,CH ,VH , S, λH) where
WH := ∅; CH := {S}; λH := ∅; k := 0
(loop) for i ≥ 0 //Infinite loop on σ

let σ[i + 1] = σ[i] · D;
let (x, E) = D;
(loop) for every w ∈ x

WH := WH ∪ {w};
let V (w, D) = [lm\ · · · \l1\h/r1/ · · · /rn]P

let LT := {l1} ∪ · · · ∪ {lm}
let LF := {d : d ∈ LT, card({i : 1 ≤ i ≤ m, li = d}) ≥ K}
let RT := {r1} ∪ · · · ∪ {rn}
let RF := {d : d ∈ RT, card({i : 1 ≤ i ≤ n, ri = d}) ≥ K}
let tw := [{lf∗

1 , . . . , lf∗
p }\l

′
m′\ · · · \l′1\h/r′1/ · · · /r′n′/{rf∗

1 , . . . , rf∗
q }]

P

where {lf1, . . . , lfp} = LF , {rf1, . . . , rfq} = RF ,
where l′m′ , . . . , l′1 is the sublist of lm, . . . , l1 without elements in LF
where r′1, . . . , r

′
n′ is the sublist of r1, . . . , rn without elements in RF .

λH(w) := λH(w) ∪ {tw}; // expansion

end end

Fig. 5. Inference algorithm TGE
(K)
disp

section will converge on this CDG and compute a grammar strongly equivalent to
the following one: A 7→ [a], B 7→ [b], C 7→ [S/{a∗, b∗}] (equivalent to the original

CDG). Unfortunately, TGE
(K)
disp will not converge for all choice iteration CDG.

So we will look for generalizations specific for the choice iteration. In particular,
one should not distinguish between several consecutive choice iterations and their
union. For instance, x∗ followed by (y|z)∗ should be “equivalent” to (x|y|z)∗.
When applied to the vicinity [S/a/c/b/b/a], in the case of K = 2, the learning
algorithm should generalize it to [S/a∗/c/b∗/a∗] and then the segment /b∗/a∗

should be replaced by a single choice iteration giving the type [S/a∗/c/(a|b)∗].
Incremental learning of choice iteration is based on a PO �ch on CDG, which

is the reflexive-transitive closure of the following preorder <ch.

Definition 9.

1. All occurrences of a dependency name d on the left (or on the right) can be
replaced by a single iteration of d∗:
[lm\ · · · \d\ · · · l1\g/r1 · · · /rn]P <ch [lm\ · · · \d

∗\ · · · l1\g/r1 · · · /rn]P

(similar on the right).
2. Two consecutive choice iterations can be merged:

[lm\ · · · \(a1| · · · |ap)
∗\(b1| · · · |bq)

∗\ · · · l1\g/r1 · · · /rn]P

<ch [lm\ · · · \(a1| · · · |ap|b1| · · · |bq)
∗\ · · · l1\g/r1 · · · /rn]P

(similar on the right).
3. Same as 3–5 in Definition 5.
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Algorithm TGE
(K)
ch (type-generalize-expand):

Input: σ[i] (σ being a training sequence).

Output: CDG TGE
(K)
ch (σ[i]).

let GH = (WH ,CH ,VH , S, λH) where
WH := ∅; CH := {S}; λH := ∅; k := 0
(loop) for i ≥ 0 //Infinite loop on σ

let σ[i + 1] = σ[i] · D;
let (x, E) = D;
(loop) for every w ∈ x

WH := WH ∪ {w};
let V (w, D) = [lm\ · · · \l1\h/r1/ · · · /rn]P

let LT := {l1} ∪ · · · ∪ {lm}
let LI := {d : d ∈ LT, card({i : 1 ≤ i ≤ m, li = d}) ≥ K}
let RT := {r1} ∪ · · · ∪ {rn}
let RI := {d : d ∈ RT, card({i : 1 ≤ i ≤ n, ri = d}) ≥ K}
for 1 ≤ i ≤ m, let l′i = li if li 6∈ LI else l′i = l∗i
for 1 ≤ i ≤ n, let r′i = ri if ri 6∈ RI else r′i = r∗i
let t′w := [l′m\ · · · \l′1\h/r′1/ · · · /r′n]P // (end of) step I

(loop) while ∃i such that l′i = (x1| · · · |xp)∗ and l′i+1 = (y1| · · · |yq)
∗

l′i := (x1| · · · |xp|y1| · · · |yq)
∗ and remove l′i+1

(loop) while ∃i such that r′i = (x1| · · · |xp)∗ and r′i+1 = (y1| · · · |yq)
∗

r′i := (x1| · · · |xp|y1| · · · |yq)
∗ and remove r′i+1

let tw = [l′m′\ · · · \l′1\h/r′1/ · · · /r′n′ ] // (end of) step II

λH(w) := λH(w) ∪ {tw}; // expansion

end end

Fig. 6. Inference algorithm TGE
(K)
ch

Again, it is not difficult to prove that the expressive power of choice iteration
CDG monotonically grows with respect to �ch.

Definition 10. Let K > 1 be an integer. We define a CDG CK
ch(G), the choice

K-star-generalization of G, by recursively adding for every word w and
every dependency name d:

1. the type [lm\ · · · \d
∗\ · · · \d∗\ · · · \l1\h/r1/ · · · /rn]P (every occurrence of d

on the left is replaced by d∗) when w has a type assignment w 7→ t, where
t = [lm\ · · · \d\ · · · \d\ · · · \l1\h/r1/ · · · /rn]P , and d appears at least K times
in lm, . . . , d, . . . , l1 or d appears at least one time in a choice iteration of
lm, . . . , l1,

2. the type [lm\ · · · \(x1| · · · |xp|y1| · · · |yq)
∗\ · · · \l1\h/r1/ · · · /rn]P when w has

a type assignment w 7→ t, where
t = [lm\ · · · \(x1| · · · |xp)

∗\(y1| · · · |yq)
∗\ · · · \l1\h/r1/ · · · /rn]P ,

3. the type [lm\ · · · \l1\h/r1/ · · · /rn]P when w has a type assignment w 7→ t,
where t = [lm\ · · · \d

∗\ · · · \l1\h/r1/ · · · /rn]P ,
4. the type [lm\ · · · \(x1| · · · |xp)

∗\ · · · \l1\h/r1/ · · · /rn]P when w w 7→ t, where
t = [lm\ · · · \(d|x1| · · · |xp)

∗\ · · · \l1\h/r1/ · · · /rn]P and p > 0.

Symmetrically, are also added the corresponding types for the right part of t.
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For instance, when K = 2, for the type [b\a\b\a\S/a], will be added the type
[b∗\a∗\b∗\a∗\S/a]. Then will also be added [(a|b)∗\b∗\a∗\S/a], [b∗\(a|b)∗\a∗\S/a],
. . . , [(a|b)∗\S/a]. Finally, the single iterations a∗ or b∗ will be erased or (a|b)∗

will be transformed into a∗ or b∗. The size of CK
ch(G) can be exponential with

respect to the size of G.

Definition 11. Let K > 1 be an integer. CDG G is choice K-star revealing

if CK
ch(G) ≡s G

Remark 2. The generalization induced by points (3) and (4) does not introduce
new DS even when G is not choice K-star revealing. These points serve only
to simplify the proof of learnability.

For instance, if G(t) is the CDG with the assignments: A 7→ [a], B 7→ [b], C 7→ t,
where t is a type, then we can prove that:

– G([a∗\b\S/a/b]) and G([a∗\b\a∗\S]) are both choice 2-star revealing,
– G([a\a\S]), G([a\b\a\S]) and G([a∗\b∗\S]) are not choice 2-star revealing.

Now, without loss of generality we may suppose that in every type of a choice
K-star revealing grammar, a subtype d is used at most K − 1 times on the left
and K − 1 on the right. Besides this, there shouldn’t be two consecutive choice
iterations.

Theorem 3. The class CDGK→∗
ch of choice K-star revealing CDG is (incremen-

tally) learnable from DS.

A proof of this theorem is shown in the Appendix.

Remark 3. In fact, a similar proof shows that the CDG in CDGK→∗
disp and CDGK→∗

ch

with potentials of a uniformly bounded length are learnable from strings in the
sense of Gold for every K. Meanwhile, Theorems 2 and 3 are stronger because
they provide incremental learning algorithms.

Algorithm TGE
(K)
ch learning the choice K-star revealing CDG is shown in Fig.

6.

Remark 4. This algorithm transforms every observed words’ vicinity v in DS be-

longing to σ[i] into the least type t such that v �ch t. The grammar TGE
(K)
ch (σ[i])

is computed in linear time with respect to |σ[i]|. This algorithm too may be trans-
formed into a square time algorithm computing in the limit the minimal length
grammar among all choice K-star revealing grammars strongly equivalent to the
target grammar.

6 Conclusion

In this paper, we propose two different ways of defining repeatable dependencies
through iteration: the dispersed iteration and the choice iteration. Both conform
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to the linguistic Principle of repeatable dependencies. We adapt the K-star-
revealing condition in [2] to these new models and show that in both cases the
CDG satisfying the K-star-revealing are incrementally learnable in the limit from
dependency structures. This kind of grammatical inference directly corresponds
to the problem of deterministic extraction of a dependency grammar from a
dependency treebank.

In this paper, the dispersed and the choice iterations are considered sepa-
rately. Considered together, they should be related as follows:
[l1\ · · · \lm\(d1| · · · |dk)∗\l(m+1)\ · · · \ln\β]P � [{d∗1, . . . , d

∗
k}\l1\ · · · \lm\l(m+1)\ · · · \ln\β]P .

Both constructions are necessary in application CDG. For instance, in English,
the type [(modif |attr)∗\det\obj/claus] is admissible for nouns in the syntac-
tic role of a complement, whereas the type [{modif∗, attr∗}\det\obj/claus] is
not: it allows modifiers and attributes to precede the noun’s determinant. At
the same time, the type [pred\circ∗\S/iobj/dobj/{circ∗}] is admissible for main
di-transitive verbs. It allows circumstantials of a verb to occur in any position
with respect to its direct and indirect complements. The next step should be to
study the learnability of CDG using both primitives.
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APPENDIX

Proof of Theorem 2.

Lemma 1. Let σ be a training sequence for a dispersed K-star revealing CDG G.

Then for all i : TGE
(K)
disp(σ[i]) �disp CK

disp(G).

Proof. As G is dispersed K-star revealing, G and CK
disp(G) are strongly equivalent. For

each DS D in ∆(G) there is a type assignment in CK
disp(G) to the words appearing

in D, which “conforms to” D. More precisely, for a DS D, a word w and vicinity
V (w, D) = [lm\ · · · \l1\h/r1/ · · · /rn]P , we choose the smallest type tw,disp among the
types assigned to w in CK

disp(G), which yield the same DS D in ∆(CK
disp(G)). tw,disp

may be represented as:
[{lf∗

1 , . . . , lf∗
p }\l

′
m′\ · · · \l′1\h/r′1/ · · · /r′n′/{rf∗

1 , . . . , rf∗
q }]

P ′

where P ′ is a permutation of P .
Let tw denote the type computed by the algorithm for w in D.
We show that for this type tw �disp tw,disp (modulo a potentials permutation).
- For each left dispersed iteration d∗ in tw, d occurs at least K times as a left argument
in V (w, D). Since tw,disp is minimal for D, d∗ must be a member of left dispersed
iterations.
- Every dependency name d′ occurs less than K times as a left argument of tw, and
less than K times as a left argument in V (w, D). In tw,disp, either d′ appears the same
number of times as a left argument in the same relative positions, or d′∗ is a member
of left dispersed iterations.
This proves that tw �disp tw,disp.

Lemma 2. The inference algorithm TGE
(K)
disp is monotonic, faithful and expansive on

every training sequence σ of a dispersed K-star revealing CDG.

Proof. By definition, the algorithm TGE
(K)
disp is monotonic (the lexicon is always ex-

tended). It is expansive because for σ[i], we add types to the grammar that are

based on the vicinities of the words of σ[i]. Thus, σ[i] ⊆ ∆(TGE
(K)
disp(σ[i])). To prove

that TGE
(K)
disp is faithful for σ[i] of ∆(G) = ∆(CK(G)), we have to remark that

TGE
(K)
disp(σ[i]) �disp CK

disp(G), using lemma 1.

Lemma 3. The inference algorithm TGE
(K)
disp stabilizes on every training sequence σ

of a dispersed K-star revealing CDG.

Proof. G and CK
disp(G) have a finite number of types and of dependency names. TGE

(K)
disp(σ[i])

involves a subset of these names, and the same dependency name may be used as ar-
gument at most K−1 times on the left, and K−1 times on the right; there is a finite
number of sets of dispersed types; therefore the algorithm must stabilize.

Proof of Theorem 3.
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Lemma 4. Let σ be a training sequence for a choice K-star revealing CDG G. Then

for all i : TGE
(K)
ch (σ[i]) �ch CK

ch(G).

Proof. As G is choice K-star revealing, G and CK
ch(G) are strongly equivalent. For each

DS D in ∆(G) there is a type assignment in CK
ch(G) to the words appearing in D, which

“conforms to” D.
More precisely, for a DS D, a word w and its vicinity

V (w, D) = [lm\ · · · \l1\h/r1/ · · · /rn]P ,
we choose the smallest type tw,ch among the types assigned to w in CK

ch(G), which yield
the same DS D in ∆(CK

ch(G)) and to which the rules (1) and (2) in Definition 10 are
not applied. tw,disp may be represented as:

[l′m′\ · · · \l′1\h/r′1/ · · · /r′n′ ]P
′

where P ′ is a permutation of P .
Let t′w and tw denote the types computed by the algorithm for w in D at the end

of step I and, respectively, of step II.
We show that t′w �ch tw,ch and tw �ch tw,ch.
- For each left iteration d∗ in t′w, d occurs at least K times as a left argument in
V (w, D). Since tw,ch is non-extensible by the rules (1) and (2), there is a minimal
length choice iteration in it containing d. If d∗ in t′w corresponds in tw to a choice
iteration C = (d|...)∗, then C corresponds to the largest sublist of iterations in t′w
including this d∗. Therefore, it must appear in tw,ch in a choice iteration larger or
equal to C.
- Every dependency name d which is a left argument subtype in t′w or in tw, occurs
less than K times as a left argument in t′w and tw and less than K times as a left
dependency in V (w, D). Therefore, d appears in tw,ch the same number of times as a
left argument subtype or in a minimal length choice iterations including d in the same
relative positions.
Thus tw �ch tw,ch.

Lemma 5. The inference algorithm TGE
(K)
ch is monotonic, faithful and expansive on

every training sequence σ of a choice K-star revealing CDG.

Proof. By definition, the algorithm TGE
(K)
ch is monotonic (the lexicon is always ex-

tended). It is expansive because for σ[i], the types added to the grammar are calcu-
lated from and are compatible with the vicinities of the words of σ[i]. Thus, σ[i] ⊆

∆(TGE
(K)
ch (σ[i])). To prove that TGE

(K)
ch is faithful for σ[i] of ∆(G) = ∆(CK

ch(G)),

it suffices to remark that by lemma 4, TGE
(K)
ch (σ[i]) �ch CK

ch(G).

Lemma 6. The inference algorithm TGE
(K)
ch stabilizes on every training sequence σ

of a choice K-star revealing CDG.

Proof. There is a finite set Σch of types and of dependency names in CK
ch(G). The

grammar TGE
(K)
ch (σ[i]) uses a subset of this set. Let t denote a type assigned by the

lexicon of TGE
(K)
ch (σ[i]). The size of the multiset of non-repeatable dependency names

occurring in t is smaller than 2K × |Σch| since a dependency name may be used as an
argument subtype at most K − 1 times on the left, and at most K − 1 times on the
right. Any choice iteration has at most |Σch| elements so the number of choice iteration
is finite. No choice iteration may occur next to another choice iteration. Therefore the
number of types is finite and the algorithm must stabilize.


